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1. Introduction

Distributed control of multi-agent systems has attracted great
attention in many fields such as biology, physics, robotics and
control engineering [1-22]. For example, in [4], Ren introduced
several second-order consensus algorithms for state consensus of
systems by taking into account actuator saturation and limited
available information. Also, in [5], Hong et al. addressed a
coordination problem for second-order multi-agent systems in the
presence of an active leader. Moreover, in [14], Lafferriere et al.
investigated a method for decentralized stabilization of vehicle
formations, while, in [ 16], Tanner et al. gave a set of control laws to
enable second-order agents to generate stable flocking motions.

A class of collective circular motions widely exist in nature.
Examples include flocks of birds flying along a circular orbit and the
motion of celestial bodies, which can be applied to formation flight
of satellites, circular mobile sensor networks and so on. However,
currently, rare results are derived to generate such motions. Only
recently, motivated by the applications of autonomous underwater
vehicles (AUVs) in oceanographic sampling, a novel rotating
formation control problem was solved in [18] to make all agents
circle around a common point with some special structures at a
unit speed. In [19], 3D circular motion coordination was studied
in the presence of a time-invariant flow field. Here all agents
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finally move on a unit circle. Also, in [20], collective circular
motions were addressed by introducing a cyclic pursuit policy to
make one vehicle pursuit another vehicle along the line of sight
rotated by a common offset angle. Subsequently, the results of [20]
were extended in [21] by introducing a rotation matrix to an
existing second-order consensus protocol. However, in [18-21],
the radii of the circles and the desired formation shape cannot be
arbitrarily set. While the circular motions with the same radius or
a priori unknown radii might be appropriate for some applications,
there exist other applications such as persistent surveillance,
where it is desirable to have different desired radii of circular
orbits for different agents. To specify a desired circle center, a
possible approach is to introduce a virtual leader. However, in
real applications and a distributed control context, it might not
be realistic to assume that the virtual leader’s state is known by
all agents. Using the algorithms in [18,19], it is not clear how to
introduce a virtual leader whose state is known by only a subset
of the agents to define a desired circle center. Moreover, in [20,21]
a certain control parameter, namely, the rotation angle, must be
exactly equal to a certain value to generate circular motions. As a
result, the algorithms are not robust in this case. Motivated by the
works of [18-21], a collective rotating formation control problem
was investigated in [22] for second-order multi-agent systems in
2D. Control protocols were proposed to make all agents surround
a common point with a desired formation structure. However, the
approach adopted in [22] is based on the complex system theory
and cannot be directly applied to the 3D situation.

In this paper, we extend the work of [22] to address the
collective rotating formation control problem for second-order
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multi-agent systems in a plane in 3D. We are interested in
collection motions where all agents finally converge to a desired
plane in 3D and move on desired circular orbits. This kind of
collective motion is relevant for many practical applications. Due
to the existence of the rotating mode, the desired relative position
between every two agents is time varying and thus the approach
used in the common formation control problems by introducing
desired relative separation vectors to the corresponding consensus
problems is invalid for the rotating formation control problem.
To solve the rotating formation control problem, we propose
two protocols and employ a Lyapunov-based approach to give
sufficient conditions under which all agents finally move around
a common point with a specific formation structure. When there
exists a virtual leader that specifies the desired center and radii
of the orbits, it is only required that one agent knows the
desired circle center and radius. Compared with [18-21], the
protocols designed in this paper guarantees that the desired
rotating formation can be arbitrarily set except for some singular
points. Also, the protocols are robust to control parameter changes.
Therefore, the results in this paper complements some of the
existing results [18-22].

The following notations will be used throughout this paper.
R™ and C™ denote the set of all m dimensional real and complex
column vectors; I, denotes the m dimensional unit matrix; ®
denotes the Kronecker product; 1 represents [1, ..., 1]7 with
compatible dimensions (sometimes, we use 1, to denote 1 with
a dimension n); 0 denotes the zero vector or zero matrix with
appropriate dimensions; 4 = {1, 2,...,n}; arg(-) denotes the
argument of a vector; i; denotes the imaginary unit; || - || denotes
the 2-norm; * denotes the conjugate transpose; diag{- - -} denotes
a diagonal matrix; @ denotes the direct sum.

