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1. Introduction

Collective behaviors in networked systems with a group of
autonomous mobile agents, e.g., synchronization (Arenas, Diaz-
Guilera, Kurths, Moreno, & Zhou, 2008; Lii & Chen, 2005; Pecora
& Carroll, 1990; Wang & Chen, 2002; Yu, Cao, & Lii, 2008; Yu,
Chen, & Lii, 2009; Zhou, Lu, & Lii, 2006), consensus (Cao, Morse, &
Anderson, 2008; Cao, Ren, & Chen, 2008; Hong, Chen, & Bushnell,
2008; Hong, Hu, & Gao, 2006; Jadbabaie, Lin, & Morse, 2003;
Moreau, 2005; Olfati-Saber, 2004; Ren, 2008; Ren & Atkins, 2007;
Ren & Beard, 2005; Vicsek, Cziok, Jacob, Cohen, & Shochet, 1995;
Yu, Chen, & Cao, 2010; Yu, Chen, & Ren, 2010; Yu, Chen, Cao, &
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Kurths, 2010; Yu, Chen, Ren, Kurths, & Zheng, in press), swarming
(Gazi & Passino, 2003), and flocking (Olfati-Saber, 2006), have
received increasing interest recently due to broad applications
in biological systems, sensor networks (Yu, Chen, Wang, & Yang,
2009), Unmanned Air Vehicle (UAV) formations, robotic teams,
underwater vehicles, etc. The main idea is that each agent shares
information only with its nearest neighbors while the whole
network of agents can coordinate so as to achieve a certain global
criterion of common interest, which by nature is a local distributed
protocol. As one of the most typical collective behaviors, consensus
refers to reaching an agreement among a group of autonomous
agents, which serves as a foundation for the study of swarming and
flocking behaviors of multi-agent systems. The consensus problem
has a long history in the computer science especially for the field
of distributed computing. The idea for consensus originated from
statistical consensus theory by DeGroot (1974).

In the 1980s, various models of distributed asynchronous it-
erations were proposed and theoretically analyzed in Bertsekas
and Tsitsiklis (1989). Recently, there are extensive studies of the
conditions for reaching consensus among a group of autonomous
agents in a dynamical network. In Vicsek et al. (1995), Vicsek et al.
proposed a simple discrete-time model to study a group of au-
tonomous agents moving in the plane with the same speed but
different headings under noise perturbation, which in essence is
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the velocity consensus problem based on one of the heuristic rules
proposed earlier by Reynolds (1987). By using algebraic graph the-
ory (Fiedler, 1973) and similarly as some results in Bertsekas and
Tsitsiklis (1989), the linear Vicsek’s model was theoretically stud-
ied in Jadbabaie et al. (2003) and it was found that consensus in a
network with a switching topology can be reached if the network is
jointly connected frequently enough as the network evolves with
time. Lately, the study of the consensus problem was further ex-
tended to the case of directed networks (Cao, Morse et al., 2008;
Moreau, 2005; Olfati-Saber, 2004; Ren & Beard, 2005; Yu, Chen, and
Cao, 2010).

In the literature, most existing studies address the simple case
where agents are governed by first-order dynamics (Cao, Morse
et al., 2008; Cao, Ren et al., 2008; Jadbabaie et al., 2003; Olfati-
Saber, 2004; Ren & Beard, 2005; Vicsek et al., 1995). However,
second-order dynamics (Hong et al., 2008, 2006; Ren, 2008; Ren &
Atkins, 2007; Yu, Chen, and Cao, 2010; Yu, Chen, Cao, and Kurths,
2010) have recently received increasing attention due to many
real-world applications where mobile agents are governed by both
position and velocity states. In Yu, Chen, and Cao (2010), some
necessary and sufficient conditions for second-order consensus
in linear multi-agent dynamical systems with directed topologies
and time delays were established. It was found that both the real
and imaginary parts of the eigenvalues of the Laplacian matrix
associated with the corresponding network topology play key roles
in reaching second-consensus. However, as shown in Hong et al.
(2006), Hong et al. (2008) and Ren (2008), the velocity states
of agents are often unavailable, therefore, some observers were
designed with additional variables involved, which led to the
investigation of higher-order dynamical systems.

In Cao, Ren et al. (2008) and Yu, Chen and Ren (2010), consensus
in first-order and second-order multi-agent systems was studied,
where information of both the current and delayed position states
was utilized. In Cao, Ren et al. (2008), it was shown that the delay-
involved algorithm converges faster than the standard consensus
protocol without time delays. It was surprisingly found in Yu, Chen
and Ren (2010) that consensus in a multi-agent system cannot
be reached without delayed position information under the given
protocol but it can be achieved with an even relatively small time
delay by appropriately choosing the coupling strengths, which
implies that delay can induce second-order consensus in some
multi-agent dynamical systems. In the existing delay-involved
consensus algorithms (Cao, Ren et al., 2008; Yu, Chen and Ren,
2010), however, all the position states in a certain time interval
have to be kept in memory, which requires more information and
induces higher energy cost.

