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Leaderless and Leader-Following Consensus With
Communication and Input Delays Under
a Directed Network Topology

Ziyang Meng, Wei Ren, Member, IEEE, Yongcan Cao, Student Member, IEEE, and Zheng You

Abstract—In this paper, time-domain (Lyapunov theorems) and
frequency-domain (the Nyquist stability criterion) approaches are
used to study leaderless and leader-following consensus algorithms
with communication and input delays under a directed network
topology. We consider both the first-order and second-order cases
and present stability or boundedness conditions. Several interest-
ing phenomena are analyzed and explained. Simulation results are
presented to support the theoretical results.

Index Terms—Communication and input delays, consensus
tracking, directed network graph, leaderless consensus, multi-
agent system.

1. INTRODUCTION

OOPERATIVE control of multiagent systems has re-
ceived significant research attention in recent years. Com-
pared with solo systems, additional benefits, such as high
robustness and great efficiency, can be obtained by having a
group of agents work cooperatively. Cooperative control has
broad applications in formation control [1], flocking [2], and
complex networks [3], [4]. A fundamental approach to achieve
cooperative control is consensus [5]-[7]. Consensus means
the agreement of a group of agents on their common states
via local interaction. In a leaderless consensus problem, there
does not exist a virtual leader, while in a leader-following
consensus problem, there exists a virtual leader that specifies
the objective for the whole group. More specifically, consensus
with a static virtual leader is called a consensus regulation
problem, and consensus with a dynamic virtual leader is called
a consensus tracking problem. It is worthwhile to mention that
the consensus tracking problem becomes much more complex
if only a portion of the agents in the group has access to the
virtual leader.
Since delays are inevitable in real systems, it is necessary and
beneficial to study leaderless and leader-following consensus
algorithms in the presence of the delays. Most existing refer-
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ences on consensus algorithms considered input delays. The
authors in [6] first gave a leaderless consensus algorithm with
input delays and then presented a frequency-domain approach
to find the stability conditions. A similar leaderless consensus
algorithm with uniform input delays was studied in [8], where
a time-domain approach, i.e., the Lyapunov—Krasovaskii theo-
rem, was used to obtain the stability conditions under strongly
connected and balanced network topologies. Besides leaderless
consensus algorithms, leader-following consensus algorithms
with input delays were also studied. By combining the results
in [8] and [9], the authors in [10] proposed a first-order consen-
sus tracking algorithm with input delays, where an estimator
was used to estimate the virtual leader’s velocity. Due to the
presence of the dynamic virtual leader and the input delays, the
tracking errors were shown to be uniformly ultimately bounded
instead of approaching zero. In the previous references, the
network topology is assumed to be either undirected or strongly
connected and balanced, which poses an obvious limitation.
The extension to the case where the network topology has a
directed spanning tree and the input delays are assumed to be
nonuniform was provided in [11], where a frequency-domain
method was used to find conditions to achieve leaderless con-
sensus. Except for input delays, the influence of communication
delays on consensus algorithms was also studied. The authors in
[12] showed that communication delays will not jeopardize the
stability of the first-order leaderless consensus algorithm under
a directed network topology. A similar algorithm was discussed
in [13], where the effect of initial conditions was highlighted. A
second-order consensus regulation algorithm with nonuniform
communication delays was studied in [14], but a damping
term was used to regulate the velocities of all agents to zero,
and the network topology was assumed to be undirected. The
previous references considered either only the input delays or
only the communication delays and, hence, lack completeness.
The case with both the communication and input delays was
studied in [15]. In particular, a first-order leaderless consensus
algorithm with both the communication and input delays was
studied in a discrete-time setting. However, a pure frequency-
domain approach was used, thus leading the obtained stability
conditions to be conservative.

This paper considers both leaderless and leader-following
consensus algorithms with communication and input delays in,
respectively, first-order kinematics and second-order dynamics
under a directed network topology. The stability or bound-
edness conditions of four different cases, namely, leaderless
consensus, consensus regulation, consensus tracking with full
access to the virtual leader, and consensus tracking with partial
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access to the virtual leader, are analyzed by using time-domain
and frequency-domain approaches.

The contributions of this paper are fourfold. First, we assume
a general network topology, i.e., a directed network topology
with a directed spanning tree, instead of an undirected con-
nected network topology or a directed strongly connected and
balanced network topology [6], [8], [10], [16]. Second, both
communication and input delays are considered in the cases
of leaderless consensus, consensus regulation, and consensus
tracking with full access to the virtual leader, which guarantees
the completeness of the algorithms. Third, we show that the
communication delay will not influence the stability of the first-
order system in the case of consensus tracking with partial
access to the virtual leader, which extends the results of [12]
and [17]. Fourth, as a byproduct, we find that in the case of
second-order leaderless consensus with both communication
and input delays, the final group velocity is always dampened to
zero rather than a possibly nonzero constant as compared with
the standard second-order consensus algorithm studied in [18].
A preliminary version of the second-order case of the work is
presented at the 2010 American Control Conference.

II. PRELIMINARIES
A. Notations

R and C are the set of real numbers and the set of complex
numbers, respectively.

1,, and 0,, are the n x 1 all-one vector and the n x 1 all-zero
vector, respectively.

I, and 0,4, are the n X n identity matrix and the n X n
matrix with all zero entries, respectively.

Amin (A) and A\ax(A) are, respectively, the minimal eigen-
value and the maximum eigenvalue of the matrix A.

|IA]| is the norm of the matrix/vector A.

Jj is the imaginary unit.

R{e} and J{e} are, respectively, the real part and the
imaginary part of a complex number.

p(A) is the spectral radius of the matrix A.

@ < 0 means that the matrix () is negative-definite.

B. Graph Theory Notions

Using graph theory, we can model the network topology in a
multiagent system consisting of n agents. A directed graph G,,
consists of a pair (V,E), where V = {vy,...,v,} is a finite
nonempty set of nodes, and E € V x V is a set of ordered pairs
of nodes. An edge (v;,v;) denotes that node v; can obtain
information from node v;, but not necessarily vice versa. All
neighbors of node v; are denoted as N; := {v; | (vj,v;) € E}.

A directed path is a sequence of edges of the form
(Vi, iy ), (Vi Vig )y - . .. A directed graph has a directed span-
ning tree if there exists at least one node having a directed path
to all other nodes.

For the leaderless consensus case, the adjacency matrix
A, = [a;;] € R™™ associated with G,, is defined such that
a;j is positive if (v;,v;) € E, while a;; = 0 otherwise. Here,
we assume that a;; = 0, Vi. The (nonsymmetric) Laplacian
matrix L, = [<;;] € R™™ associated with A,, is defined as
< = Zj;éi Qi and <j = —Qjj, where 7 75 J-

For the leader-following case, we assume that besides agents
1 to n, there exists a virtual leader, labeled as agent n + 1, in

the system. We use G,, 1 to model the network topology in
this case. The adjacency matrix A,, 1 = [a;;] € R+1)x(n+1)
associated with G, is defined such that a,; is positive if
(vj,v;) € E, while a;; = 0 otherwise, and a(,,41); = 0 for all

7 =1,...,n 4 1. Here, again, we assume that a;; = 0, V3.

III. DEFINITIONS AND LEMMAS

Suppose that f: R x C+— R™ is continuous and consider
the retarded functional differential equation (RFDE)

a(t) = f(t, ). ey

Let ¢ = 2 be defined as z:(0) = z(t + 0), 6 € [—7,0]. Sup-
pose that appropriate initial conditions are defined on the delay
interval [tg — T, to]: @, (0) = ¢(0), VO € [—T,0]. Specifically,
we assume that the initial condition satisfies z(0) =0, V@ €
[to — T, to], in this paper. Suppose that the solution z(o, ¢)(t)
through (o, ¢) is continuous in (o, ¢,t) in the domain of
definition of the function, where o € R.

