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Abstract—Sparse signal priors help in a variety of modern
signal processing tasks. In many cases, a sparse signal needs to
be recovered from an underdetermined system of equations. For
instance, sparse approximation of a signal with an overcomplete
dictionary or reconstruction of a sparse signal from a small
number of linear measurements. The reconstruction problem
typically requires solving an /; norm minimization problem. In
this paper we present homotopy based algorithms to update the
solution of some ¢; problems when the system is updated by
adding new rows or columns to the underlying system matrix.
We also discuss a case where these ideas can be extended to
accommodate for more general changes in the system matrix.

I. INTRODUCTION

Sparsity plays a major role in many modern signal process-
ing tasks; compression, denoising and signal restoration are
typical examples where we benefit from the signal sparsity.
In recent years, tremendous progress has been made in the
area of sparse signal recovery from underdetermined systems
[1], [2]. The sparse recovery problem can be formulated as
follows. Suppose we are given a signal y € R™ which obeys
the following linear model

y = Az, (D

where A is an M x N system matrix with M < N, and
x € RY is the sparse vector we want to estimate. In the
sparse approximation framework, we view y as an observed
signal, A as an overcomplete dictionary, and x as a sparse
decomposition of y in terms of columns of A [1], [3]. A related
problem, commonly known as Compressive Sensing (CS) [4]-
[6], considers y as indirect measurements of the unknown
sparse signal 2 using the measurement matrix! A.

Ideally we would like to find the sparsest vector  which
obeys the linear system in (1). Conceptually, it requires solving
the following optimization problem

minimize ||z||p subject to Ax =y, (2)

where ||z||o denotes the number of nonzero entries in z.
Unfortunately, it is a combinatorial problem and known to be
NP-hard [7]. In practice, we instead solve a convex relaxation
of (2), where ¢y norm is replaced by ¢; norm as follows

minimize ||z||; subject to Ax =y. 3)
x

'We assume that the sparsity basis and measurement matrix are combined
together to form A.

It is a convex program and can be efficiently solved using
standard optimization routines [8], [9]. However, under some
conditions on the sparsity of the signal x and incoherence
or restricted isometry of the matrix A, solving the relaxed
problem (3) can indeed recover the original sparse signal [1],
[2].

A more general system model can be defined as
y=Az+e, @)

where e denotes the system noise and = can be nearly-sparse
or compressible. In such systems, we typically solve the basis
pursuit denoising (BPDN) [10] (or LASSO [11]):

L 1
minimize 7||z||1 + §||AI —yll3. o)

with some suitable choice of regularization parameter 7 > 0,
which controls the tradeoff between the sparsity of the solution
and data fidelity. Over the last few years, a number of efficient
schemes have been devised to efficiently solve (5) [12]-[14].

Most of the sparse recovery algorithms focus on solving
problems like (3) and (5) for a fixed system. Recently, some
homotopy based schemes have been proposed to update the
solution of (5) when new measurements are sequentially added
to the system (i.e., one new entry added to y and one row
added to A) [15], [16], or when y is replaced with a completely
new set of measurements of a closely related signal while
keeping A the same [17], [18]. These algorithms are derived
by introducing the new measurements into the optimization
program gradually, and tracking how the solution changes.
The problems are formulated such that the movement from
one solution to the next can be broken down into a series of
linear steps, with each link traversed using a low-rank update.
The motivation behind these dynamic updating schemes is
that when the underlying system changes, the solution may
not change much from one instance to the next. Therefore,
update from current estimate to the solution of the updated
system would be substantially cheaper than solving a new
optimization problem from scratch.

In this paper we discuss dynamic updating schemes for two
types of changes in the system matrix. In Sec. III we discuss
the dynamic updating scheme when new rows are added to the
system. In Sec. IV we discuss the updating scheme when new
columns are added to the system matrix. In Sec. VI we briefly
discuss a special case where dynamic updating can be used for



more general modifications in the system matrix, under rather
restrictive, so-called incoherence condition.

II. HoMmoTOPY

Our proposed dynamic updating schemes are based on
the homotopy continuation principle [19]. Homotopy methods
provide a general framework for transforming an optimization
problem into a simpler (easily solvable) form, where the
transformation is parameterized by the so-called homotopy
parameter. In {1 problems, as the homotopy parameter is
varied, the solution traverses a piecewise linear homotopy path
towards the final solution, where each intermediate homotopy
step requires a low rank update. The homotopy path is fol-
lowed by ensuring that certain optimality conditions are being
maintained.