On the other hand, hybrid systems are complex systems with
both continuous-time and discrete-time event dynamics, which
have been widely investigated recently in the literature. For exam-
ple, continuous-time systems with impulsive responses, sampled
data, quantization, to name just a few. Some real-world applica-
tions can be modeled by continuous-time systems together with
some discrete-time events. For example, an A/C unit containing
some discrete modes with on or off states, changes the tempera-
ture continuously over time. In this paper, sampled position data
will be used instead, which is memoryless since only position in-
formation at some particular time instants is needed. Therefore,
in order to utilize less information and to save energy, it is desir-
able to use only sampled data instead of the whole spectrum of
delayed information. By using only sampled position data in this
paper and without requiring the velocity information of agents in
second-order dynamics as in Hong et al. (2006), Hong et al. (2008)
and Ren (2008), it is found in this paper that second-order consen-
sus in multi-agent system can be reached by appropriately choos-
ing the sampling period. At this point, it should be noted that the
current paper relying on sampled position data allows for study-
ing a general directed network topology, while (Hong et al., 2008,

2006; Ren, 2008) relying on observers design typically deals with
an undirected network topology.

The main contributions of this paper include some neces-
sary and sufficient conditions derived for reaching second-order
consensus in multi-agent systems using sampled position data,
specifically showing that second-order consensus in a multi-agent
system using both current and sampled past position data can be
reached if and only if the sampling period is chosen from some par-
ticular time intervals depending on the coupling strengths and the
spectrum of the Laplacian matrix of the network.

The rest of the paper is organized as follows. In Section 2, some
preliminaries on graph theory and model formulation are given.
The main results about second-order consensus in multi-agent
dynamical systems with sampled position data are presented in
Section 3. In Section 4, numerical examples are given to illustrate
the theoretical analysis. Conclusions are finally drawn in Section 5.

2. Preliminaries

In this section, some basic concepts and results about algebraic
graph theory (Godsil & Royle, 2001) are first introduced.

Let 4 = (V, &€, G) be aweighted directed graph of order N, with
the set of nodes V = {vq, vy, ..., vy}, the set of directed edges
& C VvV x 'V, and a weighted adjacency matrix G = (Gjj)nxn. A
directed edge e; in network § is denoted by the ordered pair of
nodes (v;, vj), where v; and v; are called the parent and child nodes,
respectively, meaning that node v; can receive information from
node v;. In this paper, only positively weighted directed graphs are
considered, thus, G; > 0 if and only if there is a directed edge
(vj, vj) in §; otherwise, G;; = 0.

A directed path from node v; to node v; in § is a sequence of
edges (v;, vi,), (Viy, Vi), - . ., (vj, vj) in the directed network with
distinct nodes v, k = 1,2, ...,1(Godsil & Royle, 2001; Horn &
Johnson, 1985). Aroot r is a node such that for each node v different
from r, there is a directed path from r to v. A directed tree is a
directed graph, in which there is exactly one root and every node
except for this root itself has exactly one parent. A directed spanning
tree is a directed tree consisting of all the nodes and some edges in
g. A directed graph contains a directed spanning tree if one of its
subgraphs is a directed spanning tree.

The second-order consensus protocol in multi-agent dynamical
systems is described by Ren (2008), Ren and Atkins (2007) and Yu,
Chen, and Cao (2010)

xi(t) = v,

N
D) =@ Y Gy(xi(t) — xi(1))

j=1A

N
+8 Y Giu(t) —wi(t), i=1,2,....N, (1)
J=1j#
where x; € R" and v; € R" are the position and velocity states of the
ith agent (node), respectively, @ > 0 and 8 > 0 are the coupling
strengths, and G = (Gjj)nxn is the coupling configuration matrix
representing the topological structure of the network and thus
is the weighted adjacency matrix of the network. The Laplacian
matrix L = (Lj)nxn is defined by

N
Lij=— Z Ly, Ly = -Gy, i#], (2)
J=1j#i
which ensures the diffusion property that Zsz 1L = 0. For

notational simplicity, n = 1 is considered throughout the paper,
but all the results obtained can be easily generalized to the case
with n > 1 by using the Kronecker product operations (Horn &
Johnson, 1991).
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In many cases, it is literally difficult to measure the relative
velocity difference between two neighboring agents. In Hong et al.
(2006), Hong et al. (2008) and Ren (2008), distributed observers
were designed for second-order multi-agent systems, where the
velocity states were assumed to be unavailable, ie, 8 = 0,
and some slack variables were introduced and a higher-order
controller was designed. In this paper, only sampled position
data is used. It will be shown that second-order consensus can
be reached in the multi-agent dynamical systems under some
conditions even if the velocity states are unavailable. To do so,
the following consensus protocol with both current and sampled
position data is considered

xi(t) = v,

N N
b)) = a Y GO —x()—B Y Gy
j=1j J=1j
X (X](tk) —Xi(tk)), te [tk,t[<+]), i= 17'"7Na (3)

where t;, are the sampling instants satisfying0 =ty < t; < --- <
ty < ---, and o and B are the coupling strengths. For simplicity,
assume that t,; — ty = T, where T > 0 is the sampling period.

In Cao, Renetal. (2008) and Yu, Chen and Ren (2010), consensus
in multi-agent systems was studied, where information of both the
current and delayed position states data was used. In the existing
delay-involved consensus algorithms (Cao, Ren et al., 2008; Yu,
Chen and Ren, 2010), all the position states in the time interval
[t — 7, t] have to be kept in memory, where t is the time delay
constant. In order to utilize less information and save energy, it is
desirable to use only sampled data instead of delayed information
in a spectrum of a time interval.

Definition 1. Second-order consensus in multi-agent system (3) is
said to be achieved if, for any initial conditions,

lim [|x;(t) — x;(©)[| = 0, lim [Jvi(t) — v =0,
t—o00 t—00

Vi,j=1,2,...,N.