Definition 3.1 [19]: The solutions x(o,¢) of the RFDE
(1) are uniformly ultimately bounded if there is a (3 >0
such that for any « > 0, there is a constant ty(a) > 0 such
that |x(o,¢)(t)] < B for t > o +tp(a) forall o € R, ¢ € C,
9] < a

Suppose that D:R x C+— R™ is a linear operator on
the second variable such that D(t, ¢) = A(t)p(0) — G(t, ¢),
where A(t) is a continuous nonsingular matrix, and G (¢, ¢) =
2 du(t,0)6(0) satisfies | [°, [dp(t, 0)](0)| < y(s,)|9|
for 0 < s < h, where p is an n X n matrix function of bounded
variation on 6, v is continuous, and v(0,¢) = 0 for ¢ > 0. If
g : R x C — R" is a continuous function, then the relation

91, ) = glt, ) @)
is a neutral functional differential equation (NFDE) [20].

Definition 3.2 [20]: Consider the NFDE (2). Suppose that
operator D is stable. It defines a uniform ultimately bounded
process if there is a > 0 such that for any o > 0, there is
a constant to(c) > 0 such that |z(o, ¢)(t)| < 8 for t > o +
to(a) forallo € R, ¢ € C, |¢| < a

Lemma 3.1. (Degenerate Lyapunov—Krasovskii Stability
Theorem) [21], [22]: Consider the NFDE (2). Suppose that
operator D is stable, g : R x C +— R" takes Rx (bounded sets
of C) into bounded sets of R", and u(s), v(s), and w(s)
are continuous, nonnegative, and nondecreasing functions with
u(s),v(s) > 0for s # 0 and u(0) = v(0) = 0. If there exists a
continuous functional V' : R x C™ x C™ — R", such that

D u(|D(,9)|)) < V(£ D(t, ¢),¢) <v(ll9])

2) V(ta D(t’ ¢)a d)) < _w(”D(ta qj)) H)

then the trivial solution of (2) is asymptotically stable.

Lemma 3.1 will be used in the first-order and second-order
leaderless consensus and consensus regulation problems.

Lemma 3.2. (Lyapunov-Razumikhin Uniformly Ultimately
Bounded Theorem) [19]: Consider the RFDE (1). Suppose
that f: R x C+— R™ takes Rx (bounded sets of C) into
bounded sets of R™ and u, v, w: RT — RT are continuous
nonincreasing functions, u(s) — oo as s — oo. If there is a
continuous function V : R x R™ — R, a continuous nonde-
creasing function p : R* +— R™, p(s) > sfors > 0, and a con-
stant H > 0 such that u(|z]) < V(z) <wv(|z]),t € R,z € R",
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and V(t,¢) < —w(|$(0)]) if [¢(0)] > H, V(t+6,0(0)) <
p(V(t, (0 ))) € [—7,0], then the solutions of (1) are uni-
formly ultimately bounded.

Lemma 3.2 will be used in the first-order and second-order
consensus tracking problems with full access to the virtual
leader.

Lemma 3.3. (Lyapunov—Razumikhin Uniformly Ultimately
Bounded Theorem for Neutral-Type Systems) [19], [20]: Con-
sider the NFDE (2). Suppose that operator D is stable and
g: R x C+— R” takes Rx (bounded sets of C) into bounded
sets of R™. If there is a continuous function V : R x R"™ — R,
a continuous nondecreasing function p : RT — R™T, p(s) > s
for s > 0 such that u(|z]) < V(z) <wv(|z]), Vo € R”, and
V(D(t, ¢)) < —w(|D(t, )|) for all functions ¢ if |D(t, ¢)| >
Hand V(¢(0)) < p(V(D(t, ¢))), 0 € [—7,0], where w(s) is a
continuous positive function for s > K H, then the solution of
(2) is uniformly ultimately bounded.

Lemma 3.3 will be used in the first-order and second-order
consensus tracking problems with partial access to the virtual
leader.

IV. FIRST-ORDER CASE WITH COMMUNICATION AND
INPUT DELAYS UNDER A DIRECTED NETWORK TOPOLOGY

Here, we model a group of agents with single-integrator
kinematics as

.’i,‘i (t) = U; (t),

where x; and u; are, respectively, the state and the control input
of the ith agent.

i=1,2,...,n 3)

A. First-Order Leaderless Consensus

Consider the following leaderless consensus algorithm with
both communication and input delays:

E aij [(zi(t

311]

ui(t) = T1) — @t — 71— 7)),

t=1,...,n, &)
where 7 and 7o are the input and communication delays,
respectively, and a;5, i =1,...,n, j =1,...,n, is the ()
entry of the adjacency matrix A,,. Here, we assume that every
agent has a neighbor, which implies that Z;L:1 a;; #0,Vi. To
achieve consensus, that is, x;(t) — x;(t), as t — oo, the con-
ditions on the input delay 7; and the communication delay 75 to
guarantee the stability or the ultimately uniform boundedness
of the closed-loop system should be addressed. Using (4), (3)
can be written in the matrix form as

i’(t):—fE(t—Tl)-i-ASL'(t—Tl—TQ) (5)
where z = [z1,...,7,]|T, and A = [a;;] € R"*" is defined as
aij = a;;/ Y5y ai, i=1,...,n, j=1,...,n. Define L =

I, — A When Gn has a directed spanning tree, L has a
simple zero eigenvalue, and all other eigenvalues are on the
open right half-plane [7], [23]. The following singular vector
decomposition is valid:

WLw = {

Here, among the infinite options of W, we choose the one that
the last column of ¥ is the vector 1,,. Note that, here, all
the eigenvalues of L are on the open right half-plane. Before
moving on, we need the following lemma.

Lemma 4.1 [10]: For any a,b € R™ and any symmetric
positive-definite matrix & € R™*", 20Th < aTd1a + bT Pb.

Define 7 = W-1z. Denote T,_1 as the first n — 1 rows of
Z and Zo as the last row of z. Note that A =1, — L. By
multiplying W~! on both sides of (5), it follows that (5) can
be rewritten as

Exy B ke | sl
oo, ][

where A = el — L. Equation (5) can be decoupled into the
following two equations:

71—72)]

%2(1‘; — T1 —Tg)

Tpi1(t) = = Fpor(t —71) + ATpa(t — 71 — 72)  (62)
552(15): —%2(?5—7’1)-’-%2(15—7'1—7'2). (6b)

Theorem 4.1: If the fixed directed graph G,, has a directed
spanning tree and every agent has a neighbor, there exist 77 and
75 such that the following three conditions' are satisfied.

)27 +7 < L B

2) 1= ((1—e™)/s) + A(A) (1 — e*T+)) /) 20,
foralls e Ct. _

3) ch:(_n 1+A) Pfc+PJ"c( n— 1+A)+7-715fc+
(Tl + TQ)ch + 7_1[( n-1+ A)Tpf('S Pf('( In 1+
A+ T+ ) (~Looa+ AP AH L ATPyo(— T+
A)] <0, where Py, is a symmetric positive-definite
matrix chosen properly such that (—1I,, 1 + X)TPfc +
Pio(—In—1 + Z) <0, and Sy. and Hj. are arbitrary
symmetric positive-definite matrices.

In addition, if the above conditions are satisfied, 7 € [0, 77,
and 5 € [0,73], system (3) using (4) reaches the consensus
equilibrium (p?'x(0)/(1 + 72))1,, asymptotically, where p €
R™ is a nonnegative left eigenvector of L associated with the
zero eigenvalue satisfying p’1,, = 1.

