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Abstract—Recovery of sparse signals from noisy observations
is a problem that arises in many information processing contexts.
LASSO and the Dantzig selector (DS) are two well-known
schemes used to recover high-dimensional sparse signals from
linear observations. This paper presents some results on the
equivalence between LASSO and DS. We discuss a set of
conditions under which the solutions of LASSO and DS are
same. With these conditions in place, we formulate a shrinkage
procedure for which LASSO and DS follow the same solution
path. Furthermore, we show that under these shrinkage condi-
tions the solution to LASSO and DS can be attained in at most S
homotopy steps, where S is the number of nonzero elements in the
final solution. Thus the computational cost for finding complete
homotopy path for an M x N system is merely O(SMN).

I. INTRODUCTION

In recent years, there has been tremendous progress in the
area of sparse signal approximation and reconstruction, with
applications in wide ranging disciplines. Compressive Sensing
(CS) theory has played a significant role in this regard by
providing general conditions under which it is possible to
recover sparse signals from a limited number of observations
[11-[3].

The general sparse recovery problem can be formulated as
follows. Suppose we are given a data vector y € RM which
obeys the linear model

y = Az + e, (M

where 2o € RY is the unknown S-sparse vector (i.e., it has
at most S nonzero components), A is an M x N matrix with
M < N, and e is a noise vector. The goal is to reliably
estimate xg from y. This problem has received a good deal of
attention recently in two different signal processing contexts.
In the CS framework, we view xg as an unknown signal of
interest which we wish to recover from indirect observations
through A. In the sparse approximation framework, we view
y as an observed signal, A as an overcomplete dictionary, and
T as a sparse decomposition of y in terms of the columns of
matrix A [4].

In this paper we discuss two well-known convex programs
commonly used to recover sparse signals from noisy measure-
ments, namely LASSO [5] and the Dantzig Selector (DS) [6].
Given the observations y, LASSO solves!

L 1
minimize 7||z||; + §||A$ —yl3, 2)

IThis problem formulation is actually Lagrangian form of the LASSO in
[5], also known as Basis Pursuit DeNoising (BPDN) [7].

and DS solves
minimize ||z||; subject to ||AT(Az —y)|loo <7, (3)

where 7 > 0 is some suitably chosen threshold parameter,
which essentially controls the trade-off between the sparsity
of the solution to these problems and its fidelity to the
measurements y. There are number of performance guarantees
associated with both (2) and (3) [6], [8]-[12]. In a nutshell, if
the underlying signal z is sufficiently sparse and the matrix
A obeys some incoherence or restricted isometry conditions,
then the reconstruction error for the estimates of both (2) and
(3) comes within a small factor of the minimum achievable
error.

These sparse recovery results are usually given in terms
of two properties of the matrix A: the coherence or the
restricted isometry constants. The coherence of a matrix A,
with normalized columns a;, is defined as

p(A) = max|[(ai, a;)|. 4)

i#]

The matrix A is called incoherent if u(A) is small; a typical
case of interest is p ~ 1/v/M. Low coherence means that
the columns of A are very different from one another, which
helps disambiguate short linear combinations when finding the
sparse vector xg in (1) [8], [13]. A matrix A is said to obey the
restricted isometry property (RIP) of order 25 if there exists
a constant dog < 1 such that for all 25-sparse signals

(1= dag)zllz < [[Azl2 < (1 + das)[xl2- )

If the RIP constant Jog is sufficiently small, then any S-sparse
signal can be reliably estimated using some suitable recovery
scheme, such as (2) and (3) [14], [15].

The main contribution of this paper is to outline a set of
general conditions, in terms of the sparsity of the underlying
vector xg and the coherence parameter 1, under which LASSO
and DS have the same solutions. Further, we show that
under similar conditions LASSO and DS follow the same
homotopy paths as the regularization parameter 7 changes,
and that their final solutions can be achieved in at most S
homotopy steps, where .S is the number of nonzero elements
in the final solution. Lastly, we discuss the types of incoherent
matrices that obey the conditions required for the equivalence
of LASSO and DS.