Because of (2), system (3) can be equivalently rewritten as
follows:

x(t) = v,

N N
b)) = —a Y Lix(6) + By Lxi(to),
j=1 j=1
teltytiyr), i=1,2,...,N. (4)

The following notations will be used throughout the paper. Let
R(u) and L(u) be the real and imaginary parts of a complex
numberu, 0 = pu; < R(uy) < --- < R(upn) be the N eigenvalues
of the Laplacian matrix L, I, € R™™ (Oy € R™™) be the m-
dimensional identity (zero) matrix, 1,, € R™ (Oy € R™) be the

/a3 + a3 be

the norm of a complex number a; + ia, wherei = /—1.

vector with all entries being 1 (0), and ||a; + iaz || =

Lemma 1 (Ren & Beard, 2005). The Laplacian matrix L has a simple
eigenvalue 0 and all the other eigenvalues have positive real parts if
and only if the directed network has a directed spanning tree.

Lemma 2 (Horn & Johnson, 1985). The Kronecker product & has
the following properties: For matrices A, B, C and D of appropriate
dimensions,

(1) A+B®C=ARC+BQ®C;
(2) (A®B)(C ® D) = (AC) ® (BD).

Lemma 3 (Parks & Hahn, 1993). Given a complex coefficient polyno-
mial of order two as follows:

g(s) =s* + (&1 + iy1)s + & + iyo.

where &1, y1, &, and yy are real constants. Then, g(s) is stable if and
only lf E] > 0and %'1)/])/0 + Est — )/02 > 0.

3. Second-order consensus in multi-agent dynamical systems
with sampled position data

Let i = (xi, v)', A = (8 é) and B = ((1) 8).Then, system
(4) can be rewritten as

N N
() = Ami(t) —a Y LiBu(t) + B ) LiB(t),
j=1 j=1

t et tir1), i=1,2,...,N. (5)
Note that a solution of an isolated node of system (5) satisfies
‘é(t) = As(t)a t e [tkv tlH—])» (6)

where s(t) = (s1,52)" is the state vector. Let n = (7, ..., n})"

and rewrite system (5) in a matrix form:

n) = [Un ®A) —a(l @ B)In(t) + BL & B)n(tw),
t € [ty, tey1), (7)
where ® is the Kronecker product (Horn & Johnson, 1991). Let

J be the Jordan form associated with the Laplacian matrix L, i.e.,
L = PJP~!, where P is a nonsingular matrix. By Lemma 2, one has

y(©) = P @ L)y ®A) — a(L ® B)In(t)

+ B(P™' ® L) (L ® B)n(ty)

[(PT'®A) —a(P' @B)In(t) + BUP™' @ B)n(t)

[y ® A) — a( ® B)Iy(t) + BU @ B)y(ty),

t € [tk tkt1), (8)

where y(t) = (P~! ® L)#n(t). If the graph § is undirected, then
L is symmetric and J is a diagonal matrix with real eigenvalues.
However, when § is directed, some eigenvalues of L may be

complex, and | = diag(J, )2, ..., Jr), where
w0 0 0
1 . 0 0

Ji= . _ , 9
0 .0

0 0 1 W/,

in which y; are the eigenvalues of the Laplacian matrix L, with
multiplicity N, [=1,2,...,r,N;+ Ny +---+ N, = N.

Let P = (p1,....pn). P7' = (q1,....q0)" . y() = P'®
L) = o, ....yD" and y; = (yir,y2)". Note that if the
network § contains a directed spanning tree, then by Lemma 1, 0
is a simple eigenvalue of the Laplacian matrix L, so

y1(8) = Ay1(t),  t € [ty, ). (10)

Theorem 1. Suppose that the network G contains a directed spanning
tree. Then, second-order consensus in system (3) can be reached if and

only if, in (8),
lim |yl = 0, i=2,...,N. (11)
t—o00

Proof. (Sufficiency). Since the network § contains a directed

spanning tree, p; = lN/\/N is the unit right eigenvector of the
Laplacian matrix L associated with the simple zero eigenvalue
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u1 = 0,where [P = Pfand P = (pq,...
llyill > 0fori=2,...,N,one has

, pn). From lim,_, o

1
Jim Hn(t) — — O, .y DT
—00 N

JN

= lim H PREWO — 0O,y O
t—00 JN
where y1(t) satisfies (10). Therefore, second-order consensus in
system (3) is reached.

(Necessity). If second-order consensus in system (3) can be
reached, then there exists a vector n*(t) € R? such that lim,_, o
In(t) — 1y ® n*(t)|| = 0.Then, onehasOy = P~ L1y =JP 11y =
J(@ 1n, ..., gy 1n)T. From the Jordan form (9) and 0 = pu; <
R(pz) < -+ < R(un), one obtains g/ 1y = 0fori = 2,...,N.
Therefore, [|y;(t) | = [[(q] ® L)n(®)| = II(g{ 1v) ® n* ()|l = 0, as
t—> oo, foralli=2,...,N. O

:O’

Corollary 1. Suppose that the network § contains a directed span-
ning tree. Then, second-order consensus in system (3) can be reached
if and only if the following N — 1 systems are asymptotically stable:

zi(t) = (A — au;B)zi(t) + BuiBzi(ty),
t € [ty, tkr1), i=2,...,N. (12)

Proof. (Necessity). If lim;_,  ||yi|| = Ofori =2, ..., N, then the
N — 1 systems (12) are asymptotically stable since the variables in
(12) are the first term of each Jordan block in system (8).