Let us consider the standard LASSO homotopy [19], [20]
for (5), where 7 is the homotopy parameter. To be a solution
of (5) at any given value of 7, a vector z* must obey the
following set of N conditions (constraints)

AT (Az* — )|l < T, (L)

more precisely

L1. AL(Az* —y) = —72

L2. || AL (Az — y)||oo < T,

where I' is the support (index set for nonzero elements) of z*,
Ar is the M x |I'| matrix formed from the respective columns
in A and z is the sign sequence of z* on I'. From this we
see that z* can be calculated directly from the support I' and
signs z using

. {(A%AF)—l(Agy ~7z) onT

0 otherwise.

As we change 7, the solution moves along a line with direction
(AL Ar)='z until one of two things happens: an element
of x* is shrunk to zero, removing it from the support of
x*, or another constraint in (L) becomes active, adding a
new element to the support of x*. At these so-called critical
points, both the support of 2* and the direction of the solution
path change. Also, at any point on the solution path it is
straightforward to calculate how much we need to vary 7 to
take us to a critical point in either direction. Since there is
only one element change in the support, computing new update
direction requires a rank one update of the inverse (AL Ap)~1.

III. ADDING ROWS TO THE SYSTEM MATRIX

Suppose we have solved the optimization problem (5) for
a given value of 7 to get the solution xy with support I' and
sign sequence z. Now suppose we get P new measurements,
given as w = Bx+d, where B is a P x N matrix and d € RP
denotes noise in the new measurements. We now want to solve
the following updated problem

e 1
minimize 7|z, + 3 ([Az — y[|3 + | Bz —wl|j3) . (6)

As described in [15], [16], one new measurement can be
incorporated by introducing a homotopy parameter € as

. 1
minimize 7||x|; + 3 (||ACU - yll% + €||Bx — wH%) .
xT

However, this homotopy scheme does not work with more than
one new measurement. We propose the following homotopy
scheme to incorporate multiple measurements
min. 7|z} + % ([ Az = g3 + Bz — (1 — €) Bxo — ewl|}3) ,
(N
where z( is the solution of (5). Note that as e varies from O
to 1, we move from the old problem (5) to the new one (6).
The homotopy algorithm for (7) closely resembles the ho-
motopy algorithm for dynamic update of time-varying signal,
detailed in [17], [18]. By adapting the optimality conditions L.1
and L2, we see that for any vector z* to be the solution of (7)
at any given value of € it must obey the following conditions

|AT (Az* —y) + BT (Ba* — (1 — €)Bxg — ew)|oo < 7, (8)

or more precisely
AL (Az* —y) + BL (Bx* — (1 — €)Bxg — ew) = —7z (8a)

||AIIC (Az* —y) + Blzl(B:z:* — (1 —¢€)Bxp — ew)|oo < T,
(8a)

where I is the support of £* and z is its sign sequence on I'.
We can see from (8a) that the solution to (7) follows piecewise
linear path as € varies; critical points occur when an element
is added to or removed from the solution x*. Suppose we are
at a solution xj (with support I' and sign sequence z) to (7)
at some value of € = €. As we increase € by a small amount
from €, to €, + 6, the solution moves to x;r = xy + 00z,
where

oz = (ALAp + BL Br) "' BL (w — Bxg). ©)

Moving in the direction of dz by increasing the step size 6, we
eventually hit a critical point where either one of the entries
in zj shrinks to zero or one of the constraints in (8a) becomes
active (equal to 7). The smallest amount we can move € so
that the former is true is simply

v =mr (5 )

where min(-). denotes that the minimum is taken over positive
arguments only. For the latter, set

pr = AT (Azy, —y) + BT (Bay, — epw — (1 — €1,) Bao)
d, = (ATA + BT B)0z — BT (w — Buxyg).

(10)

We are now looking for the smallest stepsize Ae so that
pr(j) + A€ - di(j) = +7 for some j € I'°. This is given

by
sere \ d(j) T —di(j) /.
The stepsize to the next critical point is
6 = min(6*,07). (13)



With the direction 0z and stepsize € chosen, the next critical
value of € and the solution at that point become

€kr1 =€+ 0, xRy =z + 002

The support for new solution . differs from I' by one
element. Let v~ be the index for the minimizer in (10) and
~T be the index for the minimizer in (12). If we chose 6~
in (13), then we remove v~ from the support I' and the sign
sequence z. If we chose 67 in (13), then we add v* to the
support, and add the corresponding sign to z. This procedure
is repeated until € = 1.