II. PRELIMINARIES ON LASSO AND DANTZIG SELECTOR
A. Optimality conditions

We start with a discussion of the optimality conditions for
LASSO and DS which must be satisfied by their respective
solutions at any given value of 7.

LASSO: To be a solution to (2), a vector z* must obey
the following condition:

AT (Az* — y)|lse < 7. L)

We can view (L) as a set of n different constraints, one on
each entry of the vector of residual correlations A7 (Az* —y),
which can be derived by taking subgradient of the objective in
(2) [16]. In addition, a sufficient condition for the optimality
of x* is that the set of locations for which the constraints in
(L) are active (i.e., equal to 7) will be the same as the support
of x* (the set of locations on which z* is non-zero) [16].
Denoting this set by I', we can write the optimality conditions
for any given value of 7 as

Ll1. AL(Az* —y) = —72

L2. || AL (Az* — y)||eo < s

where Ar is the m x |I'| matrix formed from the columns of A
indexed by elements in T, and z is a |T'|-vector containing the
signs of z* on I'. From this we see that 2* can be calculated
directly from the support I' and sign sequence z as

. {(A%AFMA%@ —72)

0 otherwise.

onI’

= (6)

Dantzig Selector: On the other hand, the solution to (3)
obeys a similar set of optimality conditions, with the addition
of a dual variable. The dual problem to (3) can be written as

maximize — (7||All; + (\, ATy)) @)
subject to [|AT Ao <1,

where A € R” is the dual optimization variable. We can
derive the optimality conditions by recognizing that at the
solution, the objectives in (3) and (7) will be equal, due to
strong duality [17]. This fact, along with the complementary
slackness property, tell us that z*, \* are solutions to (3)
and (7) for a given value of 7 if they satisfy the following
optimality conditions [18]:

DS1. Al (Az* —y) =72\

DS2. A?TA)\* = —2

DS3. ||AITi (Az* —y)||oo < T

DS4. [ AT, ANl < 1,

where ', and 'y are the supports of x* and \* respectively,
z, and z, are the sign sequences of x* and A* on their
respective supports. We call (DS1,DS3) the primal constraints,
and (DS2,DS4) the dual constraints. It can be shown using
standard convex optimization that these four conditions are
necessary and sufficient for (z*, A*) to be the unique primal-
dual solution pair. Furthermore, the active primal constraints
correspond to the support of dual variable and the active
dual constraints correspond to the support of primal vari-
able. Therefore, from these optimality conditions we can see

that the primal and dual solutions can be calculated using
the knowledge of primal-dual supports and sign sequences
(FZE; F)\a Z:E7 Z)\) as

* _ (A?AAFI)_l(A?Ay + TZ)\) on I'; (8)
0 otherwise
= —(Af Ap,)7'z; onTy ©
0 otherwise.

Note that the essential difference between the LASSO and
DS optimality conditions (L1-L2) and (DS1-DS4), and their
respective solutions (6) and (8), comes from the fact that in
DS the primal and dual support (I',, ")) and sign sequence
(2z, 2x) can be very different from each other. However, if at
the given value of 7 the solution of DS has same primal and
dual supports, i.e., I'y = I';, and the primal and dual sign
sequences are opposite to each other, i.e., zy = —z,, then for
that particular value of 7 the solutions of LASSO and DS will
be identical. We pursue this line of reasoning further in the
following sections.

B. Homotopy paths

Some further insight into the working of LASSO and DS
can be gained by looking at the solutions of (2) and (3) for
different values of 7. Homotopy methods provide an efficient
way to trace the solution paths of these problem for a range
of values of 7 [18]-[23].

