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Dynamic compressive sensing

Part 1
Dynamic updating

Use previous solutions and
dynamics to quickly solve the
recovery problems

S final solution

“Warm start”




Dynamic compressive sensing

Part 2
Dvnamic modeling

Use the dynamical signal
structure to improve the
reconstruction
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Compressive sensing

* Atheory that deals with signal recovery from
underdetermined systems:

M x N system
] E = !- | | i l. .I B
. = e s "smm 5 ,.- .
d ‘ | = S 8
y = Ox | = Pt
n m antE L [
| " .- - | B L -. - e
Sparse signal
Incoherent measurement matrix =
(e.g., subGaussian matrices) M < N !
underdetermined !

1. Compression with sampling

2. Sparse representation in a redundant dictionary

Similar principles: structure and incoherence

[Candes, Romberg, Tao, Donoho, Tropp, Baraniuk, Gilbert, Vershynin, Rudelson, ...]



Compressive sensing

 Compressive sensing deals with signal recovery from
underdetermined systems:
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Measurement matrix
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Representation basis Sparse signal

N
1 —Ta=S "y
ininize o[ @als + @z —ylf "5

Sparse representation
sparsity data fidelity

restricts the space of signals
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Compressive sensing

 Compressive sensing deals with signal recovery from
underdetermined systems:

i um _m
EE = :

HE N ! G(L -.l - E

/

Measurement matrix

D ThEAn S
. e o ey ol 5
Yy=Pr =0V mmp | = FELEEEg ¥

]- r=Vo = 6%
minimize || W "y + 5@z — y|; va=2 v

Sparse representation

sparsity data fidelity restricts the space of signals
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“Dynamic” compressive sensing

yt — (I)t.fljt — q)t\:[jtat7 dynamics

. . . 1
minimize ||WthIt||1 + §||(I)t5’7t — ?JtHg

innovations

1 dynamic model

Wl W2 Sp1 Sp2 ch —— D >

Iterative reweighting Data-adaptive model Streaming measurements ’



“Dynamic” compressive sensing

yt — (I)txt — q)t\:[jtat7 dynamics

minimize W7 il + 5| sz: — yell3

—+ FtCCt — CUt_|_1||p + ||tht o xt—al

F F: F
Spatio-temporal structure (redundancies) 1 2 1

in the videos as a dynamic model Tq f\ To f\ 583 f\ :ET




Dynamic compressive sensing

Dynamic updating Dynamic modeling
Quickly update the solution to Improve reconstruction by exploiting
accommodate changes the dynamical signal structure
* {1 homotopy 1. Low-complexity video
e V\ariations: compression )
e  Streaming signal 2. Accelerated dynamic
e  Streaming measurements MRI
* More...
S final solution
f ~ NN N

R = =N

= ce e =
“warm start” \ VAV v



Part 1: Dynamic ¢, updating —
’/M}I solution
//I \

“Warm start”
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Motivation: dynamic updating in LS

e System model:

y = Px

= @ is full rank Y| =

= xisarbitrary

e |S estimate
minimize ||®z —yllz — zo= (&' @)1y

e Updates for a time-varying signal with the same @
mainly incurs a one-time cost of factorization.



Recursive updates

e Sequential measurements:

b=l

e Recursive LS w

11 = (®7® + ¢T) 1 (®Ty + ¢ w)

= zo + K1 (w — ¢z0)

Rank one update

K1 =(®'®) ¢ (1+¢(2 @) 1¢")




Dynamics with the Kalman filter

* Linear dynamical system:
Y = Pix; + €
Tit1 = Fizi + f;

k
minimize ZUiH(I)ixi —yill5 + Nillzi — Fio1mi1|)3

P

Kalman filter equation

* Update requires few low-rank updates



Dynamic £1 updating

* Quickly update the solution of the ¢, program as the
system parameters change.

1
y=®r+e — minimize |Wx|; + §||<I>:1: — 913

* Variations:
— Time-varying signal
— Streaming measurements
— lterative reweighting
— Streaming signals with overlapping measurements

— Sparse signal in a linear dynamical system (sparse kaiman filter)
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Dynamic £1 updating

* Quickly update the solution of the ¢, program as the
system parameters change.