(Sufficiency). It suffices to prove that if the N — 1 systems
(12) are asymptotically stable, then lim;_ . ||yi] — 0 for
i = 2,...,N. From the properties of the Jordan form (9), the
asymptotical behavior in system (8) is dominated by the diagonal
terms, therefore the conclusion follows. O

Until now, it is still very hard to check the conditions (11)
and (12) in Theorem 1 and Corollary 1 which do not reveal how
network structure affects the consensus behavior. Next, a theorem
is derived to ensure consensus depending on the control gains,
spectra of the Laplacian matrix, and the sampling period.

Theorem 2. Suppose that the network § contains a directed spanning
tree. Then, second-order consensus in system (3) can be reached if and

only if

0< E <1, (13)
o
and
2
fle, By i, T) = %(sinz(dﬁ) — sinh?®(¢;T))

x (cosh(cT) — cos(diT))2
— 4sin®(d;T) sinh?(T) >0, i=2,...,N,

(14)

where ¢; = [ UBl=SENOR WD) gng g — /Ll SR

Proof. It suffices to prove that system (12) is asymptotically stable
if and only if the conditions (13) and (14) are satisfied.
From (12), it follows that

I
(e_(A_a“iB)tZi(f)> = e AP g Bzi(t), t € [tk, tirr). (15)

Let z; = (zi1zpp)" in (12). If @ = 0, then system (12) is Z;; =
Buizii(ty) for t € [ty, ty+1), which is unstable. Thus, o # 0.

Sinceui#Ofori:Z,...,N,(A—aMiB):< , é)is

—OU

nonsingular and (A — au;B)~! = (?

sides of (15) from ¢t to t, one has

716‘”‘ i). Integrating both

zi(t) = eomB—w (12 + (A - au,-BrlﬁmB)zi(rk)

— (A— apiB)"' BuiBzi(ty)

—Oo — 1- o 0
— e(A wiB)(t—tg) ( 0’3/ 1) Zi(tk)

+ (ﬁéa 8) Zi(ty), t € [te, trrr). (16)

If the sampled data is missing, i.e.,, 8 = 0, it is easy to see that
A — auiB has at least one eigenvalue with a nonnegative real part
and it thus follows from (16) that z;(¢) = eA—*#B) (=t 7 (¢,) which
is unstable.

Next, it is to show that by introducing sampled position data,
the state in (16) is asymptotically stable.

Let a; + ib; be the eigenvalues of (A — au;B), j = 1, 2. Then,
one has
@ — b} = —aR ().
2ajbj = —al(pci).

The solutions of a; + ib; can be classified according to two cases,
ie,a>0andoa < 0.
Case I (¢ > 0). By simple calculation, one obtains
if £(uei) = 0,
if £(ui) <0,

a; +ib; = ¢; — id;,
a; +ib; = ¢; + id;,

a, + ib, = —¢; + id;,
a, + ib, = —¢; — id;,
(17)

where ¢; = |/ LR without loss

of generality, assume that £ (u;) > 0. For the case of £(u;) < 0, the
derived conditions in (13) and (14) of the asymptotical stability of
system (16) for both £(x;) > 0and 4(u;) < 0 are the same, since
f(«, B, ui, T) is an even function on ¢; and d;.

Let 01(t) = cosh((¢; — id;)(t)) and p,(t) = sinh((¢; — id;)(t)).
By calculation, one obtains

eA—auiB)(t—t) _ 01 (t —ty)
(c;i —idp)oa (t — ty)

Uil and g, =
2

02(t — ti) /(i — idy)
o1(t — t) )

(18)
Substituting (18) into (16), one has

Z() = (Ql(t_t")(l — Bt Bla ot — t,(>/<cf—idi>>

(¢ —id)ox(t — ) (1 — B/a) o1(t — ty)
x zi(t), t € [ty te1)- (19)
_ [ a1®Q =By + B/a 02(t)/(ci —idy) :
Let C(t) = ((Cilf o O — Bl o) ) It is easy to see
that C(t) isboundedon [0, T].So,for0 =ty <t; < --- <t < ---
and tyy1 — ty = T, one has
z(t) = C(t — t)C*(Nzi(ty).  t € [t ). (20)

Since C(t — ti) is bounded when t € [t, tyy1), zi(t) — 0 if and
only if all eigenvalues A of C(T) satisfy ||A|| < 1.
Let [\I, — C(T)| = 0, one has

22— (2 cosh((¢c; — id;))T) + §<1 — cosh((¢; — id),-T)))k

N <1 _ E) + 2 coshi(c, — idyT) = 0. (21)
o o
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Let A = % Then, (21) can be transformed to

0=<r—wm«a—mn»<1—§)f+ﬁm
o o
— cosh((¢; — id))T))s + (1 + cosh((c; — id))T)). (22)

It is well known that ||A|| < 1in(21) if and only if R(s) < 0in
(22). Therefore, z;(t) — 0 if and only if all the roots in (22) have
negative real parts.

If cosh((c; — id;)T) = 1 or g = 1, then C(T) has an eigenvalue

A = 1. Therefore, (1 — cosh((¢; — id))T)) (1 — ﬁ) £ 0and (22)

o

can be simplified to

2y Ble (1t cosh(@—id)T) o
1—B/a (1= B/a)(1—cosh((c; —id;)T))

Let D; = %ﬁ:::ﬂ%; By Lemma 3, (23) is stable if and only if
d (é - 1) <0 (24)
o o
and

(B/a)? 2
—R(D; 12 (Dy). 25
g/ R0 > O (25)

By solving (25), one obtains the condition (14). Therefore, z;(t) —
0 if and only if both (13) and (14) are satisfied. By Corollary 1,
second-order consensus in system (3) is reached if and only if both
(13) and (14) are satisfied.