The main computational cost at every homotopy step comes
from solving a |I'| x |I'| system of equations to compute
the direction in (9), and two matrix-vector multiplications to
compute the dj, for the stepsize. Since the support changes by
a single element at every homotopy step, the update direction
can be computed using rank-1 update methods [21].

IV. ADDING COLUMNS TO THE SYSTEM MATRIX

Suppose we have solved (5) for a given value of 7 to get the
solution x(y with support I" and sign sequence z. Now suppose
we modify the system in (4) by adding P new columns in the
system matrix. The modified system can be written as

y= Az + Bu+e, (14

where B is an M x P matrix and u € RY is a vector denoting
the respective decomposition coefficients. Consequently, we
want to solve the following updated BPDN problem

S 1
minimize 7(||z||1 + ||u|1) + §||Ax + Bu—vy|3. (15

In the context of sparse approximation using overcomplete
dictionary, adding B amounts to adding new atoms to the
dictionary. For the case of compressive sensing, this update
can be considered as adding columns to the underlying spar-
sity inducing dictionary. The intuition behind this update is
that adding new columns to the dictionary may enhance the
sparsity of the solution. For example, suppose our signal is a
superposition of spikes and sinusoids, whereas our representa-
tion basis A only contains sinusoidal elements. In such case,
adding new columns with time-localized content will improve
the reconstruction quality. As another example, consider the
face recognition setup in [22], where each column in B would
correspond to a new face in the face directory and may
improve the feature extraction performance.

Our proposed update algorithm is a simple extension of the
standard LASSO homotopy algorithm. We use the following
homotopy formulation for (15)

L. 1
minimize 7(||x||1 + €||lu|1) + §|\A:r + Bu—yl|3, (16)

where 7 is fixed and € is the homotopy parameter. Note that
for a very large value of € (e.g., e > ||BT (Azg — y)||o0) the
solution of (16) is same as g, and the solution of (16) reaches
the solution of (15) as € is reduced to 1.

The optimality conditions for any solution z* and u* to (16)
at the given values of 7 and e can be written as

Aa (Az* 4+ Bu* —y) = —7z,,
||A%1; (Az* + Bu* —y)||eo < T
BIZ; (Ax™ + Bu* —y) = —Tez,,
HBlTZ (Az* 4+ Bu* — y)||oo < Te,

where I', and I',, denote the support of =* and u*, and z,
and z,, denote their signs on respective supports. With these
optimality conditions in hand, we can develop the update
homotopy algorithm similar to the standard LASSO homotopy.
Suppose zj, and uy are the solutions to (16) at 7 and € = ¢,
with supports and sign sequence I',, 'y, 2, and z,. Let us
denote D = [A B], g = [i’; andT' =T,Ul', and z = le

u
Using the active constraints in the optimality conditions (17),

we can write the optimality conditions at €™ = ¢, — @ for a
diminishingly small value of 6 > 0, with new optimal solution
g™, as follows

AR (Azx™ + But —y) = —72,
Bf (Az" + But —y) = —71etz,

-
ED%(Dq*‘—y):—{ JJ 2. (18)
TE
The update direction Oq = ¢+ — ¢ can therefore be written
as

dq = (19)

Zu

0
(DLEDr)~t [ 1 onT
0 otherwise.

We move g, in this update direction to a critical point where
support changes, similar to the standard LASSO homotopy—
either an inactive constraint becomes active or an element in
q shrinks to zero. Assuming that the support changes with a
step size 76, the new value of homotopy parameter ¢ will be
€T = € — 6. We repeat the homotopy iterations until € is 1.

Note that the very first iteration of update homotopy can be
initialized with u = 0 at € = || BT (Azg — y)||oo/7, With one
support element I', = with sign z, = z, where BZ; (Axg —
Y) = —Tez,.