LASSO: The complete solution path for LASSO can be
traced by starting from a large value of 7 where the solution
of (2) is known (e.g., 7 > ||ATy||o, where solution is a
zero vector), and reduce it towards zero while updating the
intermediate solutions. Suppose we are at an intermediate
solution along the homotopy path, given as z* in (6). As we
reduce 7, the solution moves along a line with direction
9 — {(AITAF)_lz on T . (10)

0 otherwise

until one of two things happens: an element in z* shrinks to
zero, removing it from the support of the new solution z*, or
another constraint in (L) becomes active, adding a new element
to the support of z*. At these so-called critical points, both the
support of x* and the direction of the solution path change.
Also, at any point on the solution path it is straightforward to
calculate how much we need to vary 7 to take us to a critical
point in either direction. Therefore, we start with a solution
a* at 7 with support I' and sign z, and reduce 7 to the desired
value while hopping from one critical point to the next. At
each critical point along this path, a single element is either
added to or removed from I', and the new direction can be
computed from the old using a rank-1 update. Thus multiple
solutions over a range of 7 can be calculated at very little
marginal cost.



Dantzig Selector: The homotopy path for DS can be
traced in a similar way, with the additional requirement of
keeping track of dual variable, and its support and signs.
We start from a large value of 7 and reduce 7 gradually by
updating the primal-dual supports and sign sequences at every
critical point. As we change 7, the solution moves along a line
in the direction

O — —(A%;Apm)flz,\ onl',
0 otherwise

(1)

until one of the two things happens at a new critical point:
an element in x* shrinks to zero (removing an element from
the support of x*) or an inactive primal constraint becomes
active (adding an element to the support of A*). We call this
first phase the primal update. This gives us the value of z* at
the new critical point but the value of A* is still unknown. We
use the information about the change in the support from the
primal update phase to find the new value for the dual solution
A* at this critical point, during which either an existing element
in \* shrinks to zero (removing an element from the support
of A\*) or an inactive dual constraint becomes active (adding
an element to the support of z*). We call this second phase
the dual update. For further details on the DS homotopy see
[18], [23].

Note that the solutions of both LASSO and DS follow
piecewise linear paths, in the respective directions (10) and
(11) which depend only on the supports and signs at critical
points. Therefore, the intuition tells us that if the solution of
DS has same primal and dual support and opposite primal and
dual signs at every value of 7, then the entire solution paths
for LASSO and DS will be identical.

III. SHRINKABILITY AND S-STEP RECOVERY

In the previous section we observed that the solutions of DS
and LASSO will be identical whenever the supports for primal-
dual solution pair of DS are same and the sign sequences
are opposite to each other. In this section we derive a set of
conditions, under which LASSO and DS are guaranteed to
have identical solution paths and the number of homotopy
steps required for the recovery is same as the number of
nonzero components in the sparse signal, i.e., S-steps for S-
sparse signal recovery. We start with the case of noiseless
measurements.

A. Noiseless measurements

Suppose we have noiseless measurements y = Axg of the
signal supported on the set I with sign sequence z on I'. The
following lemma gives us a set of conditions which ensure
that (2) and (3) have same solution for small values of 7.

Lemma 1. Let xo € RN be supported on a set T with z :=
sign[zr]. Set y = Axg. Suppose that A obeys following three
conditions with I' and z:

HI. Ar is full rank,

H2. ||A%CAF(A1,1:AF)_1Z”OO <1,

H3. sign[(ALAr)=12] = 2.

Take

and

xr =xo + TN (12)

Then for all T in the range

0 <7 < 74y = min
yel

zo(v) >
X))
xk is the unique solution to (2) and (3), and \* is the unique
solution to (7).