Case Il (¢ < 0). By simple calculation, one obtains

a + lb] =C — id,‘,
a; +ib; = ¢ +id;,

a + lbz = —¢ + id,‘,
a + lbz = —C — idi,

if £(uy) > 0,
if 4(pui) <0,
(26)

where ¢; = ./ w and d; = ,/M.The rest of

the proof is similar to that of Case . O

Remark 1. In Theorem 2, a necessary and sufficient condition for
second-order consensus in the multi-agent dynamical system (3)
is established. For a given network, one can design appropriate
o, B,and T such that the conditions (13) and (14) in Theorem 2 are
satisfied. It is interesting to see that f increases as the parameter
B/« increases. Thus, one can choose a large value of 8/« such that
(14) holds. Since the condition (14) holds for alli = 2,...,N,
one can find a stable consensus region as follows: § = {c +
id | f(a,B,c 4+ id,T) > 0}, where c and d are real. Then, the
problem is transformed to finding if all the nonzero eigenvalues
of the Laplacian matrix lie in the stable consensus region 4, i.e.,
wi € 8 foralli = 2,...,N.InDuan, Chen, and Huang (2009) and
Liu, Duan, Chen, and Huang (2007), disconnected synchronization
regions of complex networks were discussed. It was shown that
there indeed exist some disconnected synchronization regions for
several particular complex networks when the synchronous state
is an equilibrium point. In this paper, by introducing sampled
position data in the consensus algorithm, it will be shown in the
simulation that there exist some disconnected regions for choosing
appropriate sampling periods.

Corollary 2. Suppose that the network § contains a directed spa-
nning tree and all the eigenvalues of its Laplacian matrix are real. Then,
second-order consensus in system (3) can be reached if and only if

0<B<a (27)

and
JoawT #kr, i=2,...,N, k=0,1,.... (28)
Proof. If « > O, thenc¢ = 0 and di = ./au;. Therefore,

sinh(¢;T) = 0 and cosh(¢;T) = 1. The condition in (14) can be
simplified to

(B/a)?
1—(B/a)
which is equivalent to the conditions (27) and (28).

Ifo¢ < O, then ¢; = /—a i and d; = 0. The condition in (14) is
(B/)?
1—(B/a)

i=2,...,N, (30)

2
sinz(diT)<1 —cos(dJ)) >0, i=2,....,N, (29)

(—sinh*(¢:T)) (cosh(c:T) — 1)* > 0,

which cannot be satisfied since 8/« < 1according to the condition
(13). O

Remark 2. If all the eigenvalues of the Laplacian matrix are real,
which includes the undirected network as a special case, then the
condition (28), i.e, T # \/IZTTI is very easy to be verified and
applied. Itis quite interesting to see that second-order consensus in
the multi-agent system (3) can be reached ifand only if 0 < 8 < «

and the sampling period T is not of some particular value.

Usually, the convergence rate around the critical points T =
J‘o% is very slow. Therefore, it is hard to achieve better perfor-
1
mance for a large T in a very large-scale network. A corollary is

given below to simplify the theoretical analysis.

Corollary 3. Suppose that the network § contains a directed span-
ning tree and all the eigenvalues of its Laplacian matrix are real. Then,
second-order consensus in system (3) can be reached if (27) is satis-
fied and

0<T<

T 31)
NG

Corollary 3 implies that if the network § contains a directed
spanning tree and all the eigenvalues of the Laplacian matrix are
real, then second-order consensus in system (3) can be reached
provided that the sampling period is less than the critical value
\/071-[#7,\, depending on the largest eigenvalue of the Laplacian matrix.
However, to our surprise, second-order consensus in system (3)
cannot be reached in a general directed network with complex
Laplacian eigenvalues for a sufficiently small or a sufficiently large
sampling period T.

Corollary 4. Suppose that the network § contains a directed span-
ning tree and there is at least one eigenvalue of its Laplacian matrix
with a nonzero imaginary part. Then, second-order consensus in the
system (3) cannot be reached for a sufficiently small or a sufficiently
large sampling period T.

Proof. Without loss of generality, suppose that {(uy) # 0,2 <
k < N.Then, from the condition (14), one has ¢, # 0 and dj, # 0.
Consider the following Taylor Series for a sufficiently small T:

T 3
sinh(¢,T) = T + (Ck3|) +0o(T)
T 2
cosh(¢T) =1+ (@) +o(T?

2!



W. Yu et al. / Automatica 47 (2011) 1496-1503 1501

3
sin(deT) = diT — (d’;) T o(T?)
2
cos(dT) =1 — (d’;) +o(T?). (32)
Substituting (32) into (14), one has
2
flo, B, e, T) = %(sinz(dﬂ) - sinhz(ckT)>
2
X (cosh(ckT) — cos(dkT))
— 4sin?(d,T) sinh?(c,T)
(Bl 2 2376 6
= 4(1_7(/%[))(% — d2)°T® + o(T®)
—AcEd2T? — o(T?) > 0 (33)

which cannot be satisfied for a sufficiently small sampling period
T since ¢, # 0 and d # 0.

