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Abstract
In this paper we study ¢*"-order (¢ >= 3) consensus algorithms, which generalize the existing
first-order and second-order consensus algorithms in the literature. We show necessary and suffi-
cient conditions under which each information variable and their higher-order derivatives converge
to common values. We also present the idea of higher-order consensus with a leader and introduce

the concept of an ¢*!

-order model-reference consensus problem, where each information variable
and their high-order derivatives not only reach consensus but also converge to the solution of a pre-
scribed dynamic model. The effectiveness of these algorithms is demonstrated through simulations

and a multi-vehicle cooperative control application which mimics a flocking behavior in birds.



I. INTRODUCTION

Cooperative control for multi-vehicle systems has been applied both to formation control
problems, with applications to mobile robots, unmanned air vehicles (UAVs), autonomous
underwater vehicles (AUVs), satellites, aircraft, spacecraft, and automated highway sys-
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tems , and to non-formation cooperative control problems such as task assignment,

payload transport, role assignment, air traffic control, timing, search, and adaptive schedul-

™10 For cooperative control strategies to be successful, numerous issues must be ad-

ing
dressed, including the definition and management of shared information among a group of
vehicles. The cooperation of a multi-vehicle team is often facilitated if the team members
can form a consistent view of the shared information.

In plain language, when several entities or vehicles agree on a common value of a variable
of interest they are said to have come to consensus. For a group of networked mobile vehicles
with a common mission or task, information consensus can play a pivotal role, particularly
when the communication capability for each vehicle is limited and/or purposely constrained.
For example, when the dynamic environment changes, the vehicles in a team must be in
agreement as to what changes have taken place, even when every vehicle cannot talk directly
to every other vehicle. To achieve consensus, there must be a shared variable of interest as
well as appropriate algorithmic methods for negotiating to reach consensus on the value of
that variable (called a consensus algorithm or protocol). Consensus algorithms have a his-
torical perspective in Refs. 11-14, to name a few. Recently, consensus algorithms have been
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studied extensively in the field of cooperative control using algebraic graph theory
nonlinear mathematical tools?' 2%, Some results in consensus algorithms can be understood
in the context of connective stability?*. Optimality issues in consensus algorithms are also

considered in the literature?®. In addition, information consensus is studied in the context
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of random networks?%, flocking®”?®, and asynchronous communication?.

Notice that in the literature, most consensus algorithms focus on the case where the com-
municating/cooperating vehicles come to consensus about the value of the consensus variable
(e.g., Refs. 16,17,19,21). Although the consensus variable may be a vector, such algorithms
are effectively first-order, as the typical consensus algorithm adapts the first derivative of

the consensus variable on each node based on the value of the consensus variable of its neigh-

bors. The idea of a second-order consensus algorithm under directed information exchange



has been suggested in Ref. 30, where each vehicle adapts the second-order derivative of its
local consensus variable based on both zero-order and first-order derivatives of the consensus
variables of their nearest neighbors. In the current paper we generalize the first-order and
second-order consensus algorithms in the literature. Expanding on our earlier work reported
in Ref. 31, we show necessary and sufficient conditions under which the consensus informa-
tion variable and its higher-order derivatives converge to common values. We also extend
these ideas to include setpoint tracking in higher-order derivatives of the consensus variable
(higher-order consensus with a leader) and we consider an ¢*"-order model-reference con-
sensus problem, where each information variable and their high-order derivatives not only
reach consensus but also converge to the solution of a prescribed dynamic model.

When considering the problem of consensus among a group of cooperating entities, a
natural question is: “consensus on what?.” A similar question “formation to what form or
shape?’ has been asked in a general way>? within the context of mobile actuator and sensor
networks®?. However, in most work on information consensus the answer is application-
dependent. Likewise, in our case, with the question “consensus on what’ in mind, our
motivation for studying higher-order consensus comes from observing the behavior of flocks
of birds. It is often noted that such flocks fly somewhat in formation, maintaining a nominal
separation from each other, but each traveling with the same velocity vector. In Ref. 34 it
is shown how second-order consensus algorithms can produce the behavior of a separation
and common velocity under directed information exchange. However, sometimes a bird flock
abruptly changes direction, perhaps when one of them suddenly perceives a source of danger
or food. Clearly the birds in this setting need to build consensus on not only their relative
position and their velocity, but also on acceleration. This motivates the idea of higher-order
consensus. Higher-order consensus also makes sense in swarm-on-swarm scenarios, where a
cooperative team of “friendly” UAVs confront another team of “hostile” UAVs, necessitating
abrupt collective motions of the team. Finally, again driven by the question “consensus on
what’ we are also motivated to consider what we call the /*"-order model-reference consensus
problem, where each information variable and their high-order derivatives not only reach
consensus but also converge to the solution of a prescribed dynamic model. Convergence
not to something arbitrary as defined by initial conditions, but to the solution of a pre-
scribed problem, as defined by the reference model, is important in applications where the

team of vehicles has a global task to achieve but does not have centralized communication.