2. Preliminaries
2.1. Graph theory

Let 4(V, &, ») be an undirected graph of order n, where Vv =
{s1,...,sn} is the set of nodes, & C 'V x V is the set of edges,
and A = [aj] is the weighted adjacency matrix. The node indices
belong to a finite index set . An edge of § is denoted by e¢; =
(si, 5j). The weighted adjacency matrix is defined as a; = 0 and
a; > 0, where a; = a; > 0if and only if e; € €. Since the graph
considered is undirected, it means that once ¢; € &, thene;; € &.
Thus, + is a symmetric nonnegative matrix. The set of neighbors of
node s; is denoted by N; = {s; € V : (s;, 5) € €}. The in-degree
and out-degree of node s; are defined as di;(s;) = Z]'?:l a; and
do(si) = 21'7:1 aj, respectively. Then, the Laplacian corresponding
to the undirected graph § is defined as L = [I;;], where [;; = d,(s;)

and lj = —aj, i # j. Obviously, the Laplacian of any undirected
graph is symmetric. A path is a sequence of ordered edges of the
form (s;,, si,), (Siy» Si3), ..., where i; € { and s; € V. If there

is a path from every node to every other node, the graph is said
to be connected. If the undirected graph § is connected, then its
Laplacian L has a zero eigenvalue with an associated eigenvector 1
and all its other n — 1 eigenvalues are all positive [23].

2.2. Transformation of coordinates

In this subsection, we introduce some concepts and results of
transformation of coordinates (referring to [24]). Consider two
rectangular coordinate systems with a common origin, denoted
by Sa(x,y,z) and Sy(&, 1, ¢). Let iy, iy, i, € R® and i, iy, i, € R?
be two sets of orthogonal unit vectors parallel to their respective
coordinate axes. Consider an arbitrary vector p expressed in terms
of the components along the x, y, z axes and the &, n, ¢ axes. Then

we have two equivalent representations: p = Xix + yi, + zi, =
&ig + ni, + ¢i;. To obtain any coordinate representation in one
system in terms of that of another system, we simply take the scalar
product of the above identity with the corresponding unit vector.
In this manner, we obtain two sets of three linear equations which
can be written in a vector form as

[x,y,z1" =RI&E,n,¢1" or [£,n,¢]" =R"[x,y,2]", (1)

where R € R3*3, The matrix R is called the rotation matrix of S,
with respect to S, and it has the property that RRT = R'R = I;.
Let k € R be a unit vector whose coordinate representation in
Sqisk = [ky, ky, k.17, and S. be a new coordinate system obtained
by rotating S, about the axis k with an angle 0. Then the rotation
matrix of S, with respect to S is [24] R,(#) = (cosO)I3 + (1 —

0 —k; k
cos 0)kk" + (sin ©)S(k), where S(k) £ [ k, 0 ix}_
—ky ke O

3. Problem statement

Consider a multi-agent system consisting of n agents. Each
agent is regarded as a node in an undirected graph 4. Each edge
(sj,si) € & corresponds to an available information channel
between agents s; and s;. Moreover, each agent updates its current
state based upon the information received from its neighbors.
Suppose that each agent has the dynamics as follows:

1.)1' = uj, (2)

where i = [T'j], Ti2, T,'3]T S ]R3 and Vi = [U,’], Vi2, v13]T S R3
are the position and velocity of agent s; and u;(t) € R? is the
control input (or protocol). It should be noted that all vectors are
represented in an inertial rectangular coordinate system, denoted
by S,, throughout this paper unless otherwise stated.

In practice, groups of agents often need to move around a com-
mon point while maintaining some specific formation structure,
e.g., satellite formation flying and the motion of celestial bodies. In
such multi-agent systems, each agent can only use its neighbors’
information to cooperate with other agents, and the desired rela-
tive position between every two agents is time varying which is dif-
ferent from the common formation control problems as discussed
in [14].

In this paper, our main objective is to design rules to make
all agents surround a common point with a desired formation
structure on a plane whose normal is a specified unit vector i, €
R3,

Note that the agents may finally move in the clockwise direction
or counterclockwise direction. Without loss of generality, we
assume that all agents finally move in the counterclockwise
direction. Moreover, for convenience of discussion, we introduce
a new rectangular coordinate system S, such that the third
coordinate axis of S, is parallel to the unit vector i, and S, and
S, share the common origin. The rotation matrix from S, to S, is
denoted as R,, € R>*3. Here, we do not define the other two axes
of S, explicitly and thus the rotation matrix Ry, can take different
values, which does not affect the analysis and results in this paper.

i = v,

Definition 3.1. A rotating formation in R? is a constant vector
F(h(p, 0),1p)
T T TqT
=[hy, ..., hy,1,]
= [(p1cos by, p1sin6y), ..., (on COS by, pysindy), i 1"
e R2n+3

where h; = (p;cosé;, pising,)",6 € [0,27) and p; € R is
a positive constant for any i € J{. The multi-agent system (2)
converges to the formation F(h, 0, i,) if
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Fig. 1. One example of a formation structure with four agents.