If the sampling period T is sufficiently large, then sin?(d;T) —
sinh?(¢,T) < O for ¢, # 0 and d; # 0, and thus the condition (14)
is not satisfied. O

Remark 3. If the network § contains a directed spanning tree
and all the eigenvalues of the Laplacian matrix are real, then
second-order consensus in system (3) can be reached for a
sufficiently small sampling period T as stated in Corollary 2.
However, if there is at least one eigenvalue of the Laplacian matrix
having a nonzero imaginary part, then second-order consensus
cannot be reached for a sufficiently small sampling period T as
shown in Corollary 4, which is inconsistent with the common
intuition that the consensus protocol (3) should be better if the
sampled information is more accurate for a small sampling period.
Interestingly, the nonzero imaginary part of the eigenvalue of the
Laplacian matrix leads to possible instability of consensus.

4. Simulation examples

4.1. Second-order consensus in a multi-agent system with an undi-
rected topology

Consider the multi-agent system (3) with an undirected topol-

3 -1 -1 -1
ogy, where L = (:} _21 _21 g) ,a = 1,and B = 0.8. By
-1 0 o0 1
simple calculation, one has ;t1 = 0, u, = 1, u3 = 3,and uyq = 4.
From Corollary 2, the system can reach second-order consensus if
and only T # kr_ fori =2,3,4and k = 0, 1,....Itis easy to

k e k k
: T ~ T ~ T ~ _
obtain Tamg 1.5708, T 1.8138, and o 3.1416. Con

sider the sampling period T as a variable of f («, 8, wi, -). The states
of T vs. f are shown in Fig. 1. It is easy to see that second-order
consensus in the system can be reached if T = 1.0, T = 1.57, or
T = 2.5, while the convergence is not good when T = 1.57 around
the critical point J;% The position and velocity states of all the
agents are shown in Fig. 2.

4.2. Second-order consensus in a multi-agent system with a directed
topology

Consider the multi-agent system (3) with a directed topology,

2 0 -2 o0
where L = (_01 _15 g 3) ,a = 1,and B = 0.8. By simple
0 -1 0 1

6

a s b4 C 4
4 2 2
2 0 [/ Henomeesneaonoasnodonony
= %~ <~ 0
0 2
2 -4 -2
4 -6 4
0 50 0 50 0 50
t t t
4
2
>~ 0 >7
-2
-4
0 50

Fig. 2. Position and velocity states of agents, where T = 1.0 (a), T = 1.57 (b), and
T =2.5(c).

6 T

flo, B )
Al fla, Bz, ) i
Sle, Bop, )
5l = = flon B ) i
/
0
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1
4t ! 1
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Fig. 3. States of f(«, B8, ii, -) vs. the sampling period T, i = 1, 2, 3, 4.
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Fig. 4. Position and velocity states of agents, where T = 0.1 (a), T = 1.0 (b),
T=15(c),and T = 2.0(d).

calculation, one has 1 = 0, u; = 1, u3 = 4 +1i,and uy =
4 — i. From Theorem 2, the multi-agent system can reach second-
order consensus if and only if f(«, 8, u;, T) > 0, fori = 2, 3, 4.
Consider the sampling period T as a variable of f («, 8, wi, ). The
states of T vs. f are shown in Fig. 3. It is easy to see that second-
order consensus in the system can be reached if T = 1.0, or
T = 2.0, while it cannot be reached for a sufficiently small T = 0.1
according to Corollary 4 or T = 1.5 where f(«, 8, u3, T) < 0.
Moreover, when Fig. 3 is amplified around the origin as in the inner
fig (a), there are two same lines with complex eigenvalues, i.e.,
f(a, B, us3, -) and f(«, B, 114, -) under the zero. If Fig. 3 is further
amplified around the origin as in the inner fig (b), there is one line
with a real eigenvalue, i.e., f («, B, 12, -), above zero. The position
and velocity states of all the agents are shown in Fig. 4.

From Figs. 1 and 3, one can see that if the eigenvalue u; of
the Laplacian matrix is real, then f(«, B8, ui, T) > 0 except

at some critical points T = ’fjfu, where f = 0. However,
1

if the eigenvalue p; of the Laplacian matrix is complex with a
nonzero imaginary part, then f(«, 8, wi, T) < 0 for a sufficiently
small T or a sufficiently large T. In this case, still, there may
be some disconnected stable consensus regions by choosing an
appropriate sampling period T as shown in Fig. 4. Therefore,
the design of an appropriate sampling period T plays a key role
in reaching consensus. In addition, one can design appropriate
coupling strengths « and B such that second-order consensus
in the multi-agent system (3) can be reached, as guaranteed by
theory. Details are omitted due to space limitations.

5. Conclusions

In this paper, second-order consensus in multi-agent dynamical
systems with sampled position data is investigated. A distributed
linear consensus protocol in the second-order dynamics is
designed based on both current and sampled position data. It
is found that second-order consensus in a multi-agent system
cannot be reached without sampled position data under the given
protocol but it can be achieved by appropriately choosing the
sampling period. A necessary and sufficient condition for reaching
consensus in multi-agent dynamical systems is established and
demonstrated.

There are still a number of related interesting problems de-
serving further investigation. For example, it is desirable to study
multi-agent systems with nonuniform sampling intervals, non-
linear dynamics with time-varying velocities (Yu, Chen, Cao, and

Kurths, 2010), more general consensus protocols, and so on, some
of which will be investigated in the near future.

References

Arenas, A., Diaz-Guilera, A., Kurths, J., Moreno, Y., & Zhou, C. (2008). Synchronization
in complex networks. Physics Reports, 468(3), 93-153.

Bertsekas, D. P., & Tsitsiklis, J. N. (1989). Parallel and distributed computation:
numerical methods. Englewood Cliffs, NJ: Prentice-Hall.