We introduce this model-reference consensus problem and establish sufficient conditions for
consensus convergence for the case where all or some of the team members have complete
knowledge of the reference model.

The remainder of the paper is organized as follows. Section II presents some background
materials and some mathematical preliminaries for our later development. Higher-order
consensus algorithms are given in Section III, including the standard, unforced case and the
case of setpoint tracking, which leads to the idea of higher-order consensus with a leader,
and model-reference consensus. The effectiveness of the proposed algorithms is illustrated
throughout the paper by simulations, including an example of flocking behavior in Sec-

tion IV. Section V concludes the paper.

II. BACKGROUND AND PRELIMINARIES

It is natural to model information exchange among vehicles by directed/undirected
graphs. A digraph (directed graph) consists of a pair (N, ), where N is a finite nonempty
set of nodes and £ € N2 is a set of ordered pairs of nodes, called edges. As a comparison,
the pairs of nodes in an undirected graph are unordered. If there is a directed edge from
node v; to node v;, then v; is defined as the parent node and v; is defined as the child node.
A directed path is a sequence of ordered edges of the form (v, v:,), (viy, vis), - -+, Where
v;; € N, in a digraph. An undirected path in an undirected graph is defined accordingly.
In a digraph, a cycle is a path that starts and ends at the same node. A digraph is called
strongly connected if there is a directed path from every node to every other node. An
undirected graph is called connected if there is a path between any distinct pair of nodes.
A directed tree is a digraph, where every node has exactly one parent except for one node,
called root, which has no parent, and the root has a directed path to every other node.
Note that in a directed tree, each edge has a natural orientation away from the root, and no
cycle exists. In the case of undirected graphs, a tree is a graph in which every pair of nodes
is connected by exactly one path. A directed spanning tree of a digraph is a directed tree
formed by graph edges that connect all the nodes of the graph. A graph has (or contains) a
directed spanning tree if there exists a directed spanning tree being a subset of the graph.
Note that the condition that a digraph has a directed spanning tree is equivalent to the case

that there exists at least one node having a directed path to all the other nodes. In the case



of undirected graphs, having an undirected spanning tree is equivalent to being connected.
However, in the case of digraphs, having a directed spanning tree is a weaker condition than
being strongly connected.

The adjacency matrix A = [a;;] € IR™™ of a weighted digraph is defined as a; = 0 and
a;; > 01if (j,4) € £ where i # j. The adjacency matrix of a weighted undirected graph is
defined accordingly except that a;; = aj;, Vi # j, since (j,i) € £ implies (i,j) € €. Let
matrix L = [{;;] be defined as ¢; = Z#i a;; and ¢;; = —a;;, where ¢ # j. The matrix L

satisfies the following conditions:
li; <0, 1#7]

d =0, i=1,...,n (1)
j=1

For an undirected graph, L is called the Laplacian matrix3®, which has the property that it
is symmetric positive semi-definite. However, L for a digraph does not have this property.
In both cases of undirected graphs and digraphs, 0 is an eigenvalue of L with an associated
eigenvector 1, where 1 2 [1,...,1]T is an n x 1 column vector of all ones, since all of the
row sums of L are 0. In the case of undirected graphs, all of the nonzero eigenvalues of L
are positive. In the case of digraphs, all of the nonzero eigenvalues of L have positive real
parts following Gershgorin’s disc theorem?3”. In the case of undirected graphs, 0 is a simple
eigenvalue of L if and only if the undirected graph is connected®. In the case of digraphs,
0 is a simple eigenvalue of L if and only if the digraph has a directed spanning tree3®.

Let 0 denote the n x 1 column vector of all zeros. Let I,, denote the n x n identity matrix
and 0,, denote the n x n zero matrix. Let M, (IR) represent the set of all n X n real matrices.
Given a matrix A = [a;;] € M,([R), the digraph of A, denoted by I'(A), is the digraph on
n nodes v;, ¢ € Z, such that there is a directed edge in I'(A) from v; to v; if and only if
aij # 0°7.