Proof: We first prove that the stability of system (3) using
(4) is guaranteed if the three conditions in Theorem 4.1 are
satisfied. Then, we show that these three conditions are, indeed,
satisfied if G,, has a directed spanning tree, and every agent
has a neighbor. At last, the consensus equilibrium is explicitly
presented by using the final value theorem.

We know that the stability of the following system:

0 0
—/5n_1(t+9)de+ﬁ / o (t+0)do

—T1-T2

1. ~n— t
7l

= —(In-1— A)Fna(t) ()

INote here that the three conditions are used to obtain the upper bounds 71
and 72 for allowable delays.
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implies the stability of system (6a) if condition 2 in
Theorem 4.1 is satisfied [22]. Consider a Lyapunov function
candidate

Fp1(t+0)do

0
14 (i(nfl)t) = %n—l(t) - /

—T1

0
/ 1(t+0)do

—T1—T2

T

0
% Pre |Faoa (1) / (L 0)d

A

\o

_|_

xn 1 t+9 db

—T1—T2

0 t
4 / / T 1(€)T Spein 1 (€) de O

—T71 t+0

/ /tinl(f)Tchinl(i)dfde.

—T1—T2 t+0

Taking the derivative of V' along (7) gives
V (-%(nfl)t) < %nfl(t)Tchgnfl(t)

where Q. is defined as in Theorem 4.1, and we have used
Lemma 4.1 to derive the inequality. Note that () s < 0 satisfies
condition 2 in Lemma 3.1. Also, note that HD(J:(n )|l <
V( T(n— 1)t)< 042”'77(71 1 tHc [24], where D( T(n— l)t) xn l(t)
S Faa(t+0)dO+A [0 T (t+0)dO, |Finoyelle=
SUPge[— 7y —15,0] |T(n-1)(t + O)[l, a1 = Amin(Pye), and az =
Amax(Pfe) + T Amax (Se) + (71 + 72) Amax (H ). This satis-
fies condition 1 in Lemma 3.1. Therefore, if conditions 2 and
3 in Theorem 5.1 are satisfied, the asymptotical stability of
system (6a) is guaranteed by using Lemma 3.1.

For system (6b), we apply the Nyquist stability criterion
to find its stability condition. After Laplace transformation,
system (6b) can be written as

§Ta(8) = —e 1Ty (s) + e (MTTRT,(s).

Thus, the stability is determined by the roots’ distribution of the
following:

§=—e T 4 e (T1FT2)s (8)
Define f(s) = — e (m+72)s) /s Based on the Nyquist
stability criterion, if the trajectory of f(jw), Vw € (—o00,0),
does not enclose the point (—1,j0), then (8) is stable. One
sufficient condition is that R{ f(jw)} > —1, Vw € (—o0, 00).
Noting that R{f(jw)} = (—sin(r + 72)w/w) + (sin mw/w)
and functions (— sin(m + 72)w/w) and (sin 73w /w) have min-
imum values, respectively, —(71 + 7o) and —7; with respect
to Vw € (—o0,00), we have that R{f(jw)} > —(271 + T2).
Therefore, it is easy to verify that the stability of system (6b)
is guaranteed if condition 1 in Theorem 4.1 is satisfied.

Next, we show that these three conditions in Theorem 4.1
are, indeed, satisfied if G,, has a directed spanning tree, and

(677’15

every agent has a neighbor. It is straightforward to see that there
exist 71 and 75 such that conditions 1 and 2 are satisfied. For
condition 3, we know that L= el — A has all eigenvalues on
the open right half-plane. Therefore, when 7, = 79 = 0, there
always exists a Pj. to guarantee that (—I, 1 + A)T P, +
Pre(—1In-1+ ,2[) < 0. Thus, based on the continuity, there
must exist 71 and 73 such that Qf. < 0 when 71 € [0,77] and
Ty € [0,7’72}
Finally, for the consensus equilibrium, we have that

o 532(0) _ %(0)
thj?oxz(t) B 1le»% s+e s —e(ntm)s 14y

and T,_1(t) — 0, as t — oo. It follows that the consensus
equilibrium is given by p?x(0)/(1 + 72)1,,. [ ]
Remark 4.1: We know that the additional dynamics caused
by the model transformation from (6a) to (7) can be character-
ized by the solutions of the following complex equation [25]:

s(T1+72)

1 — 51 ~1 =
e +A €

det( I_In 1
S S

):0, s e C.

Thus, if 71 + (71 + 72)|| A|| < 1, there are no additional eigen-
values induced by the model transformation from (6a) to (7),
which implies that the condition 71 + (77 + 72) || A|| < 1 can be
used to replace condition 2 in Theorem 4.1.

Remark 4.2: If we let Sy. = Hy. = I,,_1, condition 3 in
Theorem 4.1 can be written as

)\min[(In—l _E)Tpfc +Pf0(ln71 _K)}

T+ <

~ 2 ~ 2
24 | (~Tna + DT Pyl | + (= La-1+ AT P

Remark 4.3: Note that, in Theorem 4.1, it is assumed that
the fixed directed graph has a directed spanning tree, and every
agent has a neighbor. Thus, the conclusion can be viewed as a
generalization of [8], [10], and [16], where the directed graphs
are assumed to be strongly connected and balanced.

Remark 4.4: For first-order leaderless consensus, the case
of a general network topology that has a directed spanning
tree was also considered in [11]. However, only input delays
were considered. The extension to the case where there exist
both communication and input delays was studied in [15].
A discrete-time setting was assumed, and a pure frequency-
domain approach was used. In contrast, we here introduce
both time-domain and frequency-domain approaches in a
continuous-time setting.

B. First-Order Consensus Regulation

Here, we assume that there exists a virtual leader, labeled as
agent n + 1, whose state is a constant reference state x4. The
consensus regulation algorithm with both communication and
input delays is proposed as

n+1

D aile

7_]]1

U; = i(t—T1) *xj(thlfTQ)]

SN
Z? i

i=1,....,n (9)

where 71 and 74 are, respectively, the input and communication
delays, a;;, it =1,...,n, j=1,...,n+1, is the (4, 7) entry
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of the adjacency matrix A, ., and T(n+1) = 4. Note that
the condition that G,,;; has a directed spanning tree and the
fact that all entries of the last row of A, are zero imply
that no other rows of A,.; have all zero entries. It thus
follows that Z"H a;; #0,1=1,2,...,n [26]. The objective
of (9) is to guarantee accurate regulation, i.e., x;(t) — x4 as

t — oo. Denote Z; = 2; — 24 and T = [T1,...,T,].. Define

A= [a”] € R™™ as a;; = a;j/ Y % +1 aj,i=1,...,n,j=

1,...,n. Using (9), (3) can be written in the matrix form as
T=-T(t—1)+AZ(t — 11 — 72) (10)

where we have used the fact that x4 is a constant. Before
moving on, we need the following lemma regarding (I,, — A).

Lemma 4.2 [27]: The real parts of all eigenvalues of (I,, —
A) are positive if the fixed directed graph G, has a directed
spanning tree.

Theorem 4.2: 1f the fixed directed graph G, 1 has a directed
spanning tree, there exist 71 and 75 such that the following two
conditions are satisfied.

D 1= ((1—e*T)/s) + X(A)((1 = e *TH2)) [5) 0,
VseCt.

2) er = (_In + -A)Tpfr + Pf'r'(_In + -A) + 7-715]”7' +
(T + D) Hpy b Tl Lk A)T Py Sy, Pro (I + A)] +
(71 + ) [(—In+ AP AH: P ATPp (=1, + A)] < 0
where Py, is a symmetric positive-definite matrix chosen
properly such that (—I,, + A)? Py, + Py (=1, + A) <
0, and Sy, and Hy, are arbitrary symmetric positive-
definite matrices.