[ETOO iLvi(t) =0, (3)
Jim [i),-(t) — R Ry, (%) Rnovi(t)] —o, (4)
i (o028 () )

- (rk(t) + o 'R R, (%) R,ka(t))] —o, (5)

. 1 1
lim [pRZORzo(—ei)Rmvi(r) - pRZOR,0<—9k)Rnovk(r)] =0, (6)
i k

t—+400

i(t
lim [ G ‘ - ||hf||} =0, (7)
t—4o00
for any i,k € { and a positive constant w, where R (6;)) =

cosf; —sinf; O ) ) ) )
sing;  cos#; 0| is the rotation matrix of a rotation about the
0 0 1

axis Iy = [0, 0, 1] with an angle 6;.! In particular, if only the
conditions (3)-(6) are satisfied, it is said that a quasi-rotating
formation is achieved.

In Definition 3.1, condition (3) means that each agent finally
travels on a plane perpendicular to the unit vector i,. Note that the
term R, v;(t) is the coordinate representation of v;(t) in S,. The
terms R R (%) Ryovi(t) and RY R(—6;)Ryovi(t) are the coordinate
representations of v; rotated about the axis i, with an angle § =
% and 0 = —6;, respectively, in S,. Then, condition (4) means
that the acceleration of each agent tends to contain only the
component of the centripetal acceleration wRﬁoR (%) Ryovi(t). By
mechanical knowledge, it can be obtained that conditions (3) and
(4) guarantee that each agent finally moves on a circle with the
angular velocity w on a plane perpendicular to the vector i,. Also,
1i(t) + @ 'RLR (%) Ryovi(t) denotes the circle center surrounded
by agent s; at time t. Then, condition (5) means that the circle
centers surrounded by all agents tend to be the same as t —
A 2k ) = 0and
pi Pk
lim,_, yoo[(arg(v;) — arg(vg)) — (6; — )] = Oforany i, k € 4,
which makes all agents finally form a formation that has the same
shape but perhaps a different size from the desired formation h.
Condition (7) guarantees that the final formation has the same size
as the desired formation h. In summary, under conditions (3)-(7),
all agents finally surround a common point in the counterclockwise
direction with an angular velocity w on a plane perpendicular
to the vector i, while maintaining a specific formation h. For
simplicity of the following analysis, we assume w = 1.

Fig. 1 shows a specific formation structure with four agents.
Fig. 2 shows a rotating formation with four agents, where the

~+00. Condition (6) means that lim;_, ; (

110 simplify the notation, we replace all “Ry, (-)” with “R(-)” in the remainder of
this paper.

Fig. 2. A rotating formation with a desired formation structure h = [h{, hg,
h%, h}]1" as shown in Fig. 1.
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Fig. 3. One example of two agents in a desired rotating formation.

agents maintain a specific formation structure as shown in Fig. 1
while surrounding a common point with a constant angular
velocity @ on a plane perpendicular to the vector i,. Fig. 3
shows one example of two agents, agents s; and sy, in a desired
rotating formation, where the vectors from the circle center
to the positions of agents s; and s; are —w*]RﬁoR(%) Ruovi(t)
and —w~'RT R (%) R,k (t), which correspond to h; and hy,
respectively.

4. Rotating formation control of second-order multi-agent
systems in 3D

Due to the existence of the rotating mode, the desired relative
position between every two agents is time varying and thus the
approach used in the common formation control problems by in-
troducing desired relative separation vectors to the corresponding
consensus problems is invalid for the rotating formation control
problem.

4.1. Quasi-rotating formation

In this subsection, we study quasi-rotating formation control
to make all agents finally surround a common point on a plane
perpendicular to the vector i, while maintaining a formation
structure that has the same shape but perhaps a different size from
the desired formation structure h. The protocol is given as

up = uj + up, (8)
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T T
c=r+ RnoR (5) Rnovi,

03n x3n | __
03n><3n

, pu}, F = diag{R},RO DR, - .-

<y Unos sbn

r— |1 ® (RiR Ruo)
03n><3n

where H = diag{p1, 02, ...

FI(H™'LH™) @ LIF
F [(H_lLH_1) ® (R;)R(

& =[vy,.. vl Ciyene C]T and

L®I

n r o (T € R®
f> Rno)] FoL® (Rm,R (5) R,w)

, REOR(Qn)R,m} and L is the Laplacian of the graph §.

Box I.

where uj; = RIR'Ryv; and up = - D sen; ajlp;*vi —
pi_lpk_leoR(Qi — O ) Rnovi] — ZskeN,- aij[(ri —T) +R50R(%)Rno(vi -
v)] for any i € {4, where a; is the (i,j)th entry of the
adjacency matrix s, N; is the neighbor set of agent s; and R+ =
diag l [? _01] ,—1 } In protocol (8), u;; is a local velocity feedback
term that plays a role in making each agent surround a point on a
plane perpendicular to the vector i,, while u;, is a distributed state
information feedback term that plays a role in making all agents
converge to a specific structure.

