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1. Introduction

When two objects of mass m are connected by a damper with
coefficient b and are each attached to fixed supports by identical
springs with spring constants k, they can be represented by

mxy + kx1 +b(x; —x) =0 (1a)

where x; € R denotes the position of the ith object. Motivated
by (1), we study in this paper n coupled harmonic oscillators with
local interaction of the form

Gi+oOxi+ Y ai)—%) =0, i=1,...,n, 2)
j=1

where x; € R is the position of the ith oscillator, a(t) is a
positive gain at time t, and a;;(t) characterizes interaction between
oscillators i and j at time ¢t (i.e., a;;(t) > 0 if oscillator i can obtain
the velocity of oscillator j at time t and a;;(t) = O otherwise).
While (2) conceptually represents a system where n virtual masses
are connected by virtual dampers, the purpose of this paper is
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to adopt (2) as a distributed algorithm for synchronization of the
positions and velocities of n networked point-mass agents.

Synchronization phenomena are common in nature (see Ni-
jmeijer and Rodriguez-Angeles (2003) and references therein). An
important avenue of study in synchronization focuses on cou-
pled oscillators. One classical example is the Kuramoto model (Ku-
ramoto, 1984), which assumes full connectivity of the network.
Recent works generalize the Kuramoto model to nearest neigh-
bor interaction (see e.g., Chopra and Spong (2005), Jadbabaie, Mo-
tee, and Barahona (2004) and Papachristodoulou and Jadbabaie
(2005)). In the context of multi-agent systems, Paley, Leonard, and
Sepulchre (2005, 2006) study connections between phase mod-
els of coupled oscillators and kinematic models of self-propelled
particle groups and provide feedback control laws that stabi-
lize symmetric formations of multiple, unit speed particles on
closed curves. In Chopra and Spong (2006), output synchroniza-
tion is studied for general passive systems, which unifies sev-
eral existing results in the literature. In contrast to Chopra and
Spong (2005, 2006), Jadbabaie et al. (2004), Paley et al. (2005),
Papachristodoulou and Jadbabaie (2005) and Paley et al. (2006),
algorithm (2) describes coupled second-order linear harmonic os-
cillators. In particular, the oscillators studied in Paley et al. (2005,
2006) are modeled as points on a torus, whereas the oscillator
models studied in this paper are represented by points on a real
line. In addition, the linear structure of (2) allows us to derive
a milder convergence condition than that in Chopra and Spong
(2006) and explicitly show the final trajectories to which each os-
cillator converges over directed fixed network topologies.

Related to synchronization are consensus problems in multi-
agent systems. Consensus means that a team of agents reaches an
agreement on a common value by negotiating with their neighbors
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(see Olfati-Saber, Fax, and Murray (2007) and Ren, Beard, and
Atkins (2007) for recent surveys). In particular, (2) is related to
the second-order consensus-type algorithms studied in Ren and
Atkins (2007), Tanner, Jadbabaie, and Pappas (2007) and Xie and
Wang (2007). In Tanner et al. (2007), flocking behavior is analyzed
using nonsmooth analysis over undirected fixed and switching
network topologies. Ren and Atkins (2007) proposes and analyzes
consensus algorithms for double-integrator dynamics and shows
that unlike the single-integrator case, both the network topology
and the coupling strength of relative velocities between neighbors
affect the convergence result in the general case of directed
interaction. In addition, Xie and Wang (2007) studies a consensus
algorithm for double-integrator dynamics where a damping term
for the velocities is introduced and analyzes the algorithm over
an undirected network topology. However, in contrast to the
algorithms in Ren and Atkins (2007), Tanner et al. (2007) and
Xie and Wang (2007), where the consensus equilibrium for the
velocities is a nonzero constant or zero, the positions and velocities
using (2) are synchronized to achieve oscillatory motions.

The objective of the current paper is to analyze convergence
conditions for (2) over, respectively, directed fixed and switching
network topologies. The convergence analysis will be conducted
by using tools from algebraic graph theory, matrix theory, and
nonsmooth analysis. The theoretical result is also applied to
synchronized motion coordination of multi-agent systems as a
proof of concept.