Yt = (I)tZI_Jt —+ €4 — minimize HWtCUtH1 + _H(I)txt — %H%

\2/
 Variations:

_ _ . variations
— Time-varying signal

— Streaming measurements

— lterative reweighting

— Streaming signals with overlapping measurements

— Sparse signal in a linear dynamical system (sparse kaiman filter)

15



Time-varying signals

System model: y1 = Px1 + e

1
¢, problem: minimize 7||z||; + §||<I>m—y1||§
Signal varies: 1 —>T2 = Y1 —> Y

“Sparse innovations”

1
New ¢, problem: minimize 7|/z|; + §H<I>x — |3

[A., Romberg, “Dynamic L1 updating”, c. 2009]



Time-varying signals

/

1
minimize 7||z|[; + =||®z — (1 — €)y1 — eyl

/ L2
Homotopy parameter: 0 — 1 f z —1
le =
* Path from old solution to new

solution is piecewise linear and 53\1
it is parameterized by €: 0 — 1 e=0 17



Time-varying signal

* Optimality conditions: L (da* — (1 — e)y — eyo) = —72
Must be obeyed by any solution x* T .
with support I"and sign sequence 2 H(I)I‘c ((I)x — (1 — e)yl — 6?/2)”00 <T

79+ @' (Pz* — (1 —€)y1 — ey2) = 0,
g=0|z*|1: llgllec <1, g"z* = [|z*||1

Optimality: set subdifferential of the objective to zero

18



Time-varying signal

* Change € to e+9:
Of (D" — (1 — )y1 — ey2) + 0PF (PO +y1 — y2) = —72

L (Px* — (1 — €)y1 — eyz) + 0P (POx + 11 — y2)||oe < T

(®L ®r) " ®f (y2 —y1), onT

* Update direction: 5, —
0, on I'°

19



Results

[A., Romberg, “Dynamic L1 updating”, c. 2009]

Signal tvpe DynamicX LASSO GPSR-BB FPC_AS
J P (nNProdAtA, CPU) | (nProdAtA, CPU) | (nProdAtA, CPU) | (nProdAtA, CPU)
AT
! ‘ ‘\ M I (23.72,0.132) || (235, 0.924) (104.5,0.18) | (148.65, 0.177)
T
(2.7, 0.028) (76.8, 0.490) (17, 0.133) (53.5, 0.196)
(13.83, 0.151) || (150.2, 1.096) | (26.05, 0.212) | (66.89, 0.25)
(26.2, 0.011) (53.4,0.019) | (92.24,0.012) | (90.9, 0.036)
\_ J

T = (),01||A”—”y||OO nProdAtA: avg. number of matrix-vector products with ® and ®T
CPU: average cputime to solve

GPSR: Gradient Projection for Sparse Reconstruction. M. Figueiredo, R. Nowak, S. Wright
FPC_AS: Fixed-point continuation and active set. Z. Wen, W. Yin, D. Goldfarb, and Y. Zhang

20




¢, analysis

Dantzig sele S A
cﬁ{ﬁ] ﬁﬂ _ “ “I’” Sequential
/ decodlng‘] I L_ I Imeasurements
o I ﬂ T Positivity/affine
Dictionary update I constraint
Reweighted ¢, Sparse Kalman filter

Streaming signal

21



* Sequential measurements: Homotopy parameter: 0 — 1

1 1
c e . 2 o~ 2
minimize 7||x|[1 + §HA$ —yl|5 + §HB:B — (1 — €)BZ g — ew||5
. — -.'-.' ’-' : Dummy vector used to ensure
: : -,afu.;, ; i optimality of previous solution
P — I';"|:,-'- A with the changes
‘el e '
: e ; [A., Romberg, 2010]
u Ie . L !
W :
wmeasurements added !

Sequential
measurements

Previous work on single measurement update: [Garrigues & El Ghaoui '08; A., Romberg, ‘08]



* lterative reweighting :

Homotopy parameter: 0 — 1

. . . 17 1
minimize ||[(1 — )W + e W]z||1 + §||(I)5U — yI3

Reweighted /,

g

Weights are updated
[A., Romberg, 2012]

Adaptive reweighting in
Chapter VI in the thesis

23



“One homotopy to rule them all”

1
minimize |[Wx||1 + §||<I)X —y||2+ (1 - e)u'x

T

Dictionary update

Reweighted /,

[A., Romberg, 2013]

Sequential
measurements

Positivity/affine
constraint

Streaming signal

Sparse Kalman filter

24



¢1-homotopy

* System model: y =PxX +e

X is sparse

e Solve minimize ||Wx]||; + %H(I)X —yl5
X



¢1-homotopy

« System model: y =®PX +e

X is sparse

* Instead, use the following versatile homotopy:

minimize ||[Wx||; + 3||®x — y |3 + (1 — e) uTx

X

Optimization problem to solve Homotopy part

X : warm-start vector
def

) 1 Wz — T (P% — y)