We define the equations as in Box I, Here, it should be noted
that R(—6;) = R(6)" = R(6)~',R(6; — 6) = R(6)R(—6) and
R(6;))R(6r) = R(6)R(6;). Then using protocol (8) for (2), the closed-
loop system can be written in a vector form as

£ =Tr¢. 9)

Let& = (I, ® Ryp)€ = [0, ..., 08, ¢, ..., cl1" € RS, where
v = [0}, v, 051" € R¥and ¢; = [¢]), ¢}y, c]" € R foralli € 4.
Then system (9) can be written as

£ =TE, (10)

In ®RY — F[H'IH™ ") @ ]FT

i el
where I = [ —Fla ' er(3)]F :

oa(ty]m
F = diag{R(61), R(®,). ..., R(6n)}.
Further, let

- = - = = = = = T 4n
@1 = [V11, V12, .+, Un1, Un2, C11, C125 - - - Ca1, C2]’ € R

and

- = = = = = T 2n
@2 = [V13, V23, ..., Un3, C13, C23, . .., Cu3]” € R,

Also, let R(6;) = [gfjfj; *Cjis'}f"] and F = diag{R(,), . .., R(6,)).
Here, it should be also noted that I_Q(_O,-) also satisfies that R_(—Qi) =
R)" = RO)', R(6; — 6) = R(G)R(—6) and R(GIR(B,) =
R(6,)R(6;). Then system (9) is equivalent to the following two
systems:

o1 = D191, (11)
and
@2 = D202, (12)
where

- — /T = =T

LeR(S)-FH Y@L -Lek
b1 = = 2 _ /7T =T _ /T

-1 -1
—F[(H LH )®R(—)]F —L®R(—)

L 2 2
and
& — [, —H'LH™' —L
27 g —L|

Remark 4.1. In fact, system (10) or (11)-(12) is the representa-
tion of system (9) in the rectangular coordinate system S,,. Specif-
ically, v;, i = 1,2,...,n, are the coordinate representations
of velocities of all agents in S, whereas ¢;, i = 1,2,...,n,
are the coordinate representations of the circle centers of all
agents in S,. Then it is easy to see that system (9) satisfies con-
ditions (3)-(6) if and only if system (10) or system (11)-(12) sat-

isfies that lim ;oo (LR(=6)[Bir, B]" = LR(-00) [T, Bl ) =

0, limy—. o0 U3 = 0, liMe—s 10 (G—C) = Oand lime 4o ([vi1, vi2]”
— R(3)[vn, vp]T) = 0foranyi, k € 4.

Remark 4.2. It should be noted that the approach used in [22]
cannot be applied directly to analyze the stability of the system
(11) because the multi-agent system in [22] is described in a
complex number field, which has a lower dimension and is thus
much easier to analyze than system (11).

Define
1, ifx=0
sgn(x) ={—1, ifx=m
0, otherwise
and

M = diag{1, sgn(|0; — 61]), sgn(|03 — 61]), ..., sgn(|6p — 61D}

Assumption 1. 17HM1, # O when |0; — 6| = 0or |6, — 6| = 7
foralli, k € 4.

Remark 4.3. When 17HM1, = Oand |6, — 6| = 0or |6, — 6| = 7
hold for all i,k € 4, then it is easy to see that ) [, h; = 0
and all agents in the desired formation are in a line. This might
make the matrix @, have other imaginary eigenvalues that are not
equal to +i; and 0. For example, consider a multi-agent system
consisting of two agents with [p1, 61, p2, 6] = [1,0, 1, 7] and
L= [_11 _1]] By simple calculations, it can be obtained that @

has imaginary eigenvalues at £2i; except 0 and =+i;, which renders
the desired quasi-rotating formation to be unreachable. Therefore,
Assumption 1 is made to eliminate these unreachable formation
structures.

Lemma 4.1. Suppose that the graph § is connected. Under Assump-

tion 1, the following statements hold.

(a) @1 has a zero eigenvalue of multiplicity 2 with associated
eigenvectors [0 .17 ® [1,0]]" and [0] , 1T ® [0, 1]]".

2n° *n o2n0 n S . .
(b) @1 has two simple eigenvalues at i; and —i; with associated

eigenvectors [B], 05 1" and [B], 0,17, where f; = F[(1]H) ®

lij, 111" and B, = F[(1LH) ® [—i;, 1]]".
(c) Allits other 4n — 4 eigenvalues have negative real parts.