2. Background

To analyze the convergence conditions for coupled harmonic
oscillators over directed fixed and switching network topologies,
we use directed graph § = ('V, &), where V = {1,...,n} is the
node set and & C V x V is the edge set, to model interaction
among n oscillators. Let 4 = [a;;] € R™" be the adjacency matrix
associated with §. Adjacency matrix + is defined such that g; is
a positive weight if (j, i) € &, while ayj = 0if (j,i) ¢ &. Note
that for directed graphs, + is not necessarily symmetric. Also note
that a;(t) in (2) is the (i, j) entry of » at time t. Let (nonsymmetric)
Laplacian matrix £ = [£;] € R"™" associated with § be defined as
i = Y1 jzi % and £ = —ay, where i # j.

A directed path of § is a sequence of edges of the form
(i1, i2), (i2, i3), ..., where i; € V. A directed graph is strongly
connected if there is a directed path from every node to every other
node. A directed graph has a directed spanning tree if there exists at
least one node having a directed path to all other nodes. A directed
graph is balanced if ), ay = Y}, aj;, for all i.

Let r; = x; and v; = ;. Eq. (2) can be written as

fi = v,
n

b=—aOn— Y aO)@—y), i=1...n 3)
=

Letr =[r1,...,m]"and v = [vq, ..., v,]". Eq.(3) can be written

in matrix form as

i 0, In r
M = [—a(t)ln —£(r)] M (4)

Q

where 0, denotes the n x n zero matrix, I, denotes the n x nidentity
matrix, and £(t) € R™" is the (nonsymmetric) Laplacian matrix
associated with directed graph § at time t.

3. Convergence over directed fixed network topologies

In this section, we consider the convergence of (3) over directed
fixed network topologies. Here we assume that both @ and £ in (4)
are constant. Both leaderless and leader-following cases will be
addressed. We need the following lemmas for our main result.

Lemma 3.1 (Ren & Beard, 2005). Let £ be the (nonsymmetric)
Laplacian matrix associated with §. Then £ has a simple zero
eigenvalue and all its other eigenvalues have positive real parts if and
only if § has a directed spanning tree. In addition, there exist 1,
where 1, is an n x 1 column vector of all ones, satisfying £1, = 0
and p € R" satisfyingp > 0,p'£ = 0,andp'1, = 1.

Lemma 3.2. Let u; € C be the ith eigenvalue of —L. Also let y,; €
C" and x, € C" be, respectively, the right and left eigenvectors of
—JL associated with ;. Then the eigenvalues of @ defined in (4)
nit ;Liz—40(
—
@rix = [x{, Mix x[ 1" and left eigenvector gy = [}, —%X;]T~

are given by Ay = with associated right eigenvectors

Proof. Let A be an eigenvalue of @ and ¢, = [x!, y!]T € C*" be an
associated right eigenvector. Then we get that

0, I, P Xy
Rk ]

It follows from (5) that

yr = )\4}(’,7 (Ga)
—oXy — LYr = Ayr, (6b)
Combining (6a) and (6b), gives —Lx, = ’\2/\*“ X;. Suppose that p
is an eigenvalue of —.£ with an associated right eigenvector y;, it

follows that ’\2; ¢ — yand x, = . Therefore, it follows that A
satisfies
M—ur+a=0 (7)

and ¢ = [, AxT]" according to (6a). Noting that w; is the
ith eigenvalue of —.£ with an associated right eigenvector x, it
follows from (7) that the eigenvalues of @ are given by Ay =

iyt —4a

5 with associated right eigenvectors @riy = [x,5, Aix x5
Similarly, let ¢, = [x},y;]" € C*" be a left eigenvector of @
associated with eigenvalue A. Then we get that

0 I
[y, y;] [_0';,“ _”DC] = Alxp, yil- (8)
It follows from (8) that
A
T T

= ——X,, 9a
Yo o’ (9a)
X, —yle =yl (9b)

Combining (9a) and (9b), gives —x;L£ = Azﬂx}. A similar

argument to that of the right eigenvectors shows that the left

eigenvectors of @ associated with A+ are @iz = [x; —% xil"
| |

In the leaderless case, we have the following theorem.