In addition, if the above conditions are satisfied, 7, € [0, 71],
and 75 € [0,73], system (3) using (9) guarantees x;(t) — x4,
Vi=1,...,n, asymptotically as { — oo.

Proof: Similar to the analysis in Section IV-A, the stabil-
ity of the following system:
0 0
% (1) - /f(t+0)d0+A / Z(t + 0) do
-1 —T1-T2

=—(I, — Az(t) (11)

implies the stability of system (10) if condition 1 in
Theorem 4.2 is satisfied.
Consider a Lyapunov function candidate

0 0 T
V() = f(t)—/f(t+9)d0+,4 / Z(t+0) do
—T1 o —T1—T2 .

<P, T(t)—/f(tJrG) 4o+ A / (1+6) d

0 . —T1 —T1—T2
+ z(&)" Sy, (&) dE df
1

/ / VI H T (€) de db.
—T1—T2 t+0

Taking the derivative of V' along (11) gives
V(@) <z(t)TQpa(t)

where )¢, is defined as in Theorem 4.2, and we have used
Lemma 4.1 to derive the inequality. Thus, if the two conditions
in Theorem 4.2 are satisfied, the stability of (10) can be guar-
anteed by using Lemma 3.1. In addition, it is straightforward
to see that there exist 7; and 7o such that condition 1 is
satisfied. For condition 2, we know that there also exist 7; and
Ty such that @)y, < 0 by following a similar analysis to that
in Section IV-A since I,, — A has all eigenvalues with positive
real parts if G,, 1 has a directed spanning tree (Lemma 4.2). B

Remark 4.5: Although the approaches used in the leaderless
consensus case and the consensus regulation case are similar,
the control goals of these two cases are different. For the leader-
less consensus case, the final states of each agent are determined
by the network topology, the control gains, and the time delays
rather than being prespecified. However, for the consensus
regulation case, there exists a virtual leader that determines the
final state, and the control objective is to guarantee that the final
states of all agents approach the state of the virtual leader. Plus,
the result of the case of consensus regulation can be generalized
to general weights, while the case of leaderless consensus
requires special weights. Also, note that the remarks given in
Remarks 4.1-4.3 are still valid in the consensus regulation case.

Remark 4.6: Using the similar model and analysis provided
in [28], the results in this subsection can be extended to the case
of multiple (nonuniform) delays.

C. First-Order Consensus Tracking With Full Access to the
Virtual Leader

Here, we consider the case where the reference state x4 is
time varying. Here, we assume that all agents have access to
2 4. The consensus tracking algorithm with both communication
and input delays is proposed as

n+1

E aij i (t

ZnH
=1 7«7 j=1

— ,Tj(t —T1 — 7'2)],

u; = &q(t — 71 — 72) —

i=1,....,n (12)

where 71 and 79 are, respectively, the input and communication
delays, a;;, it =1,...,n, j=1,...,n+1, is the (7, 7) entry
of the adjacency matrix A, 41, and z,,41 = 4. Using (12), (3)
can be written in the matrix form as

T=-T(t—71)+AT(t — 71 — T2) + Ry (13)

where A and T are defined as in Section IV-B, and Ry, =
1,[tq (t T1—To)—Zq (t)]—1, [:vd (t—m1)—xq (t—T1—T2)]=
nf ey Za(t +0)dO — 1, f tq(t + 0) df by using the
Leibniz—Newton formula [19]. Here we also assume that |2 4| <
Ous |Z4| < 04, where 0, and 0, are two positive constants.
Theorem 4.3: If the fixed directed graph G, ;1 has a
directed spanning tree, there exist 71 and 75 such that th =
(_In+ A)TBCT‘F P)fr( In"’ A)"’ TI(P)fr"' Pfr-AP -A Pfr
2q; Pry)+ (71 + 72) (P AP, AT.PJ‘r‘i’ P, AAP, ATATF)fr
2q¢Psr) <0, where Py, is the same matrix given in
Theorem 4.2 and ¢; > 1. In addition, if Q, <0, 7 € [0, 77,
and 7o € [0,72], system (3) using (12) guarantees that all
x; —xg are uniformly ultimately bounded. In particular,
the ultimate bound of 7 is given by Apax(Prr)as/
)\min(Pfr)K:fAmin(fot)a where af = 2[(7'1 + TQ>§(L +
728, [ Pyl + 1l Pl + (71 + 72) [ Py Al and 0 < sy < 1.
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Proof: Using the Leibniz—Newton formula [19], we trans-
form (13) to the following system:

0
— (I, — A)z(t) + / Z(t+0)do

—71

-A / Z(t+0)do + Ry,

— (I, — A)z(t)
0

+/[—z(t—ﬁ+9) L AT — 11— 7+ 0)] dO

-
+ / Ry (t +0)do

0

—A / F(l—714+0) + AT(t =1 —T2+0)] d
—-T1 0T2

- A / th(t+9)d0+th

= — (I, — A)z(t) - / Z(t + ) df
—27

+A f(t+9)d9+/th(t+9)d9
—271—To —T1

+ A / (t+0)do — A? Z(t+6)df
—271—T2 —271—279

— A / Rp(t+0)do + Ry

—T1—T2

Consider a Lyapunov function candidate V(Z) = z7 Py, T.
Taking the derivative of V(%) along (13) gives
V(@) <z" [-(I, — APy — Ppo(I, — A)| T

n

+nT Py P; P+ / T (t+ 0)Pp,7(t + 0) df

—27
+ TlfTPfr.APf;lATPfrf
—T1—T2
+ / 7L (t + 0) Py, 7(t 4 60) dO
—27T1—Ty
+ 2||Z| | Prr || [71(T1+ 72)8a + T17200]
+ (m+ TQ)fTPfrAPf:}ATPfo
-/

727’177’2

+ (T1 + TQ)ETPfTAAPJ;lATATPfTT

7L (t + 0) Py, T(t 4 0) db

+ / T (t+ 0)Pp2(t + 0) df

—271 273
+ 2||Z| | B All[(71+ 72) (11 + T2) 00+ (714 72) 7200
+ 2z | P l[(71+ 72)d0 + T200]

where we have used Lemma 4.1 and the facts that |i4] <
d, and |Z4| < d, to derive the inequality. Take p(s) = gss
for some constant gy > 1. If V(Z(t +6)) < qfV (Z(t)), for
—271 — 219 < 0 < 0, we have

V(@) <z' [~(I, — AT P — Ppo(I, — A)| T
+ TlfT(Pfr + QfPf»,-)f
+ TlfT (Pfr.APf_TIATPfT + QfPfr) T
+ (7’1+ TQ)ET (PfrAP;TIATPfT + qJ:PfT) T
+ (Tl-‘r TQ)ET (PfTA.APf_TIAT.ATPfT + qufr) T
+2[Z[| ([ Prr || [r1 (T2 4 72)80 + T17260]
+ 2z |1 Ppr Al (714 72) (714 T2) 00+ (T1+ T2) 7264
+2(Z [ ([ Prr || [(71+ 72)0a + T200]
<z(t)"QpeE(t) + as |7

where (Qf; and ay are defined as in Theorem 4.3. Because
I, — A has all eigenvalues on the open right half-plane
(Lemma 4.2), there exist 7; and 73 such that Q¢ < 0 if Py,
is chosen such that (—I, +A)T Py, + Pp.(—1, + A) < 0.
Moreover, we have that Apin(—Q ) > 0. For 0 < sy < 1, if
IIZ]| > (af/KfAmin(—Qf¢)), we can obtain

V(@) < = (1= #7) Amin(—Q o) |7
— K Amin (= Q) |TI* + af|Z]
< = (1= Kf)Amin(— th)Hxll

Therefore, the uniformly ultimate boundedness of T follows
from Lemma 3.2. Moreover, the ultimate bound is given by
Amax (Pfr)a s/ Amin (Pfr)K f Amin (—Q f¢) by following a simi-
lar analysis to that in [29, pp. 172-174]. |

Remark 4.7: Note that if 7 =7 =0, lim; . ||Z]| = 0.
Also, note that when 71 and 75 are larger, the bound will be
larger.