III. HIGHER-ORDER CONSENSUS ALGORITHMS

We begin by presenting the general /*"-order extension to the standard consensus algo-
rithm, followed by two extensions: (1) setpoint tracking and higher-order consensus with a

leader, and (2) model-reference consensus.



A. (*P_order consensus

Consider information variables with ¢**-order dynamics given by

O _ )

(04— —
g6 = Y (2)
Y =, ie{1,...,n},

1

where @UC) e R™ k=0,1,...,f — 1, are the states, u; € IR™ is the control input, and §Z-(k)
denotes the k' derivative of & with 51.(0) =¢&,1=1,...,n. Consensus is said to be reached
among the n vehicles if 51(]9) — {ﬁk), k=0,1,....,0 — 1, Vi # j. The goal of a consensus
algorithm is to derive a control law u; such that consensus is reached among the vehicles.

In the case of ¢ = 1, a consensus algorithm is proposed in Refs. 15-18,38 as
Uiz—zgijkij(fi—fj)7 i€{l,....n} (3)
j=1

where k;; > 0, g4 = 0, and g;; is 1 if information flows from vehicle j to vehicle ¢ and 0
otherwise. The motivation behind (3) is to drive the information variable of each vehicle
toward the information variables of its neighbors.

Motivated by (3), we propose the following higher-order consensus algorithm:

n /—1
wi= = gk (D& =), e {1 nh (4)
j=1 k=0

where k;; > 0, 7 > 0, and g;; is defined in Eq. (3). The motivation behind (4) is to
drive each vehicle’s information variable and its high-order derivatives toward the states of
its neighbors. Note that the linear consensus strategies reported in the literature can be
considered special cases of (4) when { =1 or [ = 2.

Let €% be an mn x 1 column vector with components §§k), t =1,...,n, where él-(k) is

defined in Eq. (2). By applying (4), Eq. (2) can be written in matrix form as

ROR RCR
(1) (1)
£ G




where ® denotes the Kronecker product, and

0, I, 0, 0,
0, 0, I, 0,
I'= ,
0, 0, 0, --- I,
=YL —nL =yl - =y L]

where L = [(;;] € M, (IR) with ¢; = Z#i gijki; and l;; = —g;;ki;, Vi # j. Note that L
satisfies the property (1).

In the following, we assume m = 1 for simplicity. However, all the results hereafter
remain valid for m > 1. In addition, we only consider the case when ¢ = 3. Similar analyses
are applicable to the case when ¢ > 3.

Before stating our main results, we need the following lemma.

Lemma III.1 In the case of £ = 3, T" has at least three zero eigenvalues. It has exactly
three zero eigenvalues if and only if —L has a simple zero eigenvalue. Moreover, if —L has

a stmple zero eigenvalue, the zero eigenvalue of I' has geometrical multiplicity equal to one.

Proof: Let X be an eigenvalue of I' and ¢ = [pT, rT, sT]T be its associated eigenvector, where

p, 7, and s are n X 1 column vectors. Note that

O, I, 0O, P p
I'q = 0, 0, I, rl =XA|r|,
YL —mL —%L| |s s
which implies that
r=Ap
s=Ar

— YoLp — y1Lr — o Ls = As.

Thus it follows that ¢ = [p”, ApT, A2pT]. Tt also follows that —yyLp—~1 LAp—~2 LA%p = \3p,

which can be written as
)\3
Yo + A+ A




Thus it follows that m is an eigenvalue of —L with an associated eigenvector p.

A3
Yo+y1A+72A%?

Therefore, it follows that

Let p = where 4 is an eigenvalue of —L with p being its associated eigenvector.

A* — opA? = ypd — yop = 0, (6)

which implies that there are three roots for A corresponding to each pu. That is, each
eigenvalue of —L corresponds to three eigenvalues of T'.

Let p1;,7 = 1,...,n, be the i*™® eigenvalue of —L. Also let A3j_a, A3;_1, and Xg;, i = 1,...,n,
be the eigenvalues of I" corresponding to ;. From Eq. (6), we can see that p; = 0 implies
that Asj_o = A3j_1 = A3; = 0. It is straightforward to see that —L has at least one zero
eigenvalue with an associated eigenvector 1 since all of its row sums are equal to zero.
Therefore, we know that I' has at least three zero eigenvalues.