T That is, 1, and p are, respectively, right and left eigenvectors of £ associated
with the zero eigenvalue.
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Theorem 3.1. Let p be defined as in Lemma 3.1. Let w;, Aix, @rix,
and @i+ be defined as in Lemma 3.2. Suppose that directed graph §
has a directed spanning tree. Using (3), r;(t) — cos(y/at)p'r(0) +

ﬁsin(\/&t)pTv(O) and vi(t) — —asin(/at)p'r(0) +
cos(y/at)p'v(0) for large t.

Proof. Note that directed graph 4 has a directed spanning tree.
It follows from Lemma 3.1 that —.£ has a simple zero eigenvalue
with an associated right eigenvector 1, and left eigenvector p
that satisfies p > 0, p'«£ = 0, and p'1, = 1. In addition, all
other eigenvalues of —.£ have negative real parts. Without loss
of generality, let ©; = 0 and then we get that Re(u;) < 0,
i = 2,...,n, where Re(-) denotes the real part of a number.
Accordingly, it follows from Lemma 3.2 that A1x+ = =+./oj with
associated right and left eigenvectors given by

. 1.7
pre = [, £V 1], s = [pT, i@pT] , (10)
where j is the imaginary unit. Because Re(u;) < 0,i = 2,...,n,
i—/ 2 —4
it follows that Re(A;i—) = Re(%) < 0,i=2,...,n

Noting that Aj A~ = «,i = 2,...,n, it follows that arg(A;y) =
—arg(A;_), where arg(-) denotes the phase of a number. Therefore,
it follows that Re(Xiy) < 0,i=2,...,n.

Note that @ an be written in Jordan canonical form as

T

01x(2n-2) 1

O1x@2n-2) R (11)
T

Von
——

p—1

0 —aj

O@n-2)x1 J

Q= [wrq, ..., wa]

b 2

- 02n-2)x1

where w; € R*",i = 1,...,2n, can be chosen to be the right
eigenvectors or generalized eigenvectors of @, v; € R?", i =
1,...,2n, can be chosen to be the left eigenvectors or generalized
eigenvectors of @, and J is the Jordan upper diagonal block matrix
corresponding to eigenvalues A;y and A;_, i = 2, ..., n. Because
P~'P = Ly, w; and v; must satisfy that vJw; = 1and viwy, = 0,
where i # k. Accordingly, we let w; = @¢r14, Wy = @r1—, V1 =
1¢u14.and v; = 21—, where g1+ and g, are defined in (10).

Note that lim;, & — 0. For large t, e®* = Ppeltp!
approaches

evait [ 1

1, IpT 1 p
Vajl | [ 27 7 2 /aj
. 1 1
—Jajt 1, CaT T
w2
1
cos(x/at)1,p" — sin(/at)1,p"
o
—Jasin(vat)1,pT  cos(v/at)1,p"

The solution to (4) is given by [Z((g] = e [Zig;] Therefore, it

follows that rj(t) — cos(y/at)p'r(0) + ﬁ sin(y/at)p'v(0) and
vi(t) = —a sin(/at)p'r(0) + cos(y/at)pTv(0) forlarget. m

Under the condition of Theorem 3.1, all r; converge to a common
oscillatory trajectory, so do all v;. That is, the n coupled harmonic
oscillators are synchronized. We next consider the case where
there exists a virtual leader, labeled as oscillator 0 with states ry
and vy.

Suppose that ry and vg satisfy

f'() = Vo, 1.)0 = —ury. (12)

3 4

Fig. 1. Directed graph § in the case of directed fixed network topologies.

In this case, we study the algorithm

i = v,
n
Vi = —ar; — Zaij(vi — vj) — Qio(vi — vp), (13)
j=1
wherei = 1, ..., nand gy is a positive constant if vy is available

to oscillator i and ajy = 0 otherwise.