V. EXPERIMENTS

A. Row update

In this experiment we test the performance of our proposed
homotopy algorithm when multiple measurements are added to
the system. Our experiment setup is as follows. The underlying
sparse signal z contains +1 spikes at K randomly chosen
locations. The M x N matrix A and P x N matrix B have
Gaussian entries with distribution Normal(0,1/(M + P)). We
observe y = Ax+e and w = Bx+d with e and d as Gaussian
noise vectors whose entries are distributed Normal(0,0.012).
We start by solving (5) for a given value of 7. Then we solve
(6) with the additional P measurements, using the algorithm
described in Sec. III. The results of 50 simulations with N =



TABLE II
COMPARISON OF ITERATION COUNT FOR THE DYNAMIC UPDATE AND
LASSO WITH COLUMN ADDITION AT 7 = 0.02.

Signal type dynamic update | LASSO
Blocks 9.88 69.37
HeaviSine 4.29 22.23
Piece-Polynomial 8.25 59.74
Ramp 5.17 30.93

1024, M =512, K = M/5 are summarized in Table I for
different values of P and 7. We chose 7 = A||ATy||o with
A € {0.5, 0.1, 0.05, 0.01}. The experiments were run on
a standard desktop PC, and we recorded the average number
of times we needed to apply> AT and A (nProdAtA). The
results are summarized in Table I, and are compared against
the standard BPDN homotopy algorithm (LASSO), GPSR [12]
with a warm start, and FPC_AS [13] with a warm start.

The average number of homotopy iterations taken for the
update varies with the sparsity of the solution. At large values
of 7, the solution has a small number of non-zero entries and
the update requires lesser homotopy steps. For smaller values
of 7, the solution has many more non-zero terms and the
number of iterations in the update increases. The number of
iterations scale nicely with the number of new measurements
(P) too.

B. Column update

In this experiment we test the performance of homotopy
update scheme when columns are added in the system matrix.
We construct an M x 2M overcomplete dictionary D by taking
union of M -dimensional DCT and orthogonal Wavelet bases
(using Daubechies 8 filter). For a given signal y of length M,
we start by solving (5) using an M x M matrix A whose
columns are chosen at random from D. Then we sequentially
add remaining columns to the system, one at a time, and solve
(20) using the previous solution in the homotopy algorithm
described in Sec. IV. We tested our algorithm for four differ-
ent signals y, taken from WaveLab toolbox [23], which are
normalized to have maximum magnitude of 1. Snapshots of
the original signals along with approximations with a random
subset of columns are shown in Fig. 1. The results over 20
simulations for M = 128 are tabulated in Table II, where
we compare the average number of iterations taken by the
dynamic update algorithm and standard LASSO homotopy
algorithm (run from scratch).

VI. DISCUSSION

In Sec. III and IV we discussed updating schemes for two
specific types of modifications in the system matrix, namely

2Each iteration of the dynamic update algorithm requires an application
of A and AT along with several much smaller matrix-vector multiplies to
perform the rank-1 update, and an initial factorization of Br. Since these
smaller matrix-vector multiplies are so much cheaper, the numbers in the
table include only applications of AT and A.

Blocks HeaviSine

Ramp

Fig. 1. Snapshots of different test signals. Solid line: original signal. Dashed
line: approximation with 160 columns.

when rows and columns are added to the system. In some cases
we may want to update the solution of (5) after a different
modifications in the matrix A. Suppose we have solved (5)
using matrix A and then we modify A to A and we want to
solve the following updated optimization problem

1 -
minimize 7|z, + 5||Agz: —yll3. (20)

We usually encounter such updates when we solve the
optimization problem of the above form simultaneously over
x and A. For example, dictionary learning [24], [25], blind
deconvolution [26], or simultaneous image/video transforma-
tion and sparse representation [27], where we simultaneously
estimate sparse coefficients and update the system matrix. Let
us consider the following dictionary learning problem

where A is the representation dictionary, X; denotes sparse
coefficients for observations Y;. This problem is separable for
each X; and is typically solved by alternately minimizing over
all X; and A. After each update of A we get a slightly different
matrix A, and we have to solve a problem of the form (20)
for each X;.

So far, we do not have an updating algorithm for such matrix
updates for an arbitrary system. However, if we can find a
vector ¢ such that

AL (Azg — ) = —72
|Af (Ao = )lle < 7

(22a)
(22b)
where z is the solution of (5) with system matrix A, having
support I' and sign sequence z, then we can solve the following

homotopy formulation using update scheme similar to the one
described in Sec. III

1 -
minimize 7|z||; + §||Ax —(Q =g —eyl3 (23)

Note that as € varies from 0 to 1, the solution of (23) follows
a homotopy path from z( to the solution of (20). Although it
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