From Eq. (6) we can also see that —L has a simple zero eigenvalue if and only if I' has
exactly three zero eigenvalues. In addition, if —L has a simple zero eigenvalue, denoted as
w1 = 0 without loss of generality, then there is only one linearly independent eigenvector p
for — L associated with the eigenvalue zero. Note that p; = 0 implies that Ay = Ay = A3 =0,
which in turn implies that ¢ = [p, 07, 07]7. Therefore, there is only one linearly independent
eigenvector ¢ for I' associated with eigenvalue zero. That is, the zero eigenvalue of I' has
geometric multiplicity equal to one if —L has a simple zero eigenvalue. [ |

Using this lemma we can prove the following result.

Theorem II1.1 In the case of ¢ = 3, the algorithm (4) achieves consensus exponentially if
and only if I has exactly three zero eigenvalues and all of the other eigenvalues have negative

real parts.

Proof: (Sufficiency.) If T has exactly three zero eigenvalues, we know that the eigenvalue
zero has geometric multiplicity equal to one from Lemma III.1. As a result, it follows that

I" can be written in Jordan canonical form as

0 1 0 O1x(3n-3) T

"

0 0 1 01 3n—3 .

F:[wl,...,’LU3n] “ : : ) (7)
D 0 0 0 O1x(3n—3) .
y?m
103n-3)x1 O@n-3)x1 O@n-3)x1  J' | o=
N ~ P71
J



where w; € IR*", j = 1,...,3n, can be chosen to be the right eigenvectors or generalized
eigenvectors of T, v; € IR*", j = 1,...,3n, can be chosen to be the left eigenvectors or
generalized eigenvectors of I', and J' is the Jordan upper diagonal block matrix corresponding
to 3n — 3 non-zero eigenvalues of I'.

Without loss of generality, we choose w; = [17,07, 0717, wy = [07,17,07]7, and w3 =
(07,07, 17]T, where it can be verified that w;, wy, and wz are an eigenvector and two
generalized eigenvectors of I' associated with the eigenvalue 0 respectively. Noting that I’
has exactly three zero eigenvalues, denoted as \; = Ay = A3 = 0 without loss of generality,
we know that —L has a simple zero eigenvalue, which in turn implies that there exists a
nonnegative n x 1 vector p such that p”’ L = 0 and p”1 = 1 as shown in Ref. 38. It can be
verified that vy = [pT, 07, 07]T, vy = [07,pT, 07T, and v3 = [07, 07, pT]" are two generalized
left eigenvectors and a left eigenvector of I' associated with eigenvalue 0 respectively, where

viw; =1, j =1,2,3. Note that

1 t %tZ 01><(3n—3) T
"

0 1 t 01%(3n—
et = [wy, ..., ws 1x(3n—5) :
h};_’ 0 0 1 O1x(3n-3) T
/ 1/371,

|03n—3)x1 O@n—3)x1 O@n-sx1 €' | &=
N ~ J/ P_l
eJt

Also note that lim; ., ”'t — 03,3 exponentially since the eigenvalues Ag; o, A3;_1, and Ag;,
1 =2,...,n, have negative real parts. Therefore, it follows by computation that for large ¢,
the dominant terms in e'* are

1p” t1p” %tQIpT

0, 1p" t1p" |,

0, 0, 1p”

where the rows (kn + 1) to (k+ 1)n, k =0, 1,2, are identical. Noting that

£O(1) £0(0)
W) =€ [eM(0)]
£@(1) £@(0)

where ¢ = [ék), o ,&(Lk)]T, we know that {i(k) (t) — fj(k) (t) exponentially, Vi # j, k = 0,1, 2,

as t — oo.



(Necessity.) Suppose that the sufficient condition that I has exactly three zero eigenvalues
and all the other eigenvalues have negative real parts does not hold. Noting that I" has at
least three zero eigenvalues, the fact that the sufficient condition does not hold implies that
I' has either more than three zero eigenvalues or it has three zero eigenvalues but has at
least another eigenvalue having positive real part. In either case, we know that lim,_ ., e’*
has a rank larger than three, which implies that lim, . e!* has a rank larger than three.