D. First-Order Consensus Tracking With Partial Access to the
Virtual Leader

Here, we assume that the time-varying reference states x4
and x4 are available to only a portion of all agents and are
bounded. We also assume that there exists only the commu-
nication delay. Enlightened by [17], we propose the following
consensus tracking algorithm with the communication delay:

n+1
= o — D 0 {5t = 72) = [malt) — 2t = )]}
Z; 1 @ij
i=1,...,n (14)

where 75 is the communication delay, a;;, 1 =1,...,n, j =
1,...,n+ 1, is the (¢, 7) entry of the adjacency matrix A, 1,
Tpt1 = Tg, and 41 = 24. Using (14), (3) can be written in
the matrix form as

T=Ax(t — ) —T(t) + AT(t — 7o) + Ry pe (15)
where A and T are defined as in Section IV-B, and Ryp =
[i‘d(t — 7'2) — i’d(t)]].n — [xd(t) — SL'd(t — Tg)]ln.
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Theorem 4.4: 1f the fixed directed graph G, 1 has a directed
spanning tree, system (3) using (14) guarantees that all z; —
x4 are uniformly ultimately bounded no matter how large the
communication delay is.

Proof: The proof follows from Lemma 3.3. First, it is easy
to verify that p(.A) < 1 based on the same analysis as that in
[27], which means that the neutral operator DT, = T — AZ(t —
7o) is stable. Consider a Lyapunov function candidate V(T) =
717 Itis easy to show that V() is positive definite. Taking the
derivative of V'(Z) along (15) gives

V(Dz;) = (D7) T [~7(t) + AT(t — 0) + Ry 4]
— (D[L’t)T(DCEt) + (D.’Et)Rfft
We then have that?
V(D7) < —||DZ|| (|1DZel| — | Rysel) -

If | DZ¢|| > || Ryt (xq and &4 are assumed bounded), we have
that V (DZ,) < 0. Therefore, the uniformly ultimate bounded-
ness of T is guaranteed according to Lemma 3.3. |

Remark 4.8: From Theorem 4.4, it can be noted that the
communication delay does not jeopardize the stability of the
first-order system for the consensus tracking problem with
partial access to the virtual leader. However, with the increase
in the communication delay, the tracking errors will increase
as well.

Remark 4.9: In real applications, the derivatives of the
neighbors’ information states @ (¢ — 7») can be calculated by
using numerical differentiation. For example, & ;(t — 72) can
be approximated by (z;(kT — 7o) — (kT —T —m))/T,
where T’ is the sampling period, and k is the discrete-time index.

V. SECOND-ORDER CASE WITH COMMUNICATION AND
INPUT DELAYS UNDER A DIRECTED NETWORK TOPOLOGY

Here, we model a group of agents with double-integrator
dynamics as

7i(t) = vi(t)  0i(t) = wi(t),

where 7;, v;, and w; denote, respectively, the position, the
velocity, and the control input of the sth agent.

i=1,....,n (16

A. Second-Order Leaderless Consensus

The proposed leaderless consensus algorithm with both com-
munication and input delays is given as

1
Zg 1 'LJ
n

_ Zn’h — Zaij [’Ui(t —7) — Uj(t - T — 7'2)],
Jj=1"] j=1

ui(t) = — Za” ri(t —m) —ri(t — 711 — 7))

i=1,....,n (17)

where 7 and 7 are, respectively, the input and communication
delays, a;;, i=1,...,n, j=1,...,n, is the (4,7) entry of
the adjacency matrix A,,, and -, is a positive gain. Here, we

2 According to Lemma 3.3, if we letp(s) = q?fs for some constant g > 1,
we then know that p(V (D)) > V(Z(§)) fort — 72 < & < t. However, this
condition is not used in the proof because of the special expression of V.

also assume that every agent has a neighbor, which implies that
Z?Zl a;; # 0, Vi. The control objective here is to guarantee
that r;(t) — r;(¢t) and v;(t) — v;(t) as ¢ — oo when there
exist both communication and input delays. Using (17), (16)
can be written in the matrix form as

T(t) — O0nxn I, T(t) + 0, xn
U(t) Opxn  Onxn v(t) -1,
T(t - 7-1) Onxn  Onxn r
X{va—m}*{ A %A} {
where A is defined as in Section IV-A, r = [ry,...,r,]", and

v=[v1,...,v,]7. Define #2 W-1r and & 2 W~ lv, where
W is defined as in Section IV-A. Denote 7,,_1 and v,,_; as,
respectively, the first n — 1 rows of 7 and v. Denote 75 and v
as, respectively, the last row of 7 and v. System (17) can be
decoupled into the following:

Onxn
*VcIn

@n@q

(t—’Tl—TQ)

T

Tn1(t) = AT 1(t) + A1Tp 1 (t —71)
_ + Aoy 1 (t — 71 — T2) (18a)
{fﬂﬂ}:[o 1}[%uq_+[o 0 ][%@Tg]
Ua(t) 0 0] [va(t) =1 =] [v2(t —71)
0 0 ?Q(t_Tl—TQ)]
- 18b
* [1 ’YJ {’Uz(tﬁTz) (18b)
where
~ ~ ~ T
Tp-1= [TTT 15U E 1}
0, I, _
AO _ (n—1)x(n-1) n—1
L O(n—1)x(n-1) O(nfl)x(nfl):
_ [0m-1xm-1) O@m-1)x(n-1)
Al B L Iﬂ _WCITL*I ]
_0 —1)x(n— 0 n— n— 1
Ay = (n=1)x(n—1) (n=1)x(n—1)
A YA

and A is defined as in Section IV-A.
Theorem 5.1: 1f the fixed directed graph G,, has a directed
spanning tree, every agent has a neighbor, and v, > 7%, =
max,,, 20{\/S(u:)2/R(1:)|i|?}, where p; is the ith eigen-
value of L = I, — A, there exist 77 and 75 such that the
following three conditions are satisfied.
D (271 +72) + (27 + 72)72/2) < L.
2) 14+ Mi(Ay)((L = e77) /) + Ai(Az) (1 —
e s(T1+72)) /s) £ 0, forall s € C.

3) Qse = (Ao + A1 4+ A2)TPye + Poc(Ao + A1 +
As) +TTSw + (71 + 7o) Hse + 71 [(Ao + A1 +
A5)T P A1 S AT Psc(Ao + Ay + Ag)] + (771 +
T2 )[(AO + Al + AQ) PscAZH 1A PSC(AO +
A1+ A2)] <0, where PSC is a  symmetric
positive-definite  matrix chosen properly such that
(AO + A1 + AQ)TPSC + Psc(AO + A + AQ) <0, and
Sse and Hg. are arbitrary symmetric positive-definite
matrices.

If the above conditions are satisfied, 71 € [0,77], and 72 €
[0,73], system (16) using (17) reaches consensus asymptoti-
cally. Specifically, r;(t) — (pTv(0)/72) and v;(t) — 0, where
p is defined as in Theorem 4.1.