7212l < 1,2T% = |X]||




¢1-homotopy

maintains optimality of
the starting point ate = 0

(Wg 4+ <I>T(<I>X* . y) i (1 _ e)u — ()7 ) A “dummy” variable that

g=0x"[1: lgllw <1, g7x" = [|Ix"|1

Optimality: set subdifferential of the objective to zero 27



¢1-homotopy

* Optimality conditions: BL(Bx* —y)+ (1 — Ju=—Wgz
Must be obeyed by any solution x* T .
with support I"and sign sequence z 27 (Px" —y)+ (1 —ecu/<w

28



¢1-homotopy

* Change € to e+9:
P (Dx* —y)+ (1 — c)u+ 0 (DL POx —u) = —Wz
95 (Bx* —y) + (1 — )us + 6 (4 BIx — w;)| < w;

I I

Di d;

29



¢1-homotopy

* Change € to e+9:




¢1-homotopy

* Change € to e+9:




¢1-homotopy

T S
ox = {((I) (I)F) ur, on [ 1yt enters T F 6T = min (Wzd pz’ Wi pz)
1 1 /\ 'ti

O, on Fc . 3 iel’c ; d;

5 — mjn(5+ 5—) v~ leaves I’ I\ \5_ — min (_X:)
o ! : R iel \ 0%; 4

SRR N oS R

e Update: xX* «+ x*+0%"0x, e+ e+ 0", I
 Repeatuntil e =1 .



The Dantzi

* Dantzig selector:

g selector/; -homotopy

Primal | minimize |[Wx||1

subject to |®1(Px —y)| < q

oua|  maximize —AT®%y — [|QA[|1

subject to |[®TBN < w,

* Primal-dual ¢1-homotopy:

Primal homotopy

Dual homotopy

minimize ||[Wx/||1 + (1 — e)u’x

subject to |<I>T(<I>X —y)+(1—¢)v|=<q

maximize —AT(®Ty — (1 — e)v) — [|QA|1
subject to |[®@T®N+ (1 — c)u| < w,

33



* Signal observations: y; = &2+ + ¢

Sparse recovery: streaming system

* Sparse representation: z[n| = Zp’k p kWUp k|1

Measurements Measurement matrices

Y1

Yi

Yr

yr+1

®r+1

Signal

L

A

<

_|_

Error

€1—1

€l

er+1

LOT

Signal

windows
: : L

LOT representation bases

LOT
coeffic_ients




Sparse recovery: streaming system

* Time-varying signal represented with block bases

AND

e Streaming, disjoint measurements

Measurements Measurement matrices Signal
T
— \
Yi D, <
Yr

B

Error

el

Signal  DCT representation

IUATAVAVAVANGS
I

DCT
coefficients

+
ap

35



Sparse recovery: streaming system

* Time-varying signal represented with lapped bases
OR

e Streaming, overlapping measurements

Measurements Measurement matrices Signal Error LOT Signal LOT representation bases LOT
S - : windows . . coefficients
| R -1 Y = '
. - < : - / LS ‘:~::."_'f_";
Yr (I)'r Cr -
Yr+1 ®, 1 €rt1 h




Sparse recovery: streaming system

* Time-varying signal represented with lapped bases
OR

e Streaming, overlapping measurements

Measurements Measurement matrices Signal Error LOT Signal LOT representation bases LOT
- windows coefficients
— —=—==1 F = - - £ 1=
EX ®, Lo e N 12
1 | B U sl ! a |
| ] b S | I_T
1 = | I € | 4+ I3 , | I
1 [ g2 1 | (| = 1
Yr P S | 1 67 2 |
. N ® S -1 =1
I I i | % ; |
1=l . : o
r__ =T T v | ' ¥




Sparse recovery: streaming system

* [teratively estimate the signal over a sliding (active) interval:

Desired minimize ||Wao

Homotopy minimize ||Wao

Overlapping system matrix

Sparse Error
vector

1, ==
1-|-§ @‘Pa—ygj

1 _ -~
1+§<I>\I:a—y§+(1—e)uTa

Divide the system into two parts

HiN




Streaming signal recovery - Results
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Original signal (zoom in)

10
time index (p)

Time-frequency LOT coefficients
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Reconstruction error (R=4)
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(Top-left) Linear chirp signal (zoomed in for first 2560 samples.
(Top-right) Error in the reconstruction at R=N/M = 4.