Corollary 3.2. Suppose that the virtual leader has a directed path to
all oscillators. Using algorithm (13), r;(t) — 1o(t) and v;(t) — vo(t)
for large t, where ro(t) = cos(y/at)ro(0) + ésin(\/&t)vo(O) and
vo(t) = —/a sin(y/at)ro(0) 4 cos(y/at)vg(0).

Proof. It is straightforward to show that the solution to (12) is
given by rq(t) = cos(y/at)ro(0) + %sin(\/&t)vo(O) and vg(t) =
—Jasin(y/at)rg(0) + cos(y/at)vg(0). Consider that the team
consists of n + 1 oscillators (oscillators 1-n and oscillator 0). The
proof is a direct application of that of Theorem 3.1. ®

We also consider the case where there exist deviations between
oscillator states. In this case, we study the algorithm

fi = v,
n
b= —a(r; — &) — Y _ a(vi — vy) — @i (vi — vo), (14)
j=1
wherei =1, ..., nand §; is a constant.

Corollary 3.3. Suppose that the virtual leader has a directed path to
all oscillators. Using (14), r;(t) — 1o(t) + &; and vi(t) — vo(t) for
large t, where 1o (t) and vo(t) are defined in Corollary 3.2.

Proof. Let 7; = r1; — §;. Noting that ?,- = v, it follows from
Corollary 3.2 that 7;(t) — ro(t) and v;(t) — vo(t) for large t with
7 playing the role of r; in (13). W

Example 3.4. To illustrate, we show simulation results involving
four coupled harmonic oscillators using (3) over directed fixed
network topology § as shown in Fig. 1. Note that § in this case has a
directed spanning tree, implying that the condition of Theorem 3.1
is satisfied. We assume that q; = 1if (j,i) € €anda; = 0
otherwise. Figs. 2 and 3 show, respectively, the evolution of the
oscillator states with « = 1 and @ = 4. Note that the oscillator
states are synchronized for both « = 1 and ¢ = 4. However,
the value of o has an effect on the magnitude and frequency of the
synchronized states.

4. Convergence over directed switching network topologies

In this section, we consider the convergence of (3) over directed
switching network topologies. We consider two cases, namely, (i)
directed graph 4(t) is strongly connected and balanced at each
time instant; and (ii) directed graph §(t) has a directed spanning
tree at each time instant.
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Fig. 2. Evolution of oscillator states over directed fixed network topologies with
a = 1and § shown in Fig. 1.
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Fig. 3. Evolution of oscillator states over directed fixed network topologies with
a = 4 and § shown in Fig. 1.

Let & denote a set indexing the class of all possible directed
graphs §,, where p € &, defined on n nodes. Note that 2 is a finite
set by definition. Suppose that (3) can be written as

f On ]n r
|:i}:| - [_aa(t)ln _°Co(t):| |:vi|’ (15)

Qo)

where ¢ : [0, 00) — & is a piecewise constant switching signal
with switching times to, t1, ..., &4 () iS a positive gain associated
with directed graph G,(), and L, is the (nonsymmetric)
Laplacian matrix associated with directed graph §.4 ().

Theorem 4.1. Suppose that o (t) € P, where Py, C P denotes
the set indexing the class of all possible directed graphs defined on
n nodes that are strongly connected and balanced. Also suppose that
Q) = osp, Where ag, is a positive scalar. Using (3), r;i(t) — 1;(t)
and v;(t) — vj(t) as t — oo.