Proof: Similar to the analysis given in Section IV-A, we
first prove that the stability of system (16) using (17) is guaran-
teed if the three conditions in Theorem 5.1 are satisfied. Then,
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we show that these three conditions are, indeed, satisfied when
G, has a directed spanning tree, every agent has a neighbor,
and 7. > .. At last, the consensus equilibrium is explicitly
presented by using the final value theorem.

For system (18a), consider a Lyapunov function candidate

0
\% (f(n—l)t) = fnfl(t) + Aq / %nfl(t + 0) do

-
0 T

+ Ay / Tp-1(t+0)do

—T1—T2

><P)sc %nl +A1 xnlt—|—9 9

|
;‘\o

0
/ l‘n1t+9 df

—T1—T2

N / / Fn 1 (6)T Sein1(€) dE d6

—71 t+0
0

/ / Fua(6)

—T1—T2 t4+6

Hy w1 (€)dE db.

Taking the derivative of V' gives

V (v:f(nfl)t) S %nfl(t)TQscEnfl(t)

where Q. is defined in Theorem 5.1. Thus, the stability of
system (18a) is guaranteed if conditions 2 and 3 are satisfied
by using Lemma 3.1.

For system (18b), define g(s) = (Ves+ 1) (e s —
e~ (m+72)5) /52 By using the Nyquist stability criterion,
we know that the stability of (18b) can be guaranteed if
R{g(jw)} > —1,Vw € (—o0, 00). Because

—YesinTyw + Y. sin(ry + 7o)w

Rig(jw)} = X
—cosTyw + cos(T1 + To)w
2
_ —YesinTiw + e sin(1 4 m2)w
g Cne
. (2m+ .
B 2sin 2w sin Zw
2

2T + )T
S et — (4 ) — ZTLET2IT

2

condition 1 in Theorem 5.1 guarantees the stability of
system (18b).

Next, we show that the three conditions in Theorem 5.1 are,
indeed, satisfied if G,, has a directed spanning tree, every agent
has a neighbor, and . > 7,. It is straightforward to see that
there exist 71 and 7o such that conditions 1 and 2 are satisfied.
For condition 3, noting that

0(n—1)x(n-1)
.y

I,
Ag+ Ay + Ay = L
—.L

we know that the assumptions that G,, has a directed spanning
tree, every agent has a neighbor, and 7. > 7, imply that all

eigenvalues of Ay + A; + Ao are on the open left half-plane
according to [30]. Thus, there always exists a P, to guarantee
that (Ao + Ay + A2)T Py + Pye(Ag + Ay + As) < 0, which
implies that condition 3 is satisfied.

For the consensus equilibrium, we know that the asymp-

’72 (t) 62 (0)/’7’2

Ba(t)| [ 0 ]
as t — oo, and the asymptotical stability of (18a) implies

] -

}asteoo. [ |

totical stability of (18b) implies that

that Z,,_1 — 0 as t — oo. Thus, it follows that {
(p"v(0)/72)1n
0

Remark 5.1: Due to the existence of the communication
delay, the final velocity is dampened to zero instead of a pos-
sible nonzero constant as compared with the standard second-
order consensus algorithm studied in [18]. Also, note that if
there exists only the input delay, the final velocity is a possibly
nonzero constant, and the final position is a ramp signal, which
are consistent with the results in [18].

Remark 5.2: Note that compared with the first-order case
in Section IV-A, the second-order case requires more stringent
conditions to guarantee stability, and the final consensus states
are different.

B. Second-Order Consensus Regulation With a Constant
Final Velocity

Here, we assume that there exists a virtual leader, labeled
as agent n + 1 with position r4 and velocity vy. Here, we
assume that v, is constant. The control objective here is to
guarantee that all agents can track the virtual leader under
limited communication in the presence of delays. The proposed
consensus regulation algorithm is given as

1 n+1
ui:_inJrl Zaij [T'i(t—Tl)—’f’j(t—Tl—TQ)]
Zj:l @ij =1

n+1

n+1 § : agj [vi(t

31a73]1

1) — vt — 11 — )],

i=1,...,n (19)
where 7 and 75 are, respectively, the input and communication
delays, a;j,t =1,...,n,j =1,...,n+ 1,is the (4, j) entry of
the adjacency matrix A, 41, 7pr1 = T'ds Unt1 = Vg, and 7, is a
positive gain. Note that if G,,11 has a directed spanning tree,
then it follows that Z;”ll a;j #0,i=1,...,n, [26]. Using
(19), (16) can be written in the matrix form as

T(t) = AoZ(t) + AT (t — 1) + AT (t — 71 — T2) + Ry

(20)
where
?é [Tl —Td, 7’rn_rd]T
v é [vl — Vd, , Un — vd]T T = [FTvﬂT]T
Oan In o Onxn 0n><n
AO N [Onxn Onxn:| Al N |: _In ’YTIn:|
_ 0n><n Onxn 0,

A2 a |: A ’)’TA ] RST [—TQUdl :|



MENG et al.: LEADER-FOLLOWING CONSENSUS WITH COMMUNICATION AND INPUT DELAYS 83

Note that, here, we have used the fact that v, is constant and A
is defined as in Section IV-B.

By letting M = (Ao + A1 + A2)~
can transform (20) as

IR, and T =7 — M, we

T =AoZ(t) + ATt — 1) + ATt — 1 — 7). (21)

Theorem 5.2: 1f the fixed directed graph G, 1 has a directed
spanning tree and 7, > 7, = max,, {v/S(u:)?/R(ps) | il?},
where p; is the ith eigenvalue of I,, — A, there exist 77 and
T2 such that the following two conditions are satisfied.

D 1T+ (A)((1=e7T) f5) + i (A2) (1 — e THT2)) f5) o

0, forall s € Ct.

2) Qs = (.Ao + A + AQ)TPST + Psr(Ao + A; + AQ) +
T1Ser+ (71 + 72) Her+ 71 (Ao + A1 + A2)" P A1 S
AT ST(AO + Ay + )]+ (T + 2) (Ao + A + Ag)T
P AoH Y AT P, (Ag + Ay + Ag)] < 0, where Py, is a
symmetrlc positive-definite matrix chosen properly such
that (Ao + A + AQ)TPST + Psr(.Ao + Ay + ./42) < 0,
and Sy, and H,. are arbitrary symmetric positive-definite
matrices.

In addition, if the above conditions are satisfied, 7, € [0, 77],
and 75 € [0,72], system (16) using (19) guarantees that
limg oo 7(t) — Tv4(L, — A)71, and limy .., 0(t) — 0,
asymptotically as ¢ — oo.

Proof: Consider a Lyapunov function candidate

0

z(t) + Ay / z(t+0)do

—T1

Vi(z) =

0 T
+ Az / z(t+0)do
—T1-T2

0

2(t) + A / Z(t+0)do

—T1

0
+ A, /

—T1—T2

x Py,

F(t+0) df

0 t

+ [ [#rsaeaca

o ] o

—T1—T2 t+0

H,, 7€) dé db.

Taking the derivative of V' along (21) gives
T(1)" QsrT()

where @), is defined as in Theorem 5.2.

By following a similar analysis to that in Section V-A,
we can prove the stability of (21) and the existence of 7
and T such that the two conditions in Theorem 5.3 are sat-

V(7 <

isfied. Since Z(t) — 03, as t — oo, and M = [rvg[(L, —
A)11,)7, 07T, it follows that limy . 7(t) — movg(I, —
A)~'1,, and lim; .., D(t) — 0,, asymptotically as ¢t — co. W

Corollary 5.1: Tfvg = 0, we can get that lim; . 7;(t) — 74
and lim; ., v;(t) — 0 as t — oo given that the conditions in
Theorem 5.2 are satisfied.

Remark 5.3: Note that different from the results in the first-
order case in Section IV-B, the final positions of the followers
might not be equal in the second-order case. The final relative
positions of the followers are constant.