Cao, M., Morse, A. S., & Anderson, B. D. 0. (2008). Reaching a consensus in a
dynamically changing environment: a graphical approach. SIAM Journal on
Control and Optimization, 47(2), 575-600.

Cao, Y., Ren, W,, & Chen, Y. (2008). Multi-agent consensus using both current and
outdated states. In Proceedings of the 17th world congress IFAC (pp. 2874-2879).

DeGroot, M. H. (1974). Reaching a consensus. Journal of the American Statistical
Association, 69(345), 118-121.

Duan, Z., Chen, G., & Huang, L. (2009). Disconnected synchronized regions of
complex dynamical networks. IEEE Transactions on Automatic Control, 54(4),
845-849.

Fiedler, M. (1973). Algebraic connectivity of graphs. Czechoslovak Mathematical
Journal, 23(2), 298-305.

Godsil, C.,, & Royle, G. (2001). Algebraic graph theory. New York: Springer-Verlag.

Hong, Y., Chen, G., & Bushnell, L. (2008). Distributed observers design for leader-
following control of multi-agent networks. Automatica, 44(3), 846-850.

Hong, Y., Hy, ]., & Gao, L. (2006). Tracking control for multi-agent consensus with an
active leader and variable topology. Automatica, 42(7), 1177-1182.

Horn, R. A, & Johnson, C. R. (1985). Matrix analysis. Cambridge, UK: Cambridge
University Press.

Horn, R. A, & Johnson, C. R. (1991). Topics in matrix analysis. Cambridge, UK:
Cambridge University Press.

Gazi, V., & Passino, K. M. (2003). Stability analysis of swarms. IEEE Transactions on
Automatic Control, 48(4), 692-697.

Jadbabaie, A., Lin, J., & Morse, A. S. (2003). Coordination of groups of mobile
autonomous agents using nearest neighbor rules. IEEE Transactions on Automatic
Control, 48(6), 985-1001.

Liu, C., Duan, Z., Chen, G., & Huang, L. (2007). Analyzing and controlling the network
synchronization regions. Physica A, 386(1), 531-542.

L, J., & Chen, G. (2005). A time-varying complex dynamical network models and
its controlled synchronization criteria. IEEE Transactions on Automatic Control,
50(6), 841-846.

Moreau, L. (2005). Stability of multiagent systems with time-dependent communi-
cation links. IEEE Transactions on Automatic Control, 50(2), 169-182.

Olfati-Saber, R. (2004). Consensus problems in networks of agents with switching
topology and time-delays. IEEE Transactions on Automatic Control, 49(9),
1520-1533.

Olfati-Saber, R. (2006). Flocking for multi-agent dynamic systems: algorithms and
theory. IEEE Transactions on Automatic Control, 51(3), 401-420.

Parks, P. C., & Hahn, V. (1993). Stability theory. Prentice Hall.

Pecora, L. M., & Carroll, T. L. (1990). Synchronization in chaotic systems. Physical
Review Letters, 64(8), 821-824.

Ren, W. (2008). On consensus algorithms for double-integrator dynamics. IEEE
Transactions on Automatic Control, 58(6), 1503-1509.

Ren, W., & Atkins, E. (2007). Distributed multi-vehicle coordinated control via local
information exchange. International Journal of Robust and Nonlinear Control,
17(10-11), 1002-1033.

Ren, W., & Beard, R. W. (2005). Consensus seeking in multiagent systems under
dynamically changing interaction topologies. IEEE Transactions on Automatic
Control, 50(5), 655-661.

Reynolds, C. W. (1987). Flocks, herds, and schools: a distributed behavior model.
Computer Graphics, 21(4), 25-34.

Vicsek, T., Cziok, A., Jacob, E. B., Cohen, I., & Shochet, 0. (1995). Novel type of phase
transition in a system of self-driven particles. Physical Review Letters, 75(6),
1226-1229.

Wang, X., & Chen, G. (2002). Synchronization in scale-free dynamical networks:
robustness and fragility. IEEE Transactions on Circuits and Systems I, 49(1),
54-62.

Yu, W,, Cao, J., & Li, J. (2008). Global synchronization of linearly hybrid coupled
networks with time-varying delay. SIAM Journal on Applied Dynamical Systems,
7(1),108-133.

Yu, W., Chen, G., & Cao, M. (2010). Some necessary and sufficient conditions for
second-order consensus in multi-agent dynamical systems. Automatica, 46(6),
1089-1095.

Yu, W., Chen, G., Cao, M., & Kurths, J. (2010). Second-order consensus for multiagent
systems with directed topologies and nonlinear dynamics. IEEE Transactions on
Systems, Man, and Cybernetics, Part B, 40(3), 881-891.

Yu, W,, Chen, G., & Li, J. (2009). On pinning synchronization of complex dynamical
networks. Automatica, 45(2), 429-435.

Yu, W., Chen, G., & Ren, W. (2010). Delay-induced quasi-consensus in multi-
agent dynamical systems. In 29th Chinese control conference, Beijing, China (pp.
4566-4571).



W. Yu et al. / Automatica 47 (2011) 1496-1503 1503

Yu, W., Chen, G., Ren, W., Kurths, J., & Zheng, W. X. (2011). Distributed higher-order
consensus protocols in multi-agent dynamical systems. IEEE Transactions on
Circuits and Systems I (in press) doi:10.1109/TCSI.2011.2106032.