Proof: If Ar is full rank (H1), then the proposed A\* is
well-defined. We need to show that the proposed pair (*, \*)
obeys optimality conditions in L1-L2 and DS1-DS4. First note
that I', = I'y, = I'. If H3 holds, then also —z) = 2z, = z,
and DS2 is satisfied. In addition, this makes H2 same as DS4.
Finally, with =7 as in (12),

AT (Axr —y) = —TAT A (AL Ar) 'z,

and so H2 implies L1, L2, DS1, and DS3. |

Under the conditions H1-H3, we can interpret the solutions
of (2) and (3) as “shrinkage” of zg. As 7 increases, the
magnitude of all the nonzero entries in % decrease. Although,
unlike soft-thresholding, the rate of decrease is not the same,
the decrease at component ~ is proportional to A*(7). ¢4t iS
the value of 7 for which one of the components in xzy shrinks
to zero.

It is natural, then, to ask if this “shrinkage” property holds
for :z::mt supported on I'; C I', and if so, can we continue
the shrinkage process until z* = 0. Note that since zy has
only S elements, it will take exactly S steps to shrink it to
zero. Conversely, it will take .S steps to move from zero to z.
To make this precise, we call xy d-shrinkable with respect to
A, for some 0 < ¢ < 1 if the following shrinkage procedure
terminates in Success:

1) Set k =0, I'p =T, and 29 = z. Check that Ap, is full
rank; if so continue to 2, otherwise return Failure.

2) If 2, = 0, return Success.

3) Check that

(H2’)
(H3’)

| AL, Ar, (AL, Ar,) 20 < 6
sign[(Ai‘kapk)_lz] =z

If either condition fails, break and return Failure.
(Note that if Ar, is full rank, then Ar, will be full rank
for any I'y, C T'p.)



4) Set

N = —(Af Ar,) "'z on Ty
k 0 on I}

€k+1 = min < 2 (7) )
+ ~eTy —)\k(’y) ’

Th1 = Tk + €1 My
/ . Ik('Y)
* ver, \—X())’
P11 = Fk\’YI/e+17
Zk4+1 = 2x restricted to I'yyq.

5) Set k «— k + 1, and return to step 2.

As xq shrinks to zero in the procedure above, 7= ko Ekt1
increases and the solution z;, follows the path of solutions to
(2) and (3), as shown in the next lemma.

Lemma 2. Suppose xq is 6-shrinkable with respect to A, and
define i, A\, €, as above. For any given T € [0,00), let K
be the largest integer such that

K-1

T > Z €x+1 =: Fx.
k=0

Then the solution to (2) and (3) will be exactly
ZL’: =xK + (’T — EK))\K.

Proof: Set 8 = T — Ex. Since xg is d-shrinkable, we can
write

K-1
N Z €1 Ak + 0Nk
k=0
and
K-1
AT(A{,C:—y) = AT(Axo—y)+ATA <Z €k+1)\k + 9)\[() .
k=0

Since 'y C Ty, for all k =0,..., K — 1, let zx denote sign
of v on 'k,

K-1
AL (Axr —y) = —=(D ens1 +0)zx
k=0
= —TZK.
Similarly, since
|a3A)\k\ <1 foryeIl% andforall k=1,...,K—1,

and
|a5A/\K| <1 forall ~eT¥%,

thus for all v € I'%

K-1
a,j;(Axo —y)+ azA (Z €k+1 Ak + 5)\K>

k=0

Hence L1, L2, and DS1,DS3 are satisfied. DS2 and DS4 are
automatically satisfied with our choice of A\g. ]

Remark. An immediate consequence of Lemma 2 is that since
xq is shrinkable and it takes S steps to shrink to zero, and the
path it takes coincides with the homotopy paths of LASSO and
DS. Thus a LASSO or DS homotopy algorithm starting from
zero will terminate in exactly S steps, recovering the original
signal xq with total complexity O(SMN).