C. Second-Order Consensus Tracking With Full Access to the
Virtual Leader

Here, the reference states r4, vy, and v, are assumed to
be time-varying, and v4 is assumed to be available to all
agents. The following consensus tracking algorithm with both
communication and input delays is proposed as

1

ui:i)d(t—ﬁ—rg)—znTa
j=1 Qij

n+1

X Z Q5 {[Ti(t

+’Yt [’Ui(t—Tl) —’Uj(t—Tl —Tg)]},
i=1,2...,n (22)

Tl) —Tj(t—Tl —7'2)}

where 71 and 7o are the input and communication delays,
respectively, a;;, t =1,...,n, j=1,...,n+1, is the (i, )
entry of the adjacency matrix A, i1, 7pt1 = 74(l), Vpi1 =
vq(t), and 7; is a positive gain. We also assume that |vg| <
O, |0d| < 04, and |84| < 4, where 0, d,, and &, are posi-
tive constants. Using (22), (16) can be written in the matrix
form as

Z(t) = AoZ(t) + A\Z(t — 1) + AsZ(t — 71 — 7o) + Rat
(23)

where 7, U, T, A, Ay, A, and A, are defined as in Sec-

tion V-B, Ry, = {?{i } ,and Ry = —1,, f_OTl_Tz Va(t +0)do —
1, f va(t +0)d0 — v 1, [ gt + 0)dO by using the
Lelbmz—Newton formula [19].

Theorem 5.3: 1If the fixed directed graph G,,4; has a
directed spanning tree and 7; > 7,., where 7%, is defined as in
Theorem 5.2, there exist 71 and 75 such that Qg = (Ao +
A1+ Ao) TP+ Py (Ao + A1 4+ Ao)+ 71 (P A1 Ao P AT AT
Psr + PsrAl-Al srlAT-ATPsr + Psr-Al-AQ 1ATATP§7 +
SqSPST) + (T1 JrTg)(PsrAQ.Ao STIATATPST+PSTA2A1
AT AT P, + Py Ay Ao P AT AT P, + 3¢, Ps,) <0, where
Ps, is the same matrix given in Theorem 5.2, and ¢; > 1. In
addition, if Q4 < 0, 7; € [0,71], and 75 € [0, 73], system (16)
using (22) guarantees that all r; — r4 and v; — v4 are uniformly
ultimately bounded. In particular, the ultimate bound of x
is given by Amax(Psr)as/Amin(Psr)ksAmin(—Qst), Where
as = 2[|| Psr|| + | PsrAr|| 71+ | Psr Az (71 +72) ][ (71 +72) b+
Toly + 7720, and 0 < K < 1.

T1—T2
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Proof: Similar to the analysis given in Section IV-C, by
using the Leibniz—Newton formula [19], we transform (23) to
the following system:

0
%T(t) = (Ao + A1 + A2)Z(t) — A1 Ag / zZ(t+6)df

—T1

— A / T(t+0)df — Ay Ay Z(t+6)do

—27 —271 -T2

0 —T1
— ApAy / F(t+0) di— As Ay / F(t-+6) db
—T1—T2 —271—T2

— A3 Z(t+0)df + Ry,

—2T1—27o

0 0

—A1/Rst(t+9)d9—,42 / R (t + 0) do.

Consider a Lyapunov function candidate V(Z) =z P, 7.
Taking the derivative of V' (Z) along (23) gives

V(@) <Z"[(Ao + A1 + A2) " Par + Par(Ao + A + A2)] T
+ TlfTPsrAl -AO P:rl AgA,{Psrf
0
+ / z'(t + 0) P, z(t + 0) do
.
+ TlfTPST.ALAlPS;lATA{PSTT
.
+ / Z1(t + 0) P, Z(t + 0) do
—271
+ TlfTPSTAlAQR;-lAg‘A,{PGT‘j
—T1-T2
+ / T (t + 0) Py, Z(t + 0) df
—271—T2
+ (11 + 72)T! Por A Ao Pt AL AL Py T
0
+ / ZL (t 4 0) P, Z(t + 6) db
+ (7'1 + TQ)fTPgTAQAlR;}A?AgRWf
o
+ / T (t + 0) Py, Z(t + 0) df
—271—T2
+ (11 + 72)FL PAy A PR ALY AT P T
—T1-T2
+ / ZL(t 4 0) Py, Z(t + 0) db
—271 279
+ 27| | Psp || [(T1 + 72)84 + 200 + Ye7204]
+ 2|2 || Psr Ar||71 [(T1 + T2)d4 + T260 + 7117204
+2[1Z | PsrAz|| (11 + 72)
X [(7’1 + 7'2)(5('1 + 120, + ’YtTg(Sa]

where we have used Lemma 4.1 and the facts that |vg| < d,,
[0a] < 64, and |U4| < &g to derive the inequality. Take p(s) =
gss for some constant g5 > 1. If V(Z(t + 0)) < ¢;V (Z(t)) for
—21 — 219 < 0 < 0, by following a similar analysis to that in
Section IV-C, we have that

V(@) < 7(t)" QuiE(t) + as|||

where Qs; and ay are defined as in Theorem 5.3. It is easy
to verify that there exist 771 and 75 such that Q4 < 0 by
following a similar analysis to that in Section IV-C. More-
over, we have that Ayin(—Qs¢) > 0. For 0 < kg < 1, if ||Z]| >
s/ KsAmin(—Qst), We can obtain that

V(@) < — (1 — #5) Amin(— Q) |72
- Hs)\min(stt)”fnz + a’SHfH
< — (1 — K?s))\min(_Qst)HEHZ'

The uniformly ultimate boundedness of Z then follows from
Lemma 3.2. Moreover, we can obtain that Ap.x(Ps)as/
Amin (Psr)KsAmin (—Qst ) is the ultimate bound of Z by follow-
ing a similar analysis to that in [29, pp. 172-174]. |

D. Second-Order Consensus Tracking With Partial Access to
the Virtual Leader

Here, we assume that the reference states r4, v4, and v, are
time-varying and available to only a portion of all agents. We
also assume that the system is only influenced by the commu-
nication delay. The proposed consensus tracking algorithm is
given as

n+1

> i {0t — 1) — [ri(t) — i (t — )],

1
Z?:l Qij j=1
— st [vi(t) — v (t — 72)]},
where 75 is the communication delay, a;;, i =1,...,n, j =
1,...,n+ 1, is the (4,j) entry of the adjacency matrix A, 1,

T4l = Tds Unt1 = VUd, Unt1 = Vg, and vy, iS a positive gain.
Using (24), (16) can be written in the matrix form as

1
Uy = ——/—

i=1,2,...,n (24)

Z(t) = DyT(t — 72) + ApoT + ApZ(t — 72) + Rspe (25)

where
. 0n><n 0n><n . On
A= i) e[

Ry = [04(t — m2) — 0q(t)] Ly, — [ra(t) — ra(t — m2)] 1,
=5t [va(t) —va(t — 12)] 1,

and 7, v, A, and T are defined as in Section V-B.

Theorem 5.4: 1f the fixed directed graph G,, 1 has a directed
spanning tree, and yy; > 7,., where 7,. is defined as in Theorem
5.2, system (16) using (24) guarantees that all ; — 4 and v; —
vq are uniformly ultimately bounded if

A> 2qu ”Psr(AfODf + Afl)” + 2||Psr~/4f1H (26)
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where A = Apin[—(Afo + Ap1)T Psr — Psy(Apo + Af1)],
P, is the same matrix given in Theorem 5.2, and ¢,y > 1.