Yu, W., Chen, G., Wang, Z., & Yang, W. (2009). Distributed consensus filtering in
sensor networks. [EEE Transactions on Systems, Man, and Cybernetics, Part B,
39(6), 1568-1577.

Zhou, J., Lu, ], & Li, J. (2006). Adaptive synchronization of an uncertain
complex dynamical network. IEEE Transactions on Automatic Control, 51(4),
652-656.

Wenwu Yu received both the B.Sc. degree in information
and computing science and M.Sc. degree in applied math-
ematics from the Department of Mathematics, Southeast
University, Nanjing, China, in 2004 and 2007, respectively.
He received the Ph.D. degree at the Department of Elec-
tronic Engineering, City University of Hong Kong, Hong
Kong in 2010. Currently, he is an Associate Professor in
the Department of Mathematics, Southeast University,
Nanjing, China. Mr. Yu held several visiting positions in
Australia, China, Germany, Italy, the Netherlands, and USA.
He is the author or coauthor of about 40 referred interna-
tional journal papers, and a reviewer of several journals. His research interests in-
clude multi-agent systems, nonlinear dynamics and control, complex networks and
systems, neural networks, cryptography, and communications.

Wei Xing Zheng received the Ph.D. degree in Electrical
Engineering from Southeast University, China in 1989.
He has held various faculty/research/visiting positions at
Southeast University, China, Imperial College of Science,
Technology and Medicine, UK, University of Western
Australia, Curtin University of Technology, Australia,
Munich University of Technology, Germany, University
of Virginia, USA, and University of California-Davis,
USA. Currently he holds the rank of Full Professor
at University of Western Sydney, Australia. Dr. Zheng

= e has served as an Associate Editor for four flagship
journals: IEEE Transactions on Circuits and Systems-I: Fundamental Theory and
Applications (2002-2004), IEEE Transactions on Automatic Control (2004-2007),
IEEE Transactions on Circuits and Systems-II: Express Briefs (2008-2009), and IEEE
Signal Processing Letters (2007-2010). He was a Guest Editor of Special Issue on
Blind Signal Processing and Its Applications for IEEE Transactions on Circuits and
Systems-I: Regular Papers (2009-2010). He has been an Associate Editor of IEEE
Control Systems Society’s Conference Editorial Board since 2000. He has also served
as the Chair of IEEE Circuits and Systems Society’s Technical Committee on Neural
Systems and Applications and as the Chair of IEEE Circuits and Systems Society’s
Technical Committee on Blind Signal Processing.

Guanrong Chen received the M.Sc. degree in Computer
Science from the Sun Yat-sen University, Guangzhou,
China in 1981 and the Ph.D. degree in Applied Mathemat-
ics from Texas A&M University, College Station, Texas in
1987. Currently he is a Chair Professor and the Founding
Director of the Centre for Chaos and Complex Networks
at the City University of Hong Kong, prior to which he
was a tenured Full Professor in the University of Houston,
Texas. He currently is Editor-in-Chief for the IEEE Circuits
and Systems Magazine and for the International Journal of
Bifurcation and Chaos.

Wei Ren received the B.S. degree in electrical engineering
from Hohai University, China, in 1997, the M.S. degree in
mechatronics from Tongji University, China, in 2000, and
the Ph.D. degree in electrical engineering from Brigham
Young University, Provo, UT, in 2004. From October 2004
to July 2005, he was a Postdoctoral Research Associate
with the Department of Aerospace Engineering, University
of Maryland, College Park. Since August 2005, he has
been with the Department of Electrical and Computer
Engineering, Utah State University, Logan, where he is
currently an Associate Professor. His research focuses on
distributed control of multi-agent systems, networked cyber-physical systems, and
autonomous control of unmanned vehicles.

Jinde Cao received the B.S. degree from Anhui Normal
University, Wuhu, China, the M.S. degree from Yunnan
University, Kunming, China, and the Ph.D. degree from
Sichuan University, Chengdu, China, all in mathemat-
ics/applied mathematics, in 1986, 1989, and 1998, respec-
tively. He was with Yunnan University from 1989 to 2000.
Since 2000, he has been with the Department of Mathe-
matics, Southeast University, Nanjing, China. From 2001
to 2002, he was a Post-Doctoral Research Fellow with the
Department of Automation and Computer-Aided Engi-
neering, Chinese University of Hong Kong, Shatin, Hong
Kong. He was a Visiting Research Fellow and a Visiting Professor with the School of
Information Systems, Computing and Mathematics, Brunel University, Middlesex,
UK, from 2006 to 2008. He is the author or co-author of more than 160 research
papers and five edited books. His current research interests include nonlinear sys-
tems, neural networks, complex systems, complex networks, stability theory, and
applied mathematics.

Dr. Cao was an Associate Editor of the IEEE TRANSACTIONS ON NEURAL
NETWORKS from 2006 to 2009. He is an Associate Editor of the Journal of the
Franklin Institute, Mathematics and Computers in Simulation, Neurocomputing,
International Journal of Differential Equations, Discrete Dynamics in Nature and
Society, and Differential Equations and Dynamical Systems. He is a reviewer of
Mathematical Reviews and Zentralblatt-Math.


http://dx.doi.org/doi:10.1109/TCSI.2011.2106032

	Second-order consensus in multi-agent dynamical systems with sampled position data
	Introduction
	Preliminaries
	Second-order consensus in multi-agent dynamical systems with sampled position data
	Simulation examples
	Second-order consensus in a multi-agent system with an undi-rected topology
	Second-order consensus in a multi-agent system with a directed topology

	Conclusions
	References