1q"
Note that consensus is reached asymptotically if and only if lim;_,. e'* — | 177 |, where g,
157

I't cannot exceed three. This

r, and s are 3n X 1 vectors. As a result, the rank of lim; €
results in a contradiction. [ |
In the case of £ = 3, let Ay, k = 1,...,3n, be the eigenvalues of I'. Note that consensus
is reached exponentially if and only if I' has exactly three zero eigenvalues and all of the
other eigenvalues have negative real parts. The convergence speed of the algorithm (4)
is related to the nonzero eigenvalues of I'. Let )\; be the nonzero eigenvalue such that
|IRe(\;)| = min|Re(Ay)|, VAx # 0, where Re(:) represents the real part of a number. In
particular, for £ = 3, e%* is the dominant term when e'* converges to a matrix of the form
1q"
177 |, where ¢, r, and s are 3n x 1 vectors.

1s”

Note that L has a simple zero eigenvalue and all of the other eigenvalues have positive
real parts if and only if the information-exchange topology has a directed spanning tree®®. In
the case of ¢ = 3, if (4) achieves consensus exponentially, we know that I" has exactly three
zero eigenvalues following Theorem III.1. Thus we see that —L has a simple zero eigenvalue,
which in turn implies that the information-exchange topology has a directed spanning tree.
Therefore, in the case of ¢/ = 3, having a directed spanning tree is a necessary condition for
consensus seeking. However, similar to the case of | = 23°, having a directed spanning tree
is not a sufficient condition for consensus seeking. Both the information-exchange topology
and values of v, k = 0,1, 2, will affect the convergence of the ¢*"-order consensus algorithm
with [ > 3. In contrast, in the case of £ = 1, having a directed spanning tree is a necessary
and sufficient condition for consensus seeking3®.

From Eq. (6) we can see that v, k = 0,1, 2, plays an important role in the eigenvalues

10



of I'. In the case of £ = 2, we know that if —L has a simple zero eigenvalue and all of the
other eigenvalues are real and therefore negative (e.g., an undirected connected information-
exchange topology or a leader-follower information-exchange topology), then (4) achieves
consensus for arbitrary v, > 0, k = 0,13°. In contrast, this argument is no longer valid for
the case of £ = 3. In the case that the digraph of —L is itself a directed spanning tree (i.e.,
a leader-follower information-exchange topology), —L has a simple zero eigenvalue and all
of the other eigenvalues are real and therefore negative®®. As a result, all of the coefficients
of the polynomial (6) are positive real numbers when p # 0, where p is the eigenvalue of
—L. From Routh criterion, there always exist v, k = 0, 1, 2, such that all of the roots of (6)
have negative real parts when p # 0. It is straightforward to see that when a graph has a
directed spanning tree, the graph can be constructed by adding information-exchange links
to a graph that is itself a directed spanning tree. Noting that u is continuously dependent on
the entries of —L (i.e., the digraph of —L) and the roots of (6) are continuously dependent
on its coefficients, we know that for each —L whose graph has a directed spanning tree,
there always exist 1%, £ = 0, 1,2, such that all of the roots of (6) have negative real parts
when p # 0. The parameters v, & = 0,1,2, can be chosen according to Routh-Hurwitz
theorem. As a result, the conditions of Theorem III.1 are satisfied.

To illustrate these points, consider the following simulation example. Let L be given by

0 0 0 0]
11 00
Lo = . (8)
0 -1 1 0
0 0 —11]

Note that the digraph of L has a directed spanning tree. In fact, the graph of L is itself
a directed spanning tree in this case. Also note that p; = —1, where p; is the nonzero
eigenvalue of — L. In Case 1, we choose 79 = 2, 73 = 1, and 75 = 2. Then from Eq. (6) we see
that A\3j_o = =2, A\3;_1 = 4, and A3; = —1, where A, is the eigenvalue of I corresponds to p;.
As a result, consensus cannot be achieved. However, if we choose 79 = 1, 77 = 2, and 75 = 3
in Case 2, then \3;_o = —2.3247, A\3;_1 = —0.3376 + 0.5623¢, and A\3; = —0.3376 — 0.56231.
As a result, consensus can be reached. Fig. 1 shows the plots of 51(2), 1=1,...,4, for Cases
1 and 2 with different «;, 7 = 0, 1,2, values. Note that although the digraph of L has a
directed spanning tree in both cases, the consensus system is not stable in Case 1, whereas

it is stable in Case 2. Thus, the gains v, must be chosen properly to ensure that consensus
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is achieved.