Proof. Let A, be an eigenvalue of @ and [z],z]]" be its corre-
sponding eigenvector, where z;, z, € C2". Then we have that

(In ®R (%)) 2 — FIHIH ) @ LIF 2,
—(L® L)z = Agz1, (13)

—F [(H”LH”) ®R (%)] Bz - (L ®R (f)) 2 = hazy. (14)
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For statement (a), it can be checked that &; has a zero
eigenvalue with two associated linearly independent elgenvectors
z{,2]] = [0},, (1F ® ([1,0]")"]" and [z],2;] = [0, (1] ®
([0, 11"))71". To prove that the multiplicity of the zero eigenvalue
is 2, we only need to prove that @; has no generalized eigenvec-
tor of a grade higher than 1 associated with the zero eigenvalue.
Suppose that there is a grade 2 generalized eigenvector associated
with the zero eigenvalue. That is, there is a nonzero 4n x 1 col-
umn vector, denoted by [Z], zJ " where Z;,Z, € R?", such that
(@1 — 0)[z],2;1" = [z], 2]]". After simple calculations, it can be

obtained that Z; = 2z, and thus (I, ® 1_2(%))22 — If‘[(H”LH*]) ®

=T
LIF 23 — (L® I,)Z; = 0, because z; = 0, and 2, = 1, ® ([1,0]")
or 1, ® ([0, 1]7). On the other hand, since R(5) +R(3)" = 0, then

FI(H-'LH ) @R(Z)IF +[FI(H-'LH") @R(Z)IF |7 = 0. There-
fore, (Il ® RCZ ) ® R(Z))z, — FLH'LH") ® LIF 2, —
L® bz] + (-2, ® REI( ® RE)z — FIH ') @
LIF 2 — L ® W5 = 2n + ZFIHH) ® RE)IF 2, +

= - =T
[ZZF[(H"'LH™") ® R(Z)IF z,]* = 2n # 0, which is a contradic-
tion. Therefore, the multiplicity of the zero eigenvalue is 2. State-
ment (a) is proved. O

For statements (b) and (c), pre-multiplying both sides of (14) by
I, ® R (%) yields that

(e () i ok (D)
-(hek(3)) (er(3))=
—FHH Y ®LIF 2 + (L® b)z
= A (I,,®I_2(%))zz. (15)

Substituting (15) into (13), we have that

A (In ®R(%)) 7= (1n®1'2(%) —AGIZn) z. (16)

Combining (15) and (16), we have that

Kiz1 — Kyz1 — K3z1 =0, (17)

where Ky = I, ® R(Z) — Al K = FI(H"'LH") ® LJF and
K= £0@ k) (h@R(3)) (h®R(5) — Aakan). Consider a
system given by

x= (K — Ky — K3)x, (18)

where x € C". Construct a Lyapunov function for system (18) as
V = x*x. Calculating V, we have that

. s\ —1
V= x* [1<1+K1*—2K2+(L®12) <1n®R(2) )

_ -1\ )‘4(1—'_)\4*
- (L®12><In®R(5) ) T (L@Iz)]
Sk * a+
= X |:—()\.a+)\.a)12n —21(2 ||k ”2 (L®Iz):| (19)

Because K, and L®I, are both positive semi-definite, if the real part
of A4 is positive, then V < 0. This implies that all the eigenvalues
of the matrix K; — K> — K3 have negative real parts. Eq. (17) implies
that z; should be a zero vector and hence z, should also be a zero
vector from (16). Therefore, the eigenvector of @, associated with
the eigenvalue A, is a zero vector, which is a contradiction. Thus,
the real part of A, is nonpositive.

Suppose that A, = bi; (b # 0). Then the derivative of V
becomes V = —2x*K,x < 0. Note that Rank(K;) = 2n — 2 and
KBi = Koy = 0, where B; = F[(11H) ® [1,0]]" and B, =
F[(1TH) ® [0, 1]]". Then by LaSalle’s Invariant Principle, it follows
that the solution of (18) will converge to the kernel space of the
matrix K, that is spanned by the vectors Bl and Bz.Also, note that z;
is an eigenvector of the matrix K; — K> — K3 associated with the zero
eigenvalue from (17). Therefore, the vector z; falls into the kernel
space of the matrix K>, i.e., K;z; = 0.Then z; can be represented by
a linear combination of B; and f3,. That is, there exist two numbers
b1, by € Csuch that by By + by B, = [B1, B2llb1, by]" = z1.

We now prove that @; has two simple eigenvalues at i; and
—i; with associated eigenvectors [A], 031" and [B;, 03,1". From
(16), we have z, = 121 — (I ® R(%)) z1. Observing the form

of B and B,, we easily see that F [HT'IH) ® R( )] FTzl =
0 and 7 can be represented linearly by /31 and ﬂz since z; and
(In ® R(%)) z: can both be represented linearly by B; and B,. It
follows that — (L® R(%)) 2z = Az, from (14). Then as in the
subsequent proof of statement (c), it can be proved that z;, = 0
when A, = bi; # 0 by a contradiction approach. Thus by simple
calculations, it can be checked that @, has two eigenvalues at +i;
with associated eigenvectors [A], 031" and [], 0,]". We then
prove that the multiplicities of the eigenvalues =%i; are both 1.
Suppose that there is a grade 2 generalized eigenvector associated
with the eigenvalue i;. That is, there is a nonzero 4n x 1 column
vector, denoted by [Z], Z; 1", such that