(Bottom-left) LOT coefficients. (Bottom-right) Error in LOT coefficients




Streaming signal recovery - Results
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(middle) Count for matrix-vector multiplications
(right) Matlab execution time

SpaRSA: Sparse Reconstruction by Separable Approximation, Wright et al., 2009. http://www.Ix.it.pt/~mtf/SpaRSA/
YALL1: Alternating direction algorithms for L1-problems in compressive sensing, Yang et al., 2011. _http://valll.blogs.rice.edu/
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Streaming signal recovery - Results

Original signal (zoom in) Reconstruction error (R=4)

20 40 60 a0 100 120

time index (p) time index (p)
Time—frequency LOT coefficients Reconstruction error (LOT coefficients)
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time index (p) time index (p)

(Top-left) Mishmash signal (zoomed in for first 2560 samples.
(Top-right) Error in the reconstruction at R=N/M = 4.
(Bottom-left) LOT coefficients. (Bottom-right) Error in LOT coefficients




35

30

25

20

15

10

Reconstructed signal to error ratio in dB

Streaming signal recovery - Results
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Sparse recovery: dynamical system

* Signal observations: y; = &2+ + ¢

* Sparse representation: z[n| = Zp’k p kWUp k|1

. [Linear dynamic model: 711 = Frxe + fi ]

mlmmlze Zt IWeanllh + 21 @e P — yil|3

X1,..
VAR 7”Ft—1‘1’t—lat—1 o lIJtatH%

Dynamic model

Related work: [Vaswani’08; Carmi et al.’09; Angelosante et al. ’09; Zaniel et al. ’10; Charles et al. "11] ~



Sparse recovery: dynamical system

Signal observations: y; = ®;xs + ¢
Linear dynamic model: ;11 = Fixy + fi

Sparse representation: x([n| =), ap k¥p k(0]
IMINLMIZE Zp:l [Wpapl1 + %Hq’pmpap — Ypll3
p

A
l T TPHFp—llpp—lap—l - qu@p”%

miniamize [Wall1 + %H(‘_I)lila - ¥l3 + 3[F®a —q|3

. 5

L | . 1 _ - .
minimize |[Wal|1 + §H<I>\Iloz —¥|12 + 5HF\I!oz — g2+ (1—-euta

44



Dynamic sighal recovery - Results
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(Top-left) HeaviSine signal (shifted copies) in image

(Top-right) Error in the reconstruction at R=N/M = 4.
(Bottom-left) Reconstructed signal at R=4.
(Bottom-right) Comparison of SER for the L1- and the L2-regularized problems




Dynamic sighal recovery - Results
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Dynamic sighal recovery - Results
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(Top-left) Piece-Regular signal (shifted copies) in image
(Top-right) Error in the reconstruction at R=N/M = 4.
(Bottom-left) Reconstructed signal at R=4.

(Bottom-right) Comparison of SER for the L1- and the L2-regularized problems
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Dynamic sighal recovery - Results
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Part 2: Dynamic models in video
Iy Py Fr_y

AT AT AT
= S £ _ 9 = W,

cdda @
\V IRV, U

By  Bs
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Low-complexity video compression




Video compression

\\ AN

.

W\

-~
T

.

g

.

X,

Compression is achieved by removing the
spatio-temporal redundancies in the videos

\
\i

\
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Video compression

| frame P or B frames

Compression is achieved by removing the spatio-temporal redundancies in the videos — °*



Video coding paradigm

Standard compliant

‘Smart’
encoder

bitstream

Major blocks in the encoder:

“VIOTTOTrestiaation,

Shift processing burden from the encoder to the decoder!

In
>

Low
complexity
encoder

“Dumb”
decoder

Out

Entropy coding

“Smart”

Out

decoder

>

53



Compressive encoder

L

—>

video frame
with N pixels

N x1
vector

A a}’:y
TR A
- r.‘- -- " I — l
g B = " * T = m
I'-'l---: .n- ‘.- . B
Random Sensing matrix i
M x N i
b
P

=

Encoder complexity is minimal, while all the

computational load is shifted to the decoder

=

X ampmmmn

§§
S
o
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Structure in video (for recovery)

Frame-by—frame recovery (same as recovery of independent images).
Spatial structure: = O L
P o \ DWT

— Wavelets s -
— Total-variation

Recovery of muItipIe frames (images are temporally correlated)
Temporal structure: I Fy Fr_y

— Frame difference {\$2nx3 n CE‘T
= _9 £ W = W

— Inter-frame motion ﬂ a ﬁ ‘
\VIRW, U

BZ B3 BT 55




Structure...
b

AV

By

Linear dynamical system:
— Azxz e €; (Linear measurements)
r;, = I;_1T;—1 -+ fz (forward motion pred.)

Xr;, = Bi—|—133i—|—1 -+ bz (backward motion pred.)