Case 1: L=L0, y0=2, yl=1, y2=2

— i1
- - i=2
10+ =3
i=4
51 B
8 - - s
W L T~ - _ ‘\ N : o ~
OF =" ~=——== ———————— =
_5 = -
_10 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
time (sec)
Case 2: L:Lo' yO:l, V1:2' y2:3
1 T T T
\ — i=1
N - - i=2
0.5 o=
: el i=4
< LV S e =~ - S i
W 0 \ P -
\ e
-
-0.5f b
-1 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

time (sec)

FIG. 1: Plots of fzm, k =2, for Cases 1 and 2 with different v;, j = 0,1, 2, values.

B. Setpoint tracking and higher-order consensus with a leader

In Ref. 39 the idea of a leader-node is introduced, whereby a single node is chosen that
ignores all the other nodes, but continues to broadcast, and the controllability properties
of the resulting graph are explored. In Ref. 40 it was shown how to modify the first-order
consensus algorithm to introduce setpoint tracking, but with a less stringent requirement
than full state controllability (and not requiring that the leader ignore all the other nodes,
though this is effectively what happens). The algorithm in Ref. 40 caused all the nodes to
converge to the leader’s setpoint. This is called consensus with a leader.

Though Ref. 40 considered only first-order consensus, in the same way for higher-order

consensus we can modify Eq. (4) as follows:

n {—1
==y gk w@” =g - =) e {ln) ()
j=1 k=0

where a > 0, and 51.“_1)* is the local setpoint on node i. Using Eq. (9) we claim that if
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a; = 0 for all but node k, with o = 1, (i.e., higher-order consensus with a leader), and
node k has a directed path to all the other nodes, then §Z-(l_1) — 5,26_1)*, Vi e {1,...,n}
by following a similar argument in Ref. 40. Note that this assertion requires 5,(5_1)* to be
piecewise constant. However, in the next subsection we generalize these ideas further by
extending them to include setpoints for all the derivatives, where the setpoints come from a
reference model.

To illustrate, we choose 5?)* =0.5, a1 =1, and o; =0, Vi # 1. Fig. 2 shows the plots of
51-(2), where L = Ly is given by Eq. (8). Note that each §i(2) converges to the setpoint.

L=L; Vp=1, v,=2, V,=3
1 T T T

=1
_ _i=2
| -5
08f l{é)* A
|
|
\
‘\\ //
of ! 1
\ - !
!
Voo
_0.27 \'/ -
-0.4 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
time (sec)
FIG. 2: Plots of £, &k = 2, with ¢* = 0.5,
C. Model-reference consensus
Consider a prescribed reference dynamic model given by
(0 1
&Y =g
(6—2 -1
D = g
57@71) = Ur (10)



where &gk) eR"™, k=0,1,...,¢ — 1, are the reference states, and u, € IR™ is the reference
control input.
A model reference consensus problem is said to be solved if fi(k) — §£k), k=0,...,0—1,

asymptotically and {i(k) — {ﬁk), Vi # j, during the transition.

1. Full Access to the Reference Model

In the case that the reference model is available to each vehicle in the team, we propose

the following model-reference consensus algorithm:

n -1
ui ==Y giki [y wl(& — &)
j=1 k=0

/-1
0y w&” W) +u, ie{l,... n} (11)
k=0

where 1 > 0.
Let fz(k) = fl(k) — ﬁk), k=0,...,0, and £€® be an mn x 1 column vector with components

5.(’“), i=1,...,n. By applying (11), Eq. (2) can be written in matrix form as

7

5(0) 5(0)
§<1> £
S| =EeL)| T, (12)
5(5,1) g(ffl)
where ) )
On In On On
OTL OTL In O’I’L
= ,
0, 0, 0, ~--- I,
=Y%M —n M =y M - = M ]

with M = L + nl,.

Letting y; and p; be the i™® eigenvalue of —L and —M respectively, then we see that
pi = p; —n. Following the argument of Theorem III.1, we know that each eigenvalue of
—M corresponds to three eigenvalues of X. Letting ¢3;—;, 7 = 1,2, 3, be the eigenvalue of X

corresponding to p;, then they are related by the following equation:
¢® — Y2ps® = 11ps — y0p = 0. (13)

14



Note that if Re(s;) < 0, @ = 1,...,3n, that is, ¥ is a stable matrix, then éz-(k) — 0
asymptotically, k = 0,...,¢ — 1, which in turn implies that @Uf) — §£k) asymptotically.