(noR (%)) Z — FIHIH Y ® LIF 7 — i

—(L®L)z; = p, (20)
_F [(H‘lLH_l) @R (%)] Pz
<L®R(2>) %) — ijZ, = O, 1)

where z1,Z, € C*". Pre-multiplying both sides of (20) with I, ®
R (%), we have

5 —F [(H”LH’l) QR (%)] Pz,

(22)
) - /TN -
“i(neR(3))5 - (tor(3)) 2 = (eR(3)) s
Rewriting B;, we have B = [pijei®, piei®1, ..., pyijelitn,
%17 Then combining (21) and (22) yields
~ - =1
Zy) = In ® 1 i Z1 + /31. (23)
j

Pre-multiplying both sides of (20) with B}, we have
—BIL® L)z = B b,
ie,

- -1
—BIL®L) (In ® |: 1lj _ij:l Z1 + ﬁl)
=—BiL®L)B = B b
Since L is symmetric and positive semi-definite, then —87(L ®
L)B1 < 0.Note that 8781 > 0. Then we have —87(L ® L,)B1 #
BiB1. It is a contradiction. This proves that the multiplicity of the
eigenvalue i; is 1. Similarly, it can be proved that the multiplicity of

the eigenvalue —i; is 1. Statement (b) is proved. O
Next, we prove statement (c). It is easy to see that (K; —

K3)z1 = (I, ® R(%) — Aalan) [Izn +(L®R (g))] z1 = 0. Since



370 P. Lin et al. / Systems & Control Letters 60 (2011) 365-372

In ® R (%) — Aqlzn is nonsingular for any A, # =i;, then it follows
that [y + L (L& R(3)) |21 = 0.ie, LOR(F) 21 = —haza. It
thus follows that z; is also an eigenvector of L ® R (%) associated
with a nonzero eigenvalue and has the form of e ® ([ij, 1]7) or
e ® ([ij, —1]"), where e = [ey, ..., e;]" € R" is an eigenvector of
L associated with a nonzero eigenvalue. If z; = e @ ([jj, 1]7), then
= [B1, Bo1lb1, b2]" can be decomposed into me(Qm)[b1, 01" +
,omR(Om)[O by]" = pnR(On)[b1, by]T = epli;, 11" forallm € 4.
Clearly, all the included angles of each pair of p,[b1, b2]" and
lem [, 1]" are equal for all m € 4. Then it follows that 6y = 6,

or |0, — 6| = m forall k,m € J. Moreover, if z; = e ®
([i;, —1]7), it can be similarly obtained that all §; should satisfy
that 6, = 6, or |6y — 6| = m for all k,m € J4. Then, B1

and B, can be written as 8; = [(1’HM) ® ([1, 0]R(6;)")]" and
B = [(1LHM) ® ([0, 1]R(81)")]". Note that L1, = O and Lis a
symmetric matrix. Then 17e = 0 and hence 17HM1,, = 0, which
contradicts Assumption 1. Statement (c) is proved. O

Lemma 4.2. If the graph § is connected, then lim;_, ;~, v;3(t) = 0
and limy_, 15 [Ci3(t) — Ck3(t)] = 0 forany i, k € J. That is, all agents
finally converge to a plane perpendicular to the vector i,.

Proof Consider system (12). Let A, be an eigenvalue of @, and
1 yz]T be its corresponding eigenvector, where y;, y» € R".Then
we have

—y1 —H 'LH 'y — Ly, = Apy1, (24)
—H 'LH 'y; — Ly, = Apys. (25)

Similar to the proof of Lemma 4.1, it can be proved that &, has
a simple zero eigenvalue with an associated eigenvector [0], 171"
and all its other 2n — 1 eigenvalues have negative real parts.
Then it is easy to see that the solution of system (12) converges
to the eigenvector space, span{[0], 1717}, of &, associated with
the zero eigenvalue. This implies that lim;_, ; v;3(t) = 0 and
lim;_, 4 »[Ci3(t) — C3(t)] = Oforanyi, ke 4. O

Remark 4.4. As &, has no imaginary eigenvalues except O,
Assumption 1is not required in Lemma 4.2, which is different from
Lemma 4.1.

Theorem 4.5. Consider a network of second-order agents with a
fixed topology. If the graph § is connected, the multi-agent sys-
tem (2) with protocol (8) achieves a desired quasi-rotating formation
F(h(p, 0), i,) under Assumption 1.