Proof. The proof is motivated by that of Theorem 1 in Tanner
etal. (2007), which relies on differential inclusions and nonsmooth

analysis. We only sketch the main steps of the proof. Consider the
Lyapunov function candidate

V= %asbrTr + %vTv. (16)
Noting that v is discontinuous due to switches of network
topologies, we let v € K[—Lyv] — agr, where K[-] is a
differential inclusion and a.e denotes “almost everywhere”. The
generalized derivative of V is given by V° = auv'r +
v [—agr + ¢,] = v'¢,, where ¢, is an arbitrary element of
K[—<£Ls ) v]. Note that directed graph 4, is strongly connected
and balanced. It follows from Olfati-Saber and Murray (2004) that
—vTLy@yv < 0, which implies that max%dq_%mu](v%v) =
max co(—v'Lyv) = 0. In particular, max co(—v'Lyv) = 0
if and only if v; = vj, which in turn implies that v; = v;. Noting
that a5y = o, it follows from (15) (see also (3)) thatr; = 1;
when v; = v; and v; = v;. It thus follows from the invariance
principle for differential inclusions (Ryan, 1998) that r;(t) — r;(t)
and vi(t) — vj(t)ast — oco. W

Let rjg = ri—Trjand vij =
[r12, 23, .. ., r(n—])n] and v = [vi2, vp3, ..
can be rewritten as

? On—l In—l r
= . 17
[ﬁ] [—aa(t)ln1 —cha(r)i| |:U] a7

Ro (t)

vi — v. Also let 7 =
o U(n—l)n]T- Eq. (15)

where Dy () € RMD*0=D can be derived from Lo ).

Theorem 4.2. Let $s; C P denote the set indexing the class of
all possible directed graphs defined on n nodes that have a directed
spanning tree. The following two statements hold:

(1) Matrix R, defined in (17) is stable for each p € Py.

(2) Let a, > O and x, > O, for which ||e"RPf” < e@=1) t >
Suppose that o (t) € Pst. If tp1 —ty > suppefs[{i—‘;}, Vk=0,1,..,
then using (3), ri(t) — r;(t) and vi(t) — v;(t) ast — oo.

Proof. For the first statement, note that Theorem 3.1 shows that
foreachp € Py, ri(t) — rj(t) and v;(t) — vj(t) ast — oo, which
implies that 7(t) — 0 and v(t) — 0ast — oo. It thus follows
from (17) that R, is stable for each p € .

For the second statement, under the condition of the theorem,
because R, is stable for each p € P, it follows from Morse (1996,
Lemma 2) that switched system (17) is globally exponentially
stable if ty 1 — tp > suppeyst{i—’;}, Vk = 0,1, .... Equivalently,
it follows that under the same condition r;(t) — r;(t) and v;(t) —
vi(tyast - oco. N

Note that Theorem 4.2 imposes a bound on how fast the
network topology can switch while Theorem 4.1 does not. Also
note that the convergence condition in Theorem 4.2 is only a
sufficient condition. When there exists a virtual leader, the analysis
can follow a similar line to that of Theorems 4.1 and 4.2.

Example 4.3. To illustrate, we show simulation results involving
four coupled harmonic oscillators using (3) over directed switching
network topologies. We first let oy = 1 and §(t) switches
randomly from {41, 42, $3} as shown in Fig. 4. We assume that
a; = 1if (j,i) € & and a; = 0 otherwise. Here we let t; = 0
s and choose t, randomly from (2k — 2, 2k) s,k = 1,2, .... Note
that §1-43 shown in Fig. 4 are all strongly connected and balanced,
implying that the condition of Theorem 4.1 is satisfied. Fig. 5 shows
the evolution of the oscillator states in this case. Note that all
oscillator states are synchronized.
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Fig. 4. Directed graphs §,-§3. We assume that a; = 1if (j,i) € €anda; = 0
otherwise. All §,-43 are strongly connected and balanced.
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Fig. 5. Evolution of oscillator states over directed switching network topologies

when o) = 1and §(t) switches from {1, 2, $3} as shown in Fig. 4.
4 3—>=4 3
(a) g1. (b) Ga. (€) .

Fig. 6. Directed graphs §1-$s. All of them have a directed spanning tree.