It is straightforward to see that Re(p;) < 0,7 =1,...,3n, due to the fact that Re(u;) <0
as shown in Section II and 7 > 0. Similar to Eq. (6), 7, £ = 0,1, 2, plays an important role
in the eigenvalues of 3 in Eq. (13). Note that even if the information-exchange topology does
not have a directed spanning tree (e.g., the worse case of no information exchange among
vehicles, that is, L = 0,,), it is still possible to choose v, k = 0, 1,2, according to Routh-
Hurwitz theorem such that all of the eigenvalues of 3 have negative real parts. However,
having a directed spanning tree guarantees that ffk) — §§k), k=0,...,0—1,Vi# j during
the transition when fi(k) — &gk).

To give a simulation example of model-reference consensus, let u, = sin(t) and fﬁk) (0) =0,
E=0,1,2. Alsolet n =0.3, 70 = 1, 1 = 2, and 75 = 3. Fig. 3 shows the plots of 52@,
i=1,...,4, for Case 1, where L = L is given by Eq. (8), and Case 2, where L = 0,,. Note
that although 552) approaches 552) asymptotically in both Cases 1 and 2, we can see that

MaX;£; |§Z-(2) — fj(?)| during the transition in Case 1 is smaller than that in Case 2.

Case 1: L=L;, n=0.3, y;=1,y,=2, ,=3

time (sec)

Case 2: L=0_,n=0.3, y;=1,y,=2, ,=3

o 2 4 6 8 10 12 14 16 18 20
time (sec)

FIG. 3: Plots of 5}’“), k =2, for Cases 1 and 2 with different information exchange topologies.

Also note that the value of n also has an effect on convergence. Let u, and §1§k)(0) =0 be

15



defined the same as above. Also let L = Lg be given by Eq. (8), 70 =2, 71 = 1, and ~, = 3.
Fig. 4 shows the plots of §§2), 1 =1,...,4, for Case 1, where n = 0.3, and Case 2, where
n = 2. Note that 51-(2) does not approach 57(12) in Case 1 due to small . However, when we

increase 1 to 2, convergence to 5}@ is guaranteed in Case 2.

Case 1: L=L0, n=0.3, y0:2, ylzl, y2:3

0 2 4 6 8 10 12 14 16 18 20
time (sec)

Case 2: L=L;, n=2, y;=2, y,=1, y,=3

i=1
=2 H
i=3
i=4 [

0 2 4 6 8 10 12 14 16 18 20
time (sec)

FIG. 4: Plots of fz.(k), k =2, for Cases 1 and 2 with different n values.

In the case of ¢ = 2, if L = 0,, then Re(g;) < 0 for any v > 0, £ = 0,1, due to the fact
that p;, = —n is real. That is, the model reference consensus problem is solved for arbitrary
v > 0, k = 0,1. However, in the case of ¢ = 3, this argument is no longer valid and the

gains v must be chosen properly to ensure that consensus is achieved.
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2. Partial Access to the Reference Model

In the general case that the reference model is only available to a portion of the vehicles

in the team, we propose the following model-reference consensus algorithm:

n n -1
1 k k
Ui = ;{Z Gijhiju; — Zgijkij[z Wk(&( ) — 53(- )
toj=1 j=1 k=0

-1
+girkir[ur _Zryk(fi(k) _gﬁk))]} [ € {17""n}’ (14)
k=0

where g;, = 1 if the reference model is available to vehicle i and 0 otherwise, and k; =
Girkir + 25— Gijhij-

Let node n + 1 be a virtual vehicle with states §,€k). Also let &1 = &y Gitnt1) = Girs
and kiny1) = ki With the algorithm (14) and the reference model (10), Eq. (2) can be
rewritten as

Ui(g) + 7201'(2) + ’71051) + ’}/()Ui(o) =0, (15)

where 0; = > gijki; (& — &)

Note that the characteristic equation of the system (15) is given by s*+7252+715+70 = 0.
It is straightforward to choose appropriate v, > 0, k = 0, 1, 2, according to Routh criterion
such that the system (15) is stable, which in turn implies that ch(k) —0,Vi, k=0,1,2, as
t — oo. If there exists a directed path from virtual vehicle n + 1 to all of the vehicles in
the team, then ng) — 0, Vi, k = 0,1,2, implies that {fk) — SJ(-k), Vi,j € {1,...,n+ 1},
k=0,1,2%. That is, " — &M Vi, k =0,1,2, since &1 = &,