Proof: First, it is easy to verify that p(Dy) < 1 based on
the same analysis as in [27], which means that the neutral op-
erator DT, =T — D;Z(t — 72) is stable. Consider a Lyapunov
function candidate V (7) = zT P, . Taking the derivative of V/
along (25) gives

V(D7) =2(D%)" Py [AfoT + ApT(t — 72) + Ry
= Q(th)TPs,« [.Afopft + Afonf(t —T2)
+ .Aflf(t - 7'2) + Rsft]
=(Dzy)" [(Apo + Ap1)" Por + Por(Apo + Ag1)]
x DTy + 2(D7) T Ps(Ajo Dy + As1)T(t — 72)
— 2(D74)" Py A1 (DT4) + 2(DTt) " Por R g

Letting f(s) = qffs for some constant g5 > 1, f(V(Dz;)) >
V(z(€)) for t — 5 <& <t implies that ¢2,(Dz;)" (Dz;) >
Z(6)Tz(€). It follows that Z(t — 72) < gs7(DT¢). Thus, it
follows that

V(DT;) < =AIDZ¢|)* + 2454 || Psr(Ago Dy + Ap)|| | DT |12
+ 2||P87'Af1H ”DEtH2 + 2||PSTR8ft|| H,th”

where A is defined in Theorem 5.4. Note here that the as-
sumptions that G,,11 has a directed spanning tree and -y, >
Y, guarantee that there exists A such that (26) is satisfied.
Therefore, if A\ > 2qsf||P87-(.Af0Df + -Afl)H + 2||P37-.Af1H,
the uniformly ultimate boundedness of T can be achieved
according to Lemma 3.3. ]

Remark 5.4: Note that different from the first-order case
where uniformly ultimate boundedness is guaranteed no mat-
ter how large the communication delay is, a certain delay-
independent condition has to be satisfied beforehand to en-
sure the possibility of uniformly ultimate boundedness in the
second-order case.

VI. SIMULATION

Here, we present simulation results to validate the theoretical
results in Sections IV and V. We consider a group of six agents.
For the leaderless consensus problem, the adjacency matrix A,
is chosen as

0 5 0 25 0 25
§ 0 1 0 1 0
0o 2 0 2 3 3
An = 1 0 1 0 8 0
0 1.2 0 18 0 7
5 1 0 2 2 0

For the leader-following cases, the adjacency matrix A, is
defined as

0 1 0 1 0 0 17
8 01 0 10 0
0 3 0 0 0 3 4
Apsi=|1 0 0 0 1 0 8
0 12 0 1.8 0 7 0
5 1 0 0 40 0
L0 0 0 0 0 0 0l

p—

..... =3

—

- wi=h

26 50 40 56 60
t(s)
(a)

—l=1
: : : 3 j=2

(5] e S Gt R i S ) e =3
! . 2 : — =4
: s 3 g ---j=5

B v 6

] ; : : : reference

0 16 20 3‘0 40 5.0 60
t(s)
(b)

—_— =1

=2
_____ =3
—_—i=a
-==j=5
=6
reference

3
_10 20 40 60 80 100 120
t(s)
©
8 —F
: H 2 s =2
7 * N | T . A1 | = = ]=3
: : : — =4
6F-f-Y:- caltvevill ___i=5
: : : j=6
sh.. reference
4 -
o

0 20 40 60 80 100 120
t(s)
(d)

Fig. 1. First-order cases. (a) Simulation results using (4). (b) Simulation
results using (9). (c) Simulation results using (12). (d) Simulation results
using (14).
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For the first-order cases, the initial states are chosen as
2(0) = [~1,5,7,4,6,3]T. The input delay and the communi-
cation delay are chosen, respectively, as 71 = 0.1 s and 75 =
0.2 s. In the case of the first-order consensus regulation, we
let the reference state be x4 = 3.5. In the case of the first-
order consensus tracking with full access to the virtual leader,
we let the reference state be x4(t) = 3.5 — 4 cos(t/4). In the
case of the first-order consensus tracking with partial access
to the virtual leader, we let the reference state be z4(t) =
3.5 — 4 cos(t/4) and the communication delay be 75 = 0.2 s.

Fig. 1(a)—(d) shows the states of the agents for system (3)
using, respectively, (4), (9), (12), and (14). It can be seen that for
the leaderless consensus and consensus regulation problems,
there are no final tracking errors between the agents and the
virtual leader, while for the consensus tracking problem, there
exist bounded tracking errors between the agents and the virtual
leader due to the existence of the delays and the fact that the
virtual leader is dynamic.

For the second-order cases, we choose r(0) = [—0.4,0.5,
0.7,0.4,1.2,0.3]7 and v(0) = [-0.1,0.2,0.7,0.4, —0.1,0.3]"
as the initial states. The input delay and the communication
delay are chosen, respectively, as 7y = 0.3 s and 75 = 0.1 s.
In the case of the second-order consensus regulation with a
zero final velocity, we let the reference states be r; = —0.2 and
vqg = 0. In the case of the second-order consensus regulation
with a nonzero constant final velocity, we let the reference
states be rq(t) = —0.2 + 0.1¢ and vg(t) = 0.1. In the case of
the second-order consensus tracking with full access to the
virtual leader, we let the reference states be r4(t) = —0.2 +
0.3t — 1.6 sin(¢/4) and v4(t) = 0.3 — 0.4 cos(t/4). In the case
of the second-order tracking with partial access to the virtual
leader, we let the reference states be r4(t) = —0.2 + 0.3t —
1.6sin(t/4) and vg(t) = 0.3 — 0.4 cos(t/4), and the commu-
nication delay be 7o = 0.1 s.

Fig. 2(a) shows the states r; and v; of system (16) using (17).
It is interesting to notice that unlike the standard second-order
consensus algorithm in [18], the final velocities are always
dampened to zero rather than a possibly nonzero constant.
Fig. 2(b) and (c) shows, respectively, the states r; and v; of
system (16) using (19) when vy = 0 and v4 = 0.1. It is worth
noticing that when v is a nonzero constant, the final tracking
errors of all r; — r4 approach constant (not necessary identical)
values.

Fig. 2(d) and (e) shows the states r; and v; of system (16)
using, respectively, (22) and (24). There exist bounded tracking
errors between the agents and the virtual leader due to the
existence of the delays and the fact that the virtual leader is
dynamic.

VII. CONCLUSION

Leaderless consensus, consensus regulation, and consensus
tracking problems for both first-order and second-order inte-
grators have been discussed under a directed network topology
with communication and input delays. By using decoupling
techniques, we have presented the stability conditions for the
leaderless consensus problems. The consensus regulation prob-
lems can be viewed as a direct extension of the leaderless

20 40 60 80 100

0 10 20 30 40 50

=6
reference|
2 10 20 30 40 50
t(s)
©
1 —_—j=1
05 (\ o
s o \V""\ =
05 |" 0

0.5 [t S e reference

—

] 3 3 =6

0 20 40 60 80 100
(e)

Fig. 2. Second-order cases. (a) Simulation results using (17). (b) Simulation
results using (19). (¢) Simulation results using (19). (d) Simulation results using
(22). (e) Simulation results using (24).
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consensus problems. In particular, the final velocities of the
agents have been shown to be dampened to zero for the second-
order leaderless consensus problem when there exists a com-
munication delay. For the consensus tracking problems, the
conditions to guarantee the uniformly ultimate boundedness of
the tracking errors with full/partial access to the virtual leader
have been presented. Finally, simulation results have been given
to validate the theoretical results. Future works will include
the design of zero-error consensus tracking algorithms in the
presence of delays, the study on the case of consensus tracking
algorithms with partial access to the virtual leader when there
exist both communication and input delays, and the discussion
on the influence of multiple time-varying delays.
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