Proof. From Lemma 4.1, &, has a zero eigenvalue of multiplicity
2 with associated eigenvectors [0] , 1T ® [1,0]]" and [0}, 17 ®
[0, 11]7, two simple eigenvalues at ij and —i; with assoc1ated
eigenvectors [B7,07 1" and [B1,0] 1" and all its other 4n — 4
eigenvalues have negative real parts. Also, the initial condition
¢1(0) can be decomposed into ¢(0) = m[Ozn, 17 ® [1,0]]" +
1205, 17 ® [0, 1117 + pslB], 05,1 + s[5, 03,17 + @10, where
Wi, 2 € R, @10 € R¥ and pus, jis € C are conjugate complex
numbers. Then, it is easy to see that

Aim T (0 — ul05,, 17 ® [1, 011" — 2[05,, 1}
—uze'f [B1, 05,1" — e (5, 03,11 = 0,
ie.,

Jim [e1(6) — 111105, 1, @ [1, 011" — 112[05,, 1, @ [0, 1]

® [0, 111

—[FIAIH) ® BL17, 05,111 = 0,

where B, = [ij(us — jis)cost — (us + jis)sint, (us +
p3) cost +ij(u3 — u3)sint] € R?. This implies that lim;_, 4o, (Ci1 —
Ga) = 0, limisyoo(@ — G2) = 0 and lime oo (LR(—6) x
[Vir, V1" — pik(_ek)[ﬁkh{)kz]T) = 0 for any i,k € {. From
Lemma 4.2, we have lim;_, ; o, vj3 = 0 and limt_>+Qo(c,3 —C3) =
0 for any i,k € J. Moreover, calculatmg [Vi1, vi2]T, we have
lim— 400 ([Vi1, 021" — R (%) [D1, D2]") = O. Therefore it follows
from Remark 4.1 that the multi -agent system (2) with protocol (8)
achieves a desired quasi-rotating formation F(h(p, 6),i,). O

Remark 4.6. By analyzing the eigenvalue-eigenvector solution of
the system as in [2, Theorem 3], the final motions of systems
(11) and (12) can be accurately given in terms of the left
and right eigenvectors of ¢; and &,. Then through coordinate
transformation, the final point, i.e.,, the common center of the
circles, surrounded by the agents and the corresponding radii of the
circles can also be calculated. We have omitted these expressions
here due to their complexity.

4.2. Rotating formation

In this subsection, we will study the rotating formation control
problem based on protocol (8) to make all agents finally surround
a common point on a plane perpendicular to the vector i, while
maintaining the desired formation structure h. To achieve this, we
introduce a virtual leader approach.

Suppose that one of the agents, denoted by s;;, has access to
the desired velocity vy = R! [pj, cost, pj, sint, 0]" € R* and the
desired circle center cy € R>. The protocol of agent Sip 1s given as
Uiy = Uig1 + U2, (26)

where u;; = RY R Ry,v;, and

Uiy = — Z aiu;‘[,O,-; — Py or 'RIR(B1, — 01)Ruovic]
SkEN,'O
(T
- Z iy [(Tio — 1) +R,R (5) Rio (vjy — Uk)]
SkENiO

— (v, — Vo) — (rio +RI R (%) Ryoviy — c0> .
The protocols of all other agents are given as
up=uy +up, i€\ {io}, (27)
where u;; = R? RLRm,v,- and

up = — Y aylp;*vi — p; ' oy 'RigR(O: — ) Rnoui]
SkEN;
- Zal] [(rl_rk)+R ( ) no(vl_vk)]~
SkEN;

In (26), the term — (r;, + RE R (%) Rnovi, — Co) Plays a role in
making the final point surrounded by all agents converge to ¢y
while the term —(v;, — vo) plays a role in guaranteeing that the
final formation has the desired size.

We define the equations as in Box II. It can be easily obtained
that

o = RL,R*[pi, cost, pj, sint, 0]
= RL R RyoR% [ i cOSE, pyy sint, 0]
= R" R*Ryovp.
Thus,
2 . Pi o1 .
Vi = Vj — — Ry, R(6; — 0i)Rno o
Pig

= i — LLRT RGO —
Oi

1o

01'0 )RnoRZ;oRLRno Vo

= b — R" R Ry x ﬁRﬁ
e

io

OR(Gi - gio )Rno Vo.
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- Pi
Ui =v; — p%REOR(Qi — 6ig)Rnovo,

o

E=1[1,..., 00 CoeensCalls
7 [1n® RigR Ruo)
03n><3n

0 FIH™'LH™" + E;) @ L]F'
3nx3n | _ PR T T T T T € Rﬁn
Osmwan | | F [(H IH ' +E) ® (RnoR (5) R,,o)] FI' (L+E)® (RnoR (5) Rno)

where E; is a diagonal matrix whose igth diagonal entry is 1 and all other entries are 0.

~ T /4
cG=rn-+ RnoR (E) Rmvi — Cp,

L+E)®I3

Box II.