The shrinkability conditions (H2,H3) have a distinct effect
in the working of the homotopy algorithm. The correlation
condition (H2) ensures that only correct elements enter the
support, and once an element has entered the support the
sign condition (H3) ensures that it never leaves the support,
hence providing the solution of S-sparse signal in S homotopy
steps. Also note that, when the S-step solution property holds,
the homotopy algorithms for both LASSO and DS reduce to
LARS [20]. Conditions similar to H3 have also been studied
in [23], [24], to establish the equivalence between LASSO and
DS solutions.

B. Noisy measurements

The analysis for the shrinkability in the presence of noise is
very similar to the noiseless case. The main difference is that
we cannot recover the original signal exactly. Therefore, we
start with some other shrinkable signal as the starting point of
the shrinkage procedure, while the remaining steps are almost
identical to the noiseless case.

Consider the noisy measurements in (1), where x( is sup-
ported on the set I'g. We assume that

| AT (I = P[To))elloo < p, (13)

where P[I'g] denotes projection onto the space spanned by

columns in Ar,. The choice of final threshold parameter T in

(2) and (3) depends on the noise level. The following lemma

shows that if the threshold 7 in (2) and (3) is chosen safely

above the noise level, the LASSO and DS have same solution.
The following is a variation of a lemma from [25].

Lemma 3. Given noisy measurements y = Axg + e of the

signal xy supported on I'g, where e satisfies (13). Let Tor. be
the oracle estimate

AL Ap )-1AT r

Tore = {< A (14)

0 otherwise.

If Tore is O-shrinkable with respect to A, then for T > 25 the
solution x% obtained by running (2) and (3) will be identical.

Proof: The proof is quite similar to the argument in
Lemma 2, where we replace zy with x.. in the shrinkage
procedure. Since A\* is a dual solution to (2) by construction,
therefore it obeys DS2,DS4. We only need to show that
the solution x* obeys L1,L2, and DS1,DS3. Since zqy is
d-shrinkable, let us first write x%* with support I' at some

< (Eg+0)=71. 7> %5 as

K-1

T: = Torc + Z €k+1)\k + 0k,
k=0



K-1 L
where 7 =" €x41 + 6. This gives us

K-1

Axy —y = Aroe + A (Z €pt1 Ak + 9>\K> -y
k=0

K-1

=A (Z SEEPVE GAK> — (I = P[To])e.
k=0

Recall that T C T'g. Suppose first that v € 'y but v ¢ T". Then

(a~, (I — P[I'o])e) =0 and

K—-1
l{ay, A <Z €rp1 e + 9/\K>> < or.

k=0
Now suppose that v € I'. Then we are guaranteed that

K—-1
l{a, A <Z €ri1 e + 9/\K>> < o7

k=0
and
ay, Azz —y)| <07 +p <,

where the last inequality follows from (13). Similar procedure
can be used to show that in at most S steps xor shrinks to
Zero. |

Although in Lemma 3 we only discuss the equivalence
between LASSO and DS solutions and the S-step property, but
similar conditions can be used to prove various near-optimality
results for both LASSO and DS solutions, where we need
some conditions (very similar to H1-H3) only for the final
support of the solution [12], [25].

IV. SHRINKABILITY CONDITIONS AND INCOHERENCE

In this section we examine the types of signals and matrices
which satisfy the shrinkability conditions. In particular, we
show that an incoherent matrix satisfies J-shrinkability condi-
tions for any S-sparse signal.

In order to show that a vector x with support I' and sign
sequence z on I is d-shrinkable for some given value of § <1
with respect to the matrix A, we need to show that conditions
HI-H3 are satisfied on every I'y C I' and respective sign
sequence. If we assume that Ar is full rank? then Ar . will also
be full rank for any 'y, C T" [26]. Let us define G = I —AITAF.
We claim that condition (H2) and (H3) will be satisfied if
IG|| <1 and

max |[((ALAr)"'Y,, 2)| < 6, (15)
ve{l,...,n}
with
ALa ere
e (16)
Aray -1, ~el

where a., is the column of A indexed by ~, and 1, is a vector
which is equal to 1 at v and zero elsewhere.
To see why this is true, first note that (H2) is same as

max |<(J,A/,AF(ATAF) >| < 6.
yele

2Gersgorm s disc theorem [26] can be used to show that [|[I — AT Ap|| < 1
ifS<1 + <=, which implies that Ar has full rank.