IV. MULTI-VEHICLE COORDINATION EXAMPLE

In this section we illustrate via simulation how the higher-order consensus ideas presented
above can be used in a formation control scenario for multiple vehicles, whereby a desired
separation is maintained among vehicles, each vehicle travels at a common velocity, and

a leader vehicle has access to a reference model. We assume that there are five vehicles,

17



exchanging information through a topology defined by the matrix

-2 1 0 1 O
0O -1 0 1 O
-L=1]1 0 -2 0 1
0 0 0 -1 1
0 0 1 0 -1

The equation running on each vehicle 7 is given by:

b= (3 g = 3 il = 43) = (5 = 5] + (01 ) + s — )}

2 ]:1

+ gir[dr - 70(%‘ —0; — C]r) - 71(7% - Ur) - 72(%‘ - a?‘)])?

where ¢; = [qiz, @iy)T, Vi = [Viz, viy]T, and a; = [aiz, a;y]" denote the two dimensional position,
velocity, and acceleration of vehicle i respectively, ¢, = [¢rz, @ryl”, Ur = [V, V)7, and
ar = [z, ary]" denote the two dimensional reference position, velocity, and acceleration
respectively, and the terms §; = [0, 5z~y]T denote the desired formation separations (so that
(6;—0;) is the desired separation between vehicle 7 and vehicle j31), again in two dimensions.

In the simulation, we choose ¢;, = 0 and d;, = 100* (i —1), 7 =1,...,5. Thus the desired
separation distances in x-axis and y-axis are 0 and 100 respectively. We also choose 79 =1
and v; = 72 = 3, which, together with the fact that L defines an information-exchange
topology that contains a directed spanning tree, results in a convergent consensus process.
Further, we let vehicle 1 be the “leader” to which the reference model is available. That
is, g1, = 1 and g; = 0, Vi # 1. Note that vehicle 1 has a directed path to all of the
other vehicles. In the simulation initially all of the vehicles have different starting positions,
velocities, and accelerations, in both x-axis and y-axis.

Figs. 5 and 6 show respectively the x-axis and y-axis reference position, velocity, and
acceleration available to vehicle 1. We see that the system is presented with a sinusoidal-
varying acceleration in the z-axis. Along the y-axis the system is “bumped” at 30 and 60
seconds.

The resulting positions, velocities, and accelerations of each vehicle are shown in Figs. 7, 8,

and 9 respectively. Note that the positions of each vehicle converge to the reference value
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FIG. 5: The x-axis reference states available to vehicle 1.

with the desired separations given by d; as shown in Fig. 7. Also note that the velocities and
accelerations of each vehicle converge to the reference velocity and acceleration as shown in
Figs. 8 and 9 respectively.

Fig. 10 shows the resulting motion in the x — y plane, where the squares denote the
starting positions of each vehicle and plus signs denote the positions of each vehicle at
t = 20,40, 60,80 seconds. It can be seen that the vehicles maintain the desired separation
between each other. We see that the higher-order model reference consensus algorithm allows
all the vehicles to respond to the reference states received by vehicle 1, while maintaining
their formation. This behavior can be seen to be similar to that of a flock of birds moving

as a group in formation, but periodically having large changes in direction.

V. CONCLUSION

In this paper we have defined a class of £*!-order (¢ >= 3) consensus algorithms and have
shown necessary and sufficient conditions under which each information variable and their
higher-order derivatives converge to common values. We also introduced the idea of higher-

order consensus with a leader and the concept of an /" order model-reference consensus
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FIG. 6: The y-axis reference states available to vehicle 1.

problem, where each information variable and their high-order derivatives not only reach
consensus but also converge to the solution of a prescribed dynamic model. Future research
will focus on experimental application of these ideas, including demonstration of formation
control via consensus on the Mobile Actuator and Sensor Networks (MAS-net) testbed®?.
It also remains to study the practical implementation of consensus algorithms. Though
convergence is a function of the eigenvalues of I' ® I,,, and will not be impacted as the
number of vehicles increases, the effects of delays in the communication among vehicles as
well as the effect of time-varying communication topologies must be addressed. Finally,
we note that the model-reference consensus algorithm we introduced requires that some or
all of the vehicles have complete knowledge of the reference model. We are also studying
the problem where each vehicle has only partial knowledge of the reference model, but that
collectively the sum of their knowledge is equivalent to complete knowledge of the reference
model. We are interested in consensus algorithms whereby each node will converge to the

solution of the reference model.
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FIG. 7: The positions of each vehicle together with the reference position.
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