Moreover, it is easy to see that
-2 -1 -
P Vi — p; ]Pk IREDR(Qi — Ok)Rno vk

2 1 or
= | p; “vi — ——R,,R(6;i — Oiy)Raov0o
PiPiy

- (pi_lpk_lRZ;oR(ei - ek)Rnon - fRzoR(Q,‘ - eio)RnoU0>
Mg

= pfzf)i - piilpki]RZgR(ei — Ok)Rno U
and

T
(i — o) + RIR (5) Ryo (Vi — i)

= (r (™ o _ T o7 _
= +Rn0R 5 Rpovi — Co rk+RnoR ) RuoVk — Co

= — Cy.
Then by simple calculations, using protocol (26)-(27) for (2), the
closed-loop system can be written in a vector form as

§=Tr¢, (28)
where L is the Laplacian of the graph §. It should be noted that
Uo(t) = R} R™Ryovo. Clearly, if the graph § is connected, L+ E; and
L+ pl% E; are both symmetric positive definite matrices according

to [5, Lemma 3] and hence H-'LH™' + E; is also a symmetric
positive definite matrix. Then by a similar argument to that of the
proofs of Lemma 4.1 and Theorem 4.5, the following lemma and
theorem can be obtained.

Lemma 4.3. If the graph § is connected, then all the eigenvalues of
I' have negative real parts.

Theorem 4.7. Consider a network of second-order agents with a
fixed topology. If the graph 4 is connected, the multi-agent system
(2) with protocol (26)-(27) achieves the desired rotating formation

F(h(p, 6),i,). Moreover, lim, ;oo (v,» — ;%REOR(Q,» — ejo)RnOUO)
i}
= 0and lim;_ o0 (r; + RLR (Z) Ruovi — ¢o) = Oforalli € J.

Remark 4.8. Theorem 4.7 shows that protocol (26)-(27)makes all
agents finally surround a pre-specified point ¢y with a desired
formation structure h. It should be noted that if we eliminate the
term — (rj, + RI R (%) Roviy — Co), then the multi-agent system
(2) can also reach the desired rotating formation h but the common
point surrounded by the agents might not be c,.

Remark 4.9. In [21], to achieve circular motions, one control gain,
namely, the rotation angle, must be exactly equal to a certain value
to have the eigenvalues on the imaginary axis, which is not robust.
In this paper, we do not impose such an assumption and the control
parameters p;, 6;,i = 1, ..., n,canbe arbitrarily chosen in the real
number field except for the points satisfying that 17THM1, = 0
when |6; — 6| = 0or |0; — 6| = & foralli, k € J.

Remark 4.10. In protocols (8) and (26)-(27), each agent need
access its neighbors’ position and velocity information, which
might bring in communication time-delays. Further research could
be directed towards considering the communication time-delays.

Ga

Fig. 4. The communication topology for the multi-agent system (2).

-2 — : =
-25
-3
-35

-4

-4.5

Fig. 5. Position trajectories of the multi-agent system using protocol (8).
5. Simulations

Numerical simulations will be given to illustrate the theoreti-
cal results obtained in the previous sections. The graph 4, in Fig. 4
is the communication topology for the multi-agent system (2),
where the weight of each edge is 1. The initial condition of the
multi-agent system is taken as [r], oI, r], o], rT ol 1T 0I]T =
[-1,2,—-4,-3,-2,0,1,2,-3,0,2,1,—-1,—-3,—4,0,-3,1, 1,

T
—1,-3,-3,0, —2]" and i, is taken as [%, %, %] .

We first present simulation results to illustrate Theorem 4.5, we
take [0y, 65, 03, 04] = [0,7/3, —m/3,0] and [p1, p2, 03, p4] =
[0.5,1, 1, 2]. Fig. 5 shows the position trajectories of all agents
with protocol (8). It is obvious that all agents finally surround a
common point with a formation structure that has the same shape
but a different size from the desired formation structure on a plane
perpendicular to the vector i,. That is, the multi-agent system (2)
reaches a desired quasi-rotating formation, which is consistent
with Theorem 4.5.

Now, we give simulation results to illustrate Theorem 4.7.
Suppose that the second agent s, has access to the desired velocity

1 1 1
\/6 ﬁ ﬁ cost
. 0 £ sint | and the desired circle center
O EECIRER i
NN

co = [—1,—1, —1]". Fig. 6 shows the position trajectories of all
agents with protocol (26)-(27). It is clear that all agents finally
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Fig. 6. Position trajectories of the multi-agent system using protocol (26)-(27).

surround a common point with the desired formation structure
on a plane perpendicular to the vector i,. That is, the multi-agent
system reaches the desired rotating formation, which is consistent
with Theorem 4.7.

6. Conclusions

In this paper, we have investigated the collective rotating
formation control problem of second-order multi-agent systems in
3D. We proposed two distributed control protocols and employed
a new Lyapunov-based approach to give conditions to make
all agents surround a common point with a desired formation
structure. Simulation results were provided to illustrate the
theoretical results. Finally, it should be pointed out that the
communication graph considered in this paper is undirected and
fixed, and future research could be directed towards considering
directed and switching communication graph.
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