CONSENSUS SEEKING, FORMATION KEEPING, AND
TRAJECTORY TRACKING IN MULTIPLE VEHICLE

COOPