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In this paper, swarm tracking problems with group dispersion and cohesion behaviors are discussed
for a group of Lagrange systems. The agent group is separated into two subgroups. One is called the
leader group, whose members are encapsulated with the desired generalized coordinates and generalized
coordinate derivatives. The other one, referred to as the follower group, is guided by the leader group.
The objective is to guarantee distributed tracking of generalized coordinate derivatives for the followers
and to drive the generalized coordinates of the followers close to the convex hull formed by those of the
leaders. Both the case of constant leaders’ generalized coordinate derivatives and the case of time-varying
leaders’ generalized coordinate derivatives are considered. The proposed control algorithms are shown to
achieve velocity matching, connectivity maintenance and collision avoidance. In addition, the sum of the
steady-state distances between the followers and the convex hull formed by the leaders is shown to be
bounded and the bound is explicitly given. Simulation results are presented to validate the effectiveness

of theoretical conclusions.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Coordination of networked Lagrange systems has been receiv-
ing significant attention recently. This research interest is aroused
in part by the rapid development of distributed control of multi-
agent systems. We refer the readers to [1] and [2] for an overview
of these research efforts. Traditionally, the system model is often
simplified to that of a single-integrator kinematics or a double-
integrator dynamics to highlight the interactions among different
agents. But this simplification imposes an obvious limitation on
the model’s abilities to represent the real physical objects. On the
other hand, a Lagrange model is often used to describe mechani-
cal systems, such as mobile robots, autonomous vehicles, robotic
manipulators, and rigid bodies. Indeed, coordination of networked
Lagrange systems has numerous practical applications. One typical
example of such applications is the relative attitude keeping prob-
lem in the context of deep space interferometry [3-5].
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Much effort has been made toward coordination problems
of networked Lagrange systems. For instance, with the attitude
kinematic and dynamic equations transformed into the Lagrange
model, the author of [6] solves the leader-follower cooperative at-
titude synchronization problem where there exists a time-varying
leader. Global exponential stability and various communication
topologies are considered in [7] and [8] for consensus tracking of a
group of Lagrange systems, where the nonlinear contraction anal-
ysis is introduced. The cases of actuator saturation and unavail-
ability of measurements of generalized coordinate derivatives are
addressed in [9]. Communication delays and dynamic topologies
are considered in [10], where collision avoidance behavior is high-
lighted. An adaptive approach is introduced in [11] to compen-
sate for the unknown parameters in the Lagrange dynamic models.
In addition, Ref. [12] takes into consideration delays, limited data
rates and bounded disturbance input in the design of the control
law. An ultimate boundedness result instead of an absolute track-
ing result is obtained.

Group dispersion and cohesion behaviors are often very impor-
tant for coordination of multi-agent systems. Group dispersion is
to ensure minimum safety distance between different agents and
group cohesion is to maintain the connectivity once two agents
are connected. A variable structure approach is taken in [13,14] to
guarantee cooperative swarm tracking for a group of agents with
or without a leader. Ref. [15] extends this result to the case of a
general directed communication topology. In [16], the framework
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of aleaderless and a leader-following flocking is given, where three
behaviors, i.e., velocity matching, cohesion, and collision avoid-
ance are established. Connectivity maintenance approaches are
proposed in [17] and [18], where a bounded or an unbounded in-
put function is introduced. Most of the existing works on flock-
ing with a leader relies on the strict assumption that all the
followers have access to the leader’s information. In contrast,
a variable structure approach is developed in [19] to address a
swarm tracking problem with reduced interaction. For multiple
Lagrange systems, coordination and collision avoidance are stud-
ied in [20], where the case of cooperative regulation is consid-
ered. The authors of [21] designed a so-called region-based shape
control algorithm to force a group of mobile robots modeled by
Lagrange dynamics to move into a desired region while maintain-
ing a minimum distance among themselves. However, this algo-
rithm relies on the strict assumptions that the minimum distance
be small enough and all the followers have access to the informa-
tion of the desired region.

Although there are many results on coordination of multi-
agent systems, we note that the existing research often considers
a leaderless or a one-leader case. The case of multiple leaders,
where the leaders form a cohesive inclusion and the followers
are guided by the leaders, is also of practical value, for example,
in the analysis of collective behaviors of biological groups or
in a rescue mission in a disaster area. Here, the term cohesive
inclusion means a rigidly enclosed space formed by the leaders.
With multiple leaders, the system robustness can be improved and
the design flexibility can be increased. The concept of multi-leader
was proposed in [22], which also gives a containment control
algorithm to solve the multi-leader problem. Here, “containment”,
also referred to as “cohesive inclusion”, means the containment of
the leaders. Refs. [23,24] extend the results given in [22] to the case
of switching communication topologies. In [22-24], the system
model is simplified to that of a single-integrator kinematics. Ref.
[25] extends this simplification to the case of attitude containment
control for multiple rigid bodies. Finite-time attitude containment
control problems are addressed in [26] for both cases of multiple
stationary and dynamic leaders.

In this paper, we focus on the swarm tracking problem in the
presence of multiple leaders and multiple followers. In particu-
lar, we establish the leader-follower swarm tracking framework
with group dispersion and cohesion behaviors, where there exist
multiple leaders and multiple followers. In our formulation, the
system model is described as more realistic nonlinear Lagrange dy-
namics, instead of simpler single-integrator kinematics or double-
integrator dynamics. The information interaction is assumed to
be strictly distributed, i.e., the leaders’ information is available to
only a portion of the followers. This is a rather mild assumption
compared with those in the existing works, such as [14,16,21], es-
pecially when the leaders’ generalized coordinate derivatives are
time varying. We further show that only a compromised result can
be obtained when the group dispersion and cohesion behaviors
and the containment objective are all considered together, i.e., the
sum of the steady-state distances between the followers and the
convex hull formed by the leaders might be bounded instead of ap-
proaching zero. In addition, we give an explicit description of the
magnitude of this bound.

The remainder of this paper is organized as follows. In Section 2,
we state the problem to be solved and present some relevant
background materials. In Sections 3 and 4, we derive swarm
tracking control algorithms for the followers when the leaders’
generalized coordinate derivatives are, respectively, constant and
time-varying, where the detailed analysis is given in Appendix.
The proposed control algorithms are shown to achieve velocity
matching, connectivity maintenance, collision avoidance and
containment boundedness. Simulation results are presented in
Section 5 to validate our control laws and Section 6 contains our
conclusions.

2. Background and problem statement

2.1. Lagrange dynamics

Suppose that there are n follower Lagrange systems. The dy-
namics of the Lagrange systems are described as

Mi(q)di + Gi(q;, Gi) Gi +g(q) =, i=1,2,...,n, (1)

where q; € RP is the vector of generalized coordinates, M;(g;) is
the p x p inertia (symmetric) matrix, C;(gi, §;)§; is the Coriolis and
centrifugal terms, g;(q;) is the vector of gravitational force, and t;
is the control force. Note that the dynamics of a Lagrange system
satisfies the following properties.

(1) There exist positive constants ky, k7, kg, kg such that kyl, <
Mi(ai) < kyglp, 1Gi(q1, @D < kellgill', and ligi(qn |l < kg.

(2) M;(qi) — 2Gi(qi, G;) is skew symmetric.

(3) The left-hand side of the dynamics can be parameterized, i.e.,
Mi(g)x + CGi(qi, @)y + g(q) = Yi(qi, Gi, x, ¥)6;, ¥x,y € R,
where Y; € RP*P? is a regression matrix with a constant
parameter vector 6; € RP?.

From property 3, we know that the nominal dynamics satisfy

Mi(q)d; + Ci(qi, G4 + 8(q0) = Yi(qi. Gi. Gi. §)6;, (2)
where 1\71,—, a g, and 5, are nominal dynamics terms. For later use,
we define

@i(t) = AMi(q)§i + AG(qi, )G + Agi(q) = Yi(qi» Gi» Gis §i) A6,
where AMi(q) = Mi(q) — Mi(q), AG(qi.¢) = Gi(qi, Gi) —
Gi(gi, 41), £gi(qi) = 8i(qi) — &i(qi), and AG; = 6; — 6.

Suppose that in addition to the n follower agents with Lagrange
dynamics, there are m leader agents with the desired generalized
coordinates and generalized coordinate derivatives. Our goal here
is to drive the generalized coordinate derivatives of the followers
to converge to those of the leaders and to force the generalized
coordinates of the followers close to the cohesive inclusion formed
by those of the leaders. Both the cases of constant and time-varying
leaders’ generalized coordinate derivatives will be discussed.

2.2. Graph theory

We will use graph theory to model the communication topology
among agents (both followers and leaders). A directed graph §
consists of a pair (V, &), where V = {vq, Vo, ..., Uy} is a finite
nonempty set of nodes and & C V x V is a set of ordered pairs
of nodes. An edge (v;, v;) denotes that node v; obtains information
from node v;.

All neighbors of node v; are denoted as N; := {v;|(v;, v;) € &}.
An undirected graph is defined such that (v;,v;) € & implies
(vi, v)) € &. Adirected path in a directed graph or an undirected
path in an undirected graph is a sequence of edges of the form
Wiy, viy)s (W, Vig)y v -

The adjacency matrix 4 = [a;] € R™M>MF a5s0ciated with
the directed graph § is defined such that aj; is positive if (v;, v;) € &
and a; = 0 otherwise. For the undirected graph, we assume that
a;j = aj;. In this paper, we assume that a; = 0, Vi. The Laplacian
matrix £ = [I;] € RMMW*m agsociated with 4 is defined as
li = ) ay and lj = —ay, where i # j.

Definition 2.1. Suppose that there exist m leader nodes and n fol-
lower nodes. Without loss of generality, we let nodes v; to v,

1 ||x|| denotes the Euclidean vector norm of x € RP in this paper, i.e., [|x| = vxx.



Z. Meng et al. / Systems & Control Letters 61 (2012) 117-126 119

represent the followers, and nodes v, 1 to v, represent the lead-
ers. The follower set and the leader set are denoted as, respectively,
F:=A{vi,va,...,vp}and L := {vp1, Vat2,s - - s Vntm)-

We also define the communication graphs for the generalized
coordinates and the generalized coordinate derivatives, respec-
tively. Consistent with [10] and [27], we assume that all the follow-
ers are equipped with communication units and sensing units. The
sensing unit accounts for the measurements of relative generalized
coordinates between different agents and the communication unit
accounts for the measurements of relative generalized coordinate
derivatives. In such case, we use, respectively, the sensing graph
65 .= (Vv = L|JF, &) (or the generalized coordinate graph) and
the communication graph ¢¢ := (v, &°) (or the generalized co-
ordinate derivative graph) to denote the information interaction
between different agents, where & and &€ are defined in Defini-
tion 2.2 below.

Definition 2.2. The neighbors of the followers and the leaders
in the generalized coordinate graph §° are defined as Nis =

{vil(vj, vi) € &}, where

65— {(vi,v) e VxV|lg—qll <r},
 Hi vy € 9},

Note that r denotes the sensing radius.

VieV,VjeF
VieV,Vjel

Definition 2.3. The neighbors of the followers and the leaders
in the generalized coordinate derivative graph §¢ are defined as
Nf = {vj|(v;, vi) € €}, where

{(vi, ) eV xV|vi& v}, VieF,VjeF
8C:: {(\)j,l)j)G'VXV|Vi:>\)j}, ViEL,VjEF
{(vi,v) €V}, VieV,Vjiel,

< denotes unordered adjacency, and = denotes ordered
adjacency.

2.3. Graph connectivity assumptions and Laplacian matrix decompo-
sition

In this paper, the following graph connectivity assumptions will
be made to guarantee the necessary information sharing within the
group.
Assumption 2.1. For each follower, there exists at least one leader

that has a path to the follower at the initial time t = 0 in the
sensing graph g5.

Assumption 2.2. The graph connectivity relationship is fixed and
for each follower, there exists at least one leader that has a path to
the follower in the communication graph g°.

By expanding the Kronecker product, we have that

Xf _ T®1p %@IP Xf
(£®g)b]—[ Opmpm | | % |

Opmxpn
where 7 c Rnxn T, Rnxm _ T T TT pn
,Tq € X=X, %, ...,x ] € R,
— T T T T pm —
and X, = [X, 4, X0, -5 Xm] € R Also define x4 =
(X}, xhps oo x5 )T = —(T 7' ®1,) (T4 ®1p)x € RP". Then we have

that 7 @ Ix; + T4 @ Ix; = T ® I,(Xr — Xxq).

Definition 2.4. The convex hull co{X} of the set X is defined as
co{X} = {Z:;l aixilxi € X, a; € R,a; > 0, Z:’C:l o = 1}

Lemma 2.1. T is positive-definite if € satisfies Assumption 2.2. In
addition, each entry of —7 ~'7 is nonnegative and the sum of each
row of —7 ~17y is equal to one. This further shows that — 7~ 174 ®

Ix; € co{x;, j € L}. Also note that when m = 1, — 79y =1
Proof. See Lemma4in[26]. O

3. Followers’ swarm tracking control when the leaders’ gener-
alized coordinate derivatives are constant

In this section, ¢; € RP,i € L, is assumed to be identical and
constant. We let g; = qq, i € L.

3.1. Followers’ swarm tracking control

Since the leaders have the same generalized coordinate deriva-
tive g, the relative generalized coordinates between different
leaders remains unchanged. Thus, the leaders have formed a stable
cohesive inclusion. The goal here is to drive the generalized coor-
dinate derivatives of the followers to converge to 44 and the gener-
alized coordinates of the followers close to the cohesive inclusion
formed by the leaders. Note here that the leaders’ information is
available to only a portion of the followers and we use nominal pa-
rameters of the model. The proposed control law for the followers
is given by

R R av;
7 = Yi(qi, Gi, Gri> §ri)6; — kisi — 6 Z Er
= Ydi

n+m
+> ai(q)(qi — q;-)) . ieF, (3)
j=1

where Y;, V;; and a; are defined in Section 2.1, Appendix A.1, and

Appendix A.2, and k;, i € F, and § are arbitrary positive constants.

Note that the term ZT’_ﬂm a—‘g’f is used to guarantee the group cohe-
- 1

j=1 7
sion and the group dispersion and the term Z}:{" ai (@) (qi — qj)

is used to drive the generalized coordinates of the followers close
to the cohesive inclusion formed by the leaders. In addition, the
virtual reference trajectory, the adaptive control term, the leaders’
generalized coordinate derivative estimator, and the sliding sur-
face are, respectively, given by

n+m n+m aVl
Gr=0-8(Y ai@@—aq)+) aq? , i€F, (4)
=1 j=1 !
5,‘ = —YiTSi, ie F, (5)
n+m n+m
A o~
Vi = — Zbu(ﬁ, — Uj) -4 (Z aij(q)(Qi - qj)
j=1 j=1
n+m
oV .
+ —), ieF, (6)
and

n+m n+m aVij ) . ]
si =38 Za,-j(q)(q,-—q,wzaq +(@—1). ieF. (7)
j=1 j=1 !

Here U; = §q,j € L, and b;; denotes the (i, j)th entry of the adja-
cency matrix AS = [b;] associated with §© (defined in Section 2.2).
It then follows from Property 3 in Section 2.1 that

MiGri + Gdri + gi(q) = Yi(ai, @i» Gri» Gri)0;,  VieF,
and
Misi + Gisi = —MiGri — Gidyi — 8 + 7, Vi€F.

Before proceeding on, we first give a definition for describing the
distance between follower i and the convex hull formed by the
leaders.

Definition 3.1. We use ¢; to describe the distance between
follower i and the convex hull formed by the leaders, where
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@i = inf|lq; — yill, Vyi € co{q;,j € L}. The sum of the distances
between all the followers and the convex hull formed by the
leaders is then givenby ¢ = Y"1, ;.

Theorem 3.1. Assume that §° satisfies Assumption 2.1 and ¢
satisfies Assumption 2.2. Also assume that ||q;(0) — q;(0)|| > d,
foralli,j € V,i # j. By using the proposed distributed control
law (3) with (4)-(7) for followers’ dynamics (1), we can conclude that

1) N7(0) € N/ (t) foralli € Fand t > 0.

2) q; — Gq, Vi € F.

3) llgi(®) — g1l > dy foralli,j€V,i#].
) A’liﬁg'fs))a* for some a* > 0, where ¢ and 7°
are as defined in Definition 3.1 and Section 2.3.

Proof. The proof involves four parts: connectivity maintenance
analysis, velocity matching analysis, group dispersion analysis,
and containment boundedness analysis. In the connectivity
maintenance analysis, we show that no edge in ¢° will be
lost for t > 0 if the initial connectivity relationship for §5
satisfies Assumption 2.1. In the velocity matching analysis, we
prove that the generalized coordinate derivatives for the followers
will track those of the leaders. In the group dispersion analysis
and the containment boundedness analysis, the group dispersion
and cohesion behaviors within the group will be evaluated. The
detailed proof can be found in Appendix A.3. O

Remark 3.1. As seen in the proof of Theorem 3.1 in Appendix A.3,
the bound on the sum of the steady-state distances between the
followers and the convex hull formed by the leaders is related to
the sensing radius r, the minimum safety distance d;, the cohesive
radius d,, the numbers of leaders and followers, Amin (75), and the
system initial state U(0).

Remark 3.2. The group dispersion result readily implies collision
avoidance of different agents within the group. The extension to
the case of avoidance of external obstacles, as considered in [16],
is important in some applications and will be one of our future
research directions.

Remark 3.3. In this paper, we assume that the leaders’ generalized
coordinate derivatives are identical. In such a situation, the
formation of the leaders is fixed. The extension to the case of a
time-varying leader formation is of interest and will need further
consideration.

3.2. Extension to the case where the communication graph is replaced
by the sensing graph

We note that the sensing graph and the communication
graph are considered separately in Section 3.1. In addition, the
communication graph is assumed to be connected for all time. In
this section, we replace the communication graph with the sensing
graph and only impose an assumption on the initial connectivity
relationship. In such a case, the generalized coordinate derivative
estimator is replaced by

n+m

v = — Zaij(Q)@‘ -v)
=

n+m n+m BV,]
-3 Zau<q><qi—qj>+za—q . ieF, ®8)
i=1 =1

where 7; £ §q,j € L.

Theorem 3.2. Assume that §° satisfies Assumption 2.1. Also assume
that ||q;(0) —q;(0)|| > d; foralli,j € V,i # j. By using the proposed
distributed control law (3) with (4), (5), (7), and (8) for the followers’
dynamics (1), we can conclude that

(1) N7 (0) € N;(¢t) foralli € Fandt > 0.
(2) G — qa Vi € F.
(3) llgi(t) — gi(®)|l > dy foralli,j € V,i#j.

(4) limsup,_, ., ¢ < M o* for some a* > 0.
Amin(T>)

= —

Proof. The proof is similar to that of Theorem 3.1. Construct the
same Lyapunov function as (15). It is easy to show that

n n n4m LA
. i
i=1 i=1 j=1 = l

n+m

+ Z(ﬁ — q) Zaij(qxa' — 7).
i=1 Jj=1

Assume that 9,5 switches at t,, k = 1,2,.... Then, following
the same analysis as given in the proof of Theorem 3.1, we know
that for t € [0,t;), U(t) < U(0). By the definition of Vj,
limyg;—q;)—r Vij = 00, and thus no edge will be lost at time t; for
i,j € V. Therefore, new edges must be added for §° at switching
time t1. The definition of Vj; also guarantees the boundness and
continuity of U. Therefore, we can verify that U(t;) is bounded.
Similar to the aforementioned analysis, it follows that no edge will
be lost fori,j € Vandt € [t;_1, t;). Therefore N,-S(O) - Nf(t) for
allie Fandt > 0.

The velocity matching analysis, group dispersion analysis and
containment boundedness analysis are the same as those in the
proof of Theorem 3.1. O

4. Followers’ swarm tracking control when the leaders’ gener-
alized coordinate derivatives are time-varying

In this section, g; € RP, i € L, is assumed to be identical and
time-varying. We let §; = §q, i € L.

4.1. Followers’ swarm tracking control

The control goal here is the same as the one in Section 3, i.e.,
to drive the generalized coordinate derivatives of the followers to
converge to ¢y and the generalized coordinates of the followers
close to the cohesive inclusion formed by the leaders. We will use a
variable structure approach instead of an adaptive control method
to compensate for the model uncertainties. Thus, besides assuming
that g4 and Gy are bounded, we also assume that Af;, i € F,
is bounded, where A# is defined in Section 2.1.> The proposed
control law for the followers is given by

R R d [rEm
1 = Gai + & + ki — M; (dt (Z a; (@) (qi — Qj))
=

— Ks;), i€F, 9
+dt<zaqj>+ s) i (9)

=1

where M;, ; and g represent Mi(q;, ;). Ci(qi, i, 6) and gi(q;, 6)),
as given in Section 2.1, Vj; and g;; are defined in Appendix A.1 and

2 Thisis naturally satisfied for constant 6; and a
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Appendix A.2, and K is any positive constant. The sliding surface is
specified as

n+m n+m aVij
si= > a(@)@—a)+ Y
=1 = 04
n+m
+ > by(Gi— @), i€F, (10)
j=1

and ; is given by

o ntm
Ki = —/,Ll'Y,'SgI] (YiTMiT Z b,’j(S,’ — Sj))

=1

n+m
— piMisgn (Z byj(si — Sj)> , ieF, (11)

j=1

where Y; is as defined in Section 2.1, b;; denotes the (i, j)th entry of
the adjacency matrix A = [b;] associated with §©, defined in Sec-
tion 2.2,5; = 0,Vj € L, sgn(x) = [sgn(xq), sgn(xz), ..., sgn(x)]”
for x = [x1, X2, ..., Xa]7, with sgn being the signum function, and
i and p; are positive constants, whose values are to be specified.

Applying the control law (9) to the followers’ dynamics (1) leads
to

~d . ~ . L. ~
Mia (i — 4a) = —Miqq — Y (G, Gi, Gi) AG; — M

« E anav,-j
dt = aq;

d n+m .
+ o (Z a;(q) (g — qj)> +K5i> +u, ieF. (12)
=

Theorem 4.1. Assume that §° satisfies Assumption 2.1 and §°¢
satisfies Assumption 2.2. Also assume that ||q;(0) — q;(0)|| > d; for
alli,j € V,i #j.If ui > [|Abloo and p; > ||Gallo, Vi € F, then, by
using the proposed distributed control law (9) with (10) and (11) for
the followers’ dynamics (1), we can conclude that

1) N7 (0) C Ni(t) foralli € Fand t > 0.

) qi — qd,ViGF.

) lgi(®) — gi(®)|| > dy foralli,jeV,i#].

4) limsup, o, ¢ < %a*]‘orsome a* > 0.

Proof. See AppendixA4. O

Remark 4.1. Different from Section 3, we do not use the general-
ized coordinate derivative estimator to obtain the leaders’ gener-
alized coordinate derivatives in this section. Thus, a large amount
of calculation is avoided.

4.2. Extension to containment control

In Section 4.1, the bound on the sum of the steady-state
distances between the followers and the convex hull formed by
the leaders might not be zero when we have other requirements
on group cohesion and dispersion. In this section, group cohesion
and dispersion behaviors are not considered in the control law. In
such a case, we will show that the followers will converge into the
convex hull formed by the leaders, i.e., the bound on the sum of the
steady-state distances between the followers and the convex hull

formed by the leaders will converge to zero. The proposed control
law for the followers is given by

R —d n+m
T =G+ 8 — Mia 1; a;i (@) (qi — q5)
—KMisi + ki, i€eF, (13)
where the sliding mode is defined as

nt+m n+m
Si= Zai;(q)(qf—qj)+Zb,-j(qi_qj), icF, (14)
j=1 j=1

and k; is given in (11) in Section 4.1.

Theorem 4.2. Assume that §° satisfies Assumption 2.1 and §° sat-
isfies Assumption 2.2. If u; > ||A6illoo and p; > ||Gallco, Vi € F,
then, by using the proposed distributed control law (13) with (11) and
(14) for the followers’ dynamics (1), we can conclude that

1. g — qq, VieF.
2. qi — co{gj,j € L}, VieF.

Proof. Following the similar analysis in the proof of Theorem 4.1,
we construct a Lyapunov function as:

1 n o n n n o m+n
U= EZSiTSi+EZZQ‘7+aZ Z Qjj.
i=1 i=1 j=1 i=1 j=1+n

It is easy to show that U < O when 0 < & < 2Amin(TOVK,
wi > || Ab6i]lo and p; > ||allco, Vi € F. Therefore, the connectivity
maintenance analysis follows from the proof of Theorem 3.1.
Note that the connectivity maintenance result guarantees that
Amin(TS) > 0. Similar to the proof of Theorem 4.1, it follows that
si — 0and g; — g, Vi € F,ast — o00. On the sliding surface, by
Lemma 2.1, " a;(q)(qi — ;) = 0 implies q; — co{g;.j € L},
Vi € F. This completes the proof. O

Corollary 4.1. If there is only one leader in the leader set, the convex
hull formed by the leaders will reduce to a single point, i.e., with the
proposed control law in this section, the final generalized coordinates
of the followers will track that of the leader exactly.

Remark 4.2. A containment control algorithm for networked
Lagrange systems is also proposed in [26] when the leaders’
generalized coordinate derivatives are time-varying. However,
the model uncertainties are not considered and the design of
the sliding mode estimator may increase the complexity of the
algorithm in [26]. In contrast, the control law (13) of this paper is
easier to implement and the control parameters only rely on the
local information.

5. Simulation results

In this section, numerical simulation results are given to vali-
date the effectiveness of the theoretical results obtained in this
paper. We assume that there exist four followers (n = 4) and three
leaders (m = 3) in the group. The system dynamics is given by
[11,28]

Mll M12 gix + _‘bQiy _b((:Iix+‘:Iiy) ‘-:]ix
My Mo || Gy bgx 0 iy

T .

=", i=12,3,4,
‘L’,‘y

where M11 = a1 + 2a3 cos gy + 2a4sinqy, M1y = My; = a; +

a3 oS Gy + a4 Sinqyy, My = ap,and b = as sinqj, — a4 cos gjy. In

addition, we choosea; = 8,anda, = a3 = a4 = 1.
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(b) The generalized coordinate derivatives of the followers and the leaders.

Fig. 1. Trajectories of the leaders and the followers under control law (3) with (4), (5), (6) and (7) for the followers’ dynamics (1).

The adjacency matrix A°C of the generalized coordinate deriva-
tives associated with g€ is chosen to be

0 2 0401 9
2 0102 40
0101000

A =4 0 1 0 0 1 16
0 000 O0OO O
0 000 O0O0OO O
0 000 O0OU O

For the case of the leaders’ generalized coordinate derivative

being constant, the initial states of the followers are chosen as
q:(0) = [=10, 101, 4(0) = [8,101", g5(0) = [-10, —12],
q4(0) = [0, —20]", ¢1(0) = [-0.1,0.1]", ¢2(0) = [0.2, —0.2]",

43(0) = [0.7, —0.7]" and 4(0) = [0.4, —0.4]". The trajectory of
the leaders is chosen as g5 (0) = [6, 0], gs(0) = [0, —6]7, g;(0) =
[0, 6], 44(0) = [0.32,0]" and §4(0) = [0, 0]". The adjacency
matrix A° of generalized coordinates associated with ¢ can be
calculated by the initial states of the followers and the leaders. The
initial setup for the generalized coordinate derivative estimators
(6) is chosen as v;(0) = [0.1,—0.1]7, 7,(0) = [-0.1,0.1]7,
3(0) [0.3, —0.3]" and 74(0) = [—0.2,0.2]". The control
parameters are chosenasr = 20,d = 1,d, = 4and § = 0.05
fori=1,2,3,4,ki=1,VieF.

Fig. 1(a) shows the generalized coordinates of the leaders and
the followers under control law (3) with (4), (5), (6) and (7). It can
be seen that the generalized coordinate derivatives of the followers
are close to the convex hull formed by the leaders. However,
there exists a non-zero bound on the distance of the followers
and the convex hull formed by the leaders. Fig. 1(b) shows that
the generalized coordinate derivatives of the followers converge
to those of the leaders.

Fig. 2(a) shows the generalized coordinates of the leaders and
the followers under control law (3) with (4), (5), (7) and (8) for
the followers’ dynamics (1). It can be seen that the generalized
coordinate derivatives of the followers are close to the convex
hull formed by the leaders even if only the sensing information
is available. Fig. 2(b) shows that the generalized coordinate
derivatives of the followers converge to those of the leaders.

For the case of the leaders’ generalized coordinate derivative
being time-varying, the initial states of followers are chosen as

ql(o) = [_105 5]T- QZ(O) [85 7]T- Q3(0) [_105 _]O]T-
q4(0) = [5,—10]", ¢;(0) = [-0.1,0.1]", g2(0) = [0.2, —0.2]",
d3(0) [0.7, —0.7]" and §4(0) [0.4, —0.4]". The initial
states of the leaders are chosen as g5(0) = [6, 0]", q¢(0)
[0, —6]T, g7(0) [0, 6], G4(0) [0.5,—-0.5]", and
4a(0) = [— 55, —522]". The adjacency matrix +4° of generalized
coordinates associated with §° can be calculated by the initial
states of the followers and the leaders. The control parameters are
chosenasr =20,d =1,d, =4,K = 1,and p; = 1,Vi € F.

Fig. 3(a) shows the generalized coordinates of the leaders
and the followers under control law (9) with (10) and (11) for
the followers’ dynamics (1). It can be seen that the generalized
coordinate derivatives of the followers are close to the convex hull
formed by the leaders when the leaders’ generalized coordinate
derivatives are time-varying. Fig. 3 shows that the generalized
coordinate derivatives of the followers converge to those of the
leaders.

Fig. 4(a) shows the generalized coordinates of the leaders
and the followers under control law (13) with (11) and (14) for
the followers’ dynamics (1). It can be seen that the generalized
coordinate derivatives of the followers converge into the convex
hull formed by the leaders. Fig. 4(b) shows that the generalized
coordinate derivatives of the followers converge to those of the
leaders.

6. Conclusions

In this paper, the leader-follower swarm tracking control with
group dispersion and cohesion behaviors was studied for a group of
Lagrange systems. Both the cases of leaders’ generalized coordinate
derivatives being constant and time-varying were considered.
The proposed control algorithms were shown to achieve velocity
matching, connectivity maintenance, collision avoidance and the
followers were driven close to the cohesive inclusion formed by
the leaders. In addition, the bound on the sum of the steady-
state distances between the followers and the convex hull formed
by the leaders was shown to be bounded and the bound was
explicitly given. Numerical simulation verified these theoretical
results. One interesting future research direction is the swarm
tracking problem of multiple non-holonomic mobile agents.
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(a) The generalized coordinates of the leaders and the followers. The
circles denote the leaders and the big triangle is the convex hull spanned
by the leaders. The squares and the crosses denote, respectively, the
generalized coordinates of the followers at, respectively, t = 0's,

t = 200 s, and t = 300 s. The lines between the squares and crosses are
the trajectories of the followers.

Fig. 2. Trajectories of the leaders and the followers under control law (3) with (4), (5), (7) and (8) for the followers’ dynamics (1).
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(a) The generalized coordinates of the leaders and the followers. The
circles denote the leaders and the big triangle is the convex hull spanned
by the leaders. The squares and the crosses denote, respectively, the
generalized coordinates of the followers at, respectively, t = 0's,

t =405, and t = 60 s. The lines between the squares and crosses are the
trajectories of the followers.

Fig. 3. Trajectories of the leaders and the followers under control law (9) with (10) and (11) for the followers’ dynamics (1).

Appendix

A.1. Potential function for group cohesion and dispersion behaviors

In this paper, V;; is chosen as follows: for the case of ||q;—g;|| > r
when t = 0, Vj; is given by

= llgi — q;lI*)*

di < llgi—gll <,

Vi =9 g — gilI> = dHr?’
0, llgi — g;ll >,
for which,
202 = g — gl Qllgi — gil* + 1% — 3d2) @
Wi _ (llgi — g2 — d2)2r L
aq; di < llgi—qll <,

0, Illgi—gll >r,
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and
2 2 2 2 2
=2(r* = llgi — q;l1*) [2llgi — gjlI* 4+ r* — 3d?)
4 2.2 292
X X(Z—lyh—CIjH _3||q;_qj2” r2+5”qi_qj|2| di
Vs L —dir) + 4lai — gl — D0 — lai - gD
2
aq; lgi — qilI*] /LCllgi — qill> — dD)°r*1,
di <|lgi—gll =1,
0, llgi—gll >r.
For the case of di < ||q; — gjll < r whent = 0, Vj; is given by
v 1 a3 1
ij= - 5
20 = llgi — gl 2 llgi — qjl1> — d3
for which,
aVy d>

1
= - (g — g,
3g; <<r2 —llgi — glI>? (g — gl — d%)Z) Y
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(b) The generalized coordinate derivatives of the followers and the leaders.

Fig. 4. Trajectories of the leaders and the followers under control law (13) with (11) and (14) for the followers’ dynamics (1).
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and
2 2 2 2 2
0°Vy "+ 3llgi — g;ll 2 41 + 3llgi — gjll
2 T 2 2\3 "
ag; (= llgi —qll*)? (lgi — g;lI* —d)?

We also assume that ||g; — gj|| > d; when t = 0. It will be shown
in Appendix A.3 that ||q;(t) — qj(t)|| > d; fort > 0,Vi,j € V,i #],
if ||gi(0) — q;(0)|| > d; by using the proposed control laws. Note
dyR2+d2
T+da
where d, is used to adjust the minimum value of Vj;. Also note that

d n+m i\ _ ntm 92 V,]
dr (Zj:] TGI:) = Z (i — ) P
l

that Vj; achieves its local minimum when ||q; — gj|| =

A.2. The adjacency matrix for the sensing graph

In order to design a smooth control law, we give a proper
definition for the adjacency matrix A° = [a;(q)] associated with
9%, whereq=[q%,q},...,q",,,]" € RF™ Let

(r* — llgi — glI*)*
Q= 6r4 '
0, g —gill > r.

0<llgi—gill =,

a;; is defined as
(r? — llgi — g;lI*)?
r4 ’
g — gjll > .

0,

Note that da%j a;i(q)(qi — gj). Each element a;(q) of A is

nonnegative, differentiable and a function of |lg; — g;l|. Also note
that the boundedness of Q;; guarantees the boundedness a;;(q) and
30,']'

Tqi.

A.3. Proof of Theorem 3.1
Proof. 1) Connectivity maintenance analysis

Motivated by [29], [30], and [31], we construct a Lyapunov
function candidate as

ZSTMS,—i- ZZVUJ”SZ Z Vi + - ZZQ,,

i=1 j=1 i=1 j=n+1 i=1 j=1
n m+n 1 n ) 1 n )
+0) 0 D Qi+ D Imi—adl®+ 5 Y IAGIP (15)
i=1 j=14n i=1 i=1

where A6; is defined in Section 2.1. Taking the derivative of U, we
n+m n+m

have
= Zs (me — ks —Szau(q)(%—‘b) -3 Z avl,>
_ ZAQ YTS +34 Zq, (Z aq(‘])(‘]: qj) + Z 2‘;”)

n n+m n+m v
+8> (@ — o) (Z a(@) @ —g) + Y “)
i=1 j=14n j=1+n Q1
n n
+) @i— )i =—) ks
i=1 i=1

n+m

+Z(%_Qd'f'Qd_vl"‘SZau(Q)(QI )
n+m

+38 Z av") (
n+m n+m
+8 Z(qz — 4o’ (Z a;(@)(qi — ) + Z

+ Z@- — 40" =~ Zkfs? - 262
n+m n+m
(Z a(q)(qi — ) + Z )

n+m

- Z(v, —a)" Zb,,c

n+m n+m

SZau(qxq, —q) -9 Z g‘;’)

avu>
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where we have used the facts that aﬁ = a(;Vqu)' VieF,jel,
. Vi 3v, 3v,
4 iy e (@@~ 4) + 5 ) = 0and 3 = 5L vi,

j €F.

The fact that §C satisfies Assumption 2.2 implies that Ay, (7€)
> 0, where 7€ is as defined in Section 2.3 associated with the
graph §°. Therefore, we have

n n+m
u<—zys—v2(zwmm~
n+m BVU _c n . .
+ZaTI- — hin(T) D 10— all* < 0.
1 i=1

j=1
This implies that U(t) is bounded for t > 0 and hence ||q; — g;|| is
bounded foralli,j € Vandt > 0.0n the other hand, the definition
of Vj; implies that lim”qi_qj”_)r Vij = oo.Thus, we know that no edge
will be lost at switching times, which implies that N7 (0) € N3 (t)
forallie Fandt > 0.

2) Velocity matching analysis

From the fact that U(t) is bounded, we know that s;, A8;, D; —
dq, Vi and Q; are bounded. Since the boundedness of V; and Qy

,we know that 3" 52 % L+

Z]’”m a;i(@)(qi — qj) is bounded and further know that ¢; — v, is

bounded in view of (7). In view of (6), it follows that v; v; is bounded
from the fact that g, is bounded. Since the boundedness of V; and

guarantee the boundedness V” and

Q; also guarantees the boundedness of ‘;’7 and ” , it is easy
to show that 4 (Zf:lm 2‘;"] + Z”m a;i (@) (qi — qj)) is bounded.

Thus, we know that §,; is bounded and ¢,; is bounded. Then, from
the closed-loop dynamics

M;(q)$i + Gi(qi, G)si = Y (Gi, Gis Gris Gri) A6; — kisi
n+m n+m 3V,] .
- Za,,(qxq, qj)+Z ” F,
1

we know that §; is bounded. This implies that U is bounded. Then,
by the Barbalat’s lemma, we have U — 0 ast — oo. Therefore,
we know thats; — Oand §; — v; — (g, Vi € F,ast — o0. This
shows that the velocity matching is achieved for each follower.

3) Group dispersion analysis

Because U(t) is bounded, it is easy to show that ||q; — g;l|
is bounded for all i,j € V andt > 0. We also know that
limuql._qj”_,d1 Vij = oo. Therefore, it follows that ||q;(t) — q;(t)|| >
dqforalli,je v,i#j.

4) Containment boundedness analysis

Sinces; — Oand q; — v; — (g, Vi € F,ast — 00, we
know that > 7" a;(q)(q; — q) + Z"+m Vi — 0ast — oco.Thus,
we have that ¢; = inf||q; — yill, Vyi € aco{qj,j € L} (defined in
Definition 3.1) is bounded by

n+m nt+m
®i < ||qi — nm Zaqu] < —— 5 = Zau(‘h q1
Z a; ] 1 lTlll'l(J )
ij
1 ’i“ aVj - 1 "i" AV
mm(«’ S) =1 aQI min(Ts) =1 BQi

where we have used the fact that Z"”” 1" ag; is in the
convex hull formed by the leaders because —7 7 '7; ® La €

cofg,j € L} with q = [qf,.q0 5 ... a7 € R

(see Section 2.3). Note that the connectivity maintenance result
guarantees that A, (7°5) > 0.

Consider any i € F andj € V. If |g;(0) — q;(O)[| > r, we
know that V;;(0) = 0 and ” (0) = 0. Let Iy > 0 be such that

(r271 )3 1
_dz) ;s

@ = U(0). Then, based on the fact that U(t) < U(0)
130.)
—llgi— QJ” )3
H, ql2—d3 r“
llgi — gjll, we have that |lg; — g;ll > ll* = min;j{lhj}. Note
that BV” = 0 for |lgi — qjll > r. Therefore, for the case of

||q,(0) — q;(0)|| > r, we have that

6(1‘ —l%*) (T —d%)
(l%* - d%)2r3

and monotonicity of the function with respect to

av;
a4q;

Similarly, ifd; < Jlq;(0) — q](0)|| <r,let lz(i_j) > 0 be such
that 1 (212%)4 U(0). Then, based on the fact that U(t) < U(0)

and monotonicity of the function 1 1 P with respect to

22— g —qjll
llgi — gjll, we have that llgi — qjll < Ly = max;j{lyj}. Also let

I3y > 0besuch that 2 = U(0). Then based on the fact

2 (%(”)_dz) r
that U(t) < U(0) and monotonicity of the functlon ? TagP—dr
with respect to ||q; — g;||, we have that [|g; — q;|| > I3, = mlnu{lg}

Therefore, for the case of d; < [|gi(0) — g;(0)|| < r, we have that
H oV

1 d3 by
9a; = ( 2 _ 12 \2 + 3 _ 2 2) 4
qi (r* =15, (5, —dp /) r

In all cases, we have that

1

[5] o  mae[E=—
il = (B — P
1 a2 I
( 2 2 \2 + 2 : 2 2) %} ’
(r*—15,) (5, —dp)? /) r
and g = TS A"

A.4. Proof of Theorem 4.1

Proof. Motivated by [32], we construct a Lyapunov function can-

didate as
n  m+n
SEPNEEE DR P
i=1 j=1 i=1 j=14n
n  m+n
+ = ZZQ:]+0(Z ZQU’
i=1 j= i=1 j=14n

where 0 < & < 2Amin(7T€)+/K. Taking the derivative of U, we have

n n

n
U= Z Z TUC ]T (Mi_lYiAQi — §q — pisgn (Z TiJCSJ)
i=1 j=1 e
n
— il Yisgn (YiTIVIiT Z Tifsj) - I<Si>
=
n n+m nm o
+a Z(ql —qa)" (Z a;i(9)(qi — gj) + Z )
i=1
n
:_Z(IM— TZTij?s”h
i=1 =

1A6ill00) 1Y M
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n n n
= > = Ndallo) Y TSl = KAmin(T) Y s
i=1 j=1 i=1
n+m

n
+ay @ — o)’ (si— Y by — dy)
i=1 Jj=1
n n
< —Kimin(T) Y st +a Y (G —da)'s:
i=1 i=1

n
— Amin(T) Y (@ — da)’,
i=1

where TUC is the (i, j)th entry of matrix 7 (defined in Section 2.3)
associated with §€, and we have used the facts that u; > || A8;]lsos

.. . av;; vy . \

pi > ldallee, Vi € F, 2t = go==, Vi € Fj € L
a3 (ai(@) (g — ) + i) =0and 24 = — 2 vj j e
Qd 2_i—1 2_j=1 \ %(@)(qi — gj i ) = b~ ag »J
F.

_ Then, if @ is selected as 0 < @ < 2Amm(7'c)ﬁ, we have that
U < 0. Therefore, the connectivity maintenance analysis follows
from Theorem 3.1.

Similarly to the analysis given in Appendix A.3, we know that
si, AG;, and & (Z]":]m a;i(q)(qi — q;) + Z]':le (;%) are bounded. It
follows from the closed-loop dynamics (12) that §; is bounded. This
implies that U is bounded when " | T{'s; # 0,Vi € F.Itis easy to

show that U is also bounded when Z}Ll TUC sj = 0,i € F.Then, by

the Barbalat’s lemma, we have U — 0 ast — oo. Therefore, it fol-
lows thats; — 0 and ¢; — (g, Vi € F,ast — oco. Then, the veloc-
ity matching analysis, group dispersion analysis and containment
boundedness analysis all follow from the proof of Theorem 3.1.
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