1 r\x2n$3

s Fr_y

N =W,

vV

Bs Br

Random

Sensing matrix
M x N

&

esmmmu|

f\xT
cada =

56



Accelerated dynamic MRI

57



Accelerated acquisition in MRI?

A small spatial area is
scanned in every heart beat
(e.g., 8 lines per heartbeat)

e How the cardiac MRI works:

One cardiac cycle

Temporal
resolution

Fourier plane---Phase-encoding step
samples rows in the Fourier plane
Acquisition during breathholds

Direct tradeoff between temporal resolution and lines per heart beat segment

Number of lines per frame are the same o8



Parallel imaging

e Parallel imaging (sense, sMAsH, SPACE-RIP, GRAPPA, ...:

yi = Az + e
_ng S,Ll_
_‘;EQq;SiC_
—yl_ —Al 0 “ e 0 1 —331_ _61_
Yo 0 A2 . 0 i) €9
| = A s ol
_yT_ i 0 0 ce AT_ _xT_ _eT_

MRI data courtesy: Hamilton and Br%ﬁnmer



Motion-adaptive Spatio-temporal
Regularization (MASTeR)

* We model temporal variations in the images using
inter-frame motion!

* This way we are not using some fixed global model,
instead, we learn the structure directly from the
data.

Motion vectors

.......................

lllllllllllllllllllllll



Motion-adaptive Spatio-temporal
Regularization (MASTeR)

e Spatial structure: wavelets

 Temporal structure: inter-frame motion

* Linear dynamical system model:

Y; — AZZCZ -+ €; (Linear measurements)

Tr; = Fi—lxi—l -+ fz (forward motion pred.)

xXr;, = Bz’—|—1337l—|—1 -+ bz (backward motion pred.)
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Video recovery

62



Video reconstruction

Fy Fy Fr_4

0l NNy N oy
= _ S £ _ % - _W,

cada =
\V RV AV

By  Bj Br
— Azxz -+ €; (Linear measurements)

pwT B

Lr; = Fi—lxi—l -+ fz (forward motion pred.)

T, = Bi—l—lxi—l—l —+ bz (backward motion pred.)

63



Video reconstruction

Fy Fy Fr_4

0l NNy N oy
= _ S £ _ % - _W,

caaa @

\ VAV v
Pseudocode: By  Bs Br
0. Find Initial frame estimates

Repeat
1. Calculate motion from frame estimates
2. Use the motion information to refine estimates

Data fidelity Spatial regularity

minimize Z |Arzr — yrll2 + Tkl|Zk||w, -+

LlygeeeslT
k

ap||Frrry — Tpa1||w, + Br||BrTr — Ti—1||w,

Forward motion diff. Backward motion diff.




Comparison of low-complexity encoders

CS-MC: L1 with motion compensation
CS-DIFF: L1 with frame difference
CS: frame-by-frame

gJPEG: mask-based DCT thresholding
Idct: linear DCT (zigzag) thresholding

CS measurements: partial wavelets + noiselets
compression ratio = N/M
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Results
(short axis):

R: acceleration factor
Sampling: 8 low-freq. lines
+ random sampling

MASTeR: Motion-adaptive
spatio-temporal
regularization:

k-t FOCUSS with ME/MC:
-Temporal DFT sparsity
-Motion residual with a
reference frame or temporal
average.

[Jung et al., k-t FOCUSS: a general compressed
sensing framework for high resolution
dynamic MRI. MRM, 2009]
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MASTeR (full) :
I f MASTeR (ROI)
k-t FOCUSS with Ty
ME/MC (full) f
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Conclusion

The more we know about the signal (dynamics)
the faster and/or more accurately we can reconstruct

Dynamic ¢; updating

Quickly update the solution to
accommodate changes

¢1 homotopy
—  Breaks updating into piecewise

linear steps
—  Simple, inexpensive (rank-one
update)
— final
solution

~3

“warm start”

Dynamic modeling

Improve reconstruction by exploiting
the dynamical signal structure

. Motion-adaptive dynamical
system

1. Low-complexity video
compression

2.  Accelerated dynamic MRI

N N M
N = =y .

caa e @
\V IRV AV
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Future directions

* /1-homotopy:
— Theoretical analysis
— Large-scale streaming problems

 Compressive sensing in videos:

— Adaptive sampling

— Distributed cameras

— Computational imaging (lightfield etc.)
 Medical imaging:

— MRI... (maybe hyper-polarized)

— Ultrasound

— EEG
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Email:
Web:

Thank you!

Questions? o 2

sasif@gatech.edu

http://users.ece.gatech.edu/~sasif/
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