We then let aq () switch from {«4, a3, o3}, where
o3 = 9 (18)

and §(t) switches randomly from {1, $2, $3} as shown in Fig. 6.
Here we again let t; = 0 s and choose t;, randomly from (2k —
2,2k) s, k = 1,2, .... Note that §,-%3 shown in Fig. 6 all have a
directed spanning tree, implying that the condition of Theorem 4.2
is satisfied. Fig. 7 shows the evolution of the oscillator states in this
case. In contrast to the previous case, the oscillator states do not
approach a uniform magnitude and frequency due to switching of
o values. However, all oscillator states are still synchronized.

a1:15 a2:45

5. Application to motion coordination of multi-agent systems

In this section, we apply algorithm (14) to motion coordination
of multi-agent systems. Suppose that there are four point-mass

agents in the team with dynamics give by p; = ¢; and §; = wj,
i =1,...,4, where p; = [x;,y]" is the position, g; = [vxi, vyi]"
is the velocity, and w; = [wy, wy,~]T is the acceleration input.

Also suppose that there exists a virtual leader with position py =
[X0, Yo]" and velocity qo = [vxo, vy0]", and po and gy satisfy

Po = qo, do = —aPo, (19)

0

Time (sec)

Fig. 7. Evolution of oscillator states over directed switching network topologies
when « ) switches from (18) and §(t) switches from {41, §2, $3} as shown in
Fig. 6.

Table 1
Parameters and initial conditions used in the simulation.

a=1

81 =0,6p =4,63=0,8u =4

8}'1 =0, 8}'2 =0, 6y3 = —4, 8}'4 =—4

X0(0) = 1,x1(0) = 1.2,x,(0) = 0.8,x3(0) = 1.4, x4(0) = 0.5

Y0(0) = —=1,y1(0) = —=1.2,y,(0) = —0.8,y3(0) = —0.7,y4(0) = 1.5
Uy0(0) = 1, 141 (0) = 0.2, v,2(0) = 0.3, v453(0) = 0.4, vy (0) = 0.5
vyo(0) = 1, v1(0) = 0.4, vy (0) = 0.6, v,3(0) = 0.8, vy4(0) =1

L 1——2

3 4
Fig. 8. Network topology for the four agents and the virtual leader. An arrow from
node j to node i denotes that agent i can receive information from agent j. An arrow

from node L to node i denotes that agent i can receive information from the virtual
leader.

where o is a positive constant. We apply (14) to design wy; and wy;,
respectively, as

n
Oxi) — Z a;j(vxi — Vxj) — Gio(Vxi — Vxo)

Wy = —o(X; —
=
n
wy; = —a(Y; — &yi) — Zaij(vyi — Vyj) — Gio(Vyi — Vyo),
=

where §,; and §,; are constant.

Parameters and initial conditions used in the simulation are
shown in Table 1. By solving (19) with the initial conditions of the
virtual leader shown in Table 1, it is straightforward to show that
the trajectory of the virtual leader follows an elliptic orbit.

Fig. 8 shows the network topology for the four agents and the
virtual leader. We leta; = 1,i,j = 1, ..., 4, if agent i can receive
information from agentjand a; = 0 otherwise. We alsoletajp = 1,
i = 1,...,4,if agent i can receive information from the virtual
leader and a;y = 0 otherwise.

Fig. 9 shows the complete trajectories and snapshots of the four
agents. Note that the four agents are able to synchronize their
motions and move on elliptic orbits.
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Fig.9. Complete trajectories of the four agents. Circles show the snapshotatt = 0
s while squares show the snapshots at t = 5, 10, 15, 20 s.

6. Conclusion and future work

We have studied synchronization of coupled harmonic oscilla-
tors with local interaction. In the case of directed fixed network
topologies, we have shown that the coupled second-order lin-
ear harmonic oscillators are synchronized when the directed net-
work topology has a directed spanning tree. In the case of directed
switching network topologies, we have shown that the coupled
harmonic oscillators are synchronized when the directed network
topology is strongly connected and balanced at each time instant
or the directed network topology has a directed spanning tree at
each time instant and the dwell time between switchings is suf-
ficiently large. Examples have been given to validate the conver-
gence conditions. The theoretical result has also been applied to
synchronized motion coordination of multi-agent systems to show
the effectiveness of the proposed strategy. In future work, we will
apply the ideas in the current paper to cooperative scanning of an
area with multiple robotic vehicles in experiments.
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