Whenever ||G|| < 1, the Neumann’s series Y o, G converges
to the inverse (I — G)~!. Thus we can write (AL Ar)~'z as

(AFAR) 2= (T-G)" 2= ZGZZ = <z + ZG%) ,
=0 =1

and condition (H3) will be satisfied for any 6 < 1 if

I(AFAr) ™'z = 2[|oe = ZGZ <d. a7
We can rewrite (17) as
| ¢
max |1y, G2)| = max |} G1,,2)
(=1 =1
oo
= max Gy,
o <Z 9y> %)
= max’ AFAF) gy, 2)|
~el’
where g, is the column of G indexed by v, g, = 1, — Al a,.

The first equality above comes from the self-adjointness of G,
the second comes from simple fact that g, = G1,, and the
third because Y, G 1 =37,. G = (AF Ap) ™!

The following theorem gives conditions on coherence of
matrix A and sparsity S of signal x under which (15) is
satisfied for I'. The argument can be easily extended to
any support I'y, C I'; a crucial step needed to satisfy the
shrinkability conditions HI1-H3.

Theorem 1 ( [16]). Let A be the incoherent matrix with
coherence . Let x be an S-sparse signal supported on T’
with sign sequence z, and Y., be as defined in (16).

5 1
<
S1+5(1+ >

{(AF Ar) Y5, 2)] <.

(18)

then
(15)

max

~ve{l,...,n}

Proof: This result can be proved easily by following

the arguments in [16, Theorem 3], where the left side in

(15) can be bounded by the absolute values of the individual
components as

(Y5, (AT Ar)~"2) < (Y], (AT Ap) 1 |2])-

The only difference is that our definition of Y, is slightly
different. For the case when v ¢ T, the argument is exactly
same. For the case where v € I, we can use similar
argument because <yth component of Y, will become zero
(since |ja,|l2 = 1). [ |

V. DISCUSSION

In the last section we showed that if S < 5 + s (1 + %) then
both LASSO and DS have identical solution paths and that
the final solution can be recovered in at most S homotopy
steps. The result, although aimed at the incoherent matrices,
is not yet optimal for the random matrices usually used in
CS, e.g., Gaussian or Bernoulli. The CS results for random



matrices suggest that for an S-sparse signal typically M =
O(S - log N) measurements are sufficient to reliably recover
the signal. Whereas, the coherence based results for similar
matrices would unfortunately require M = O(S? - log N)
measurements. Although this comparison is not fair, as we
not only guarantee signal recovery but recovery in S-steps,
but it would still be desirable to improve the results for S-
step recovery.

Under the incoherence conditions in Theorem 1, shrinkage
conditions H1-H3 hold for all possible supports of size at
most S. Whereas, to prove the S-step solution property for
a signal supported on I'y, we only need to show that (15)
holds for all subsets I', C I'g. Note that for a random matrix
A, we can show that for a fixed support I'y of size S and
random sign sequence z, if M = O(S - log N) then (15)
holds with very high probability [27]. The main challenge
we face while trying to prove the so-called S-step property
with O(S-log N) measurements for random ensembles, is the
independence of elements as the signal shrinks. We want to
show that (15) holds for all I';, C Iy after every shrinkage step,
but the independence between random sign sequence z and
(AT Ar)~1Y,,, which is a crucial part in proving O(S -log N)
result for the Iy, does not exist after the first shrinkage step.
On the other hand, if we use a union bound on all possible
supports (a set with 2° elements), the result would be again
on the order of S? - log N. Although we know that there are
S possible supports involved in the shrinkage procedure, but
they are not fixed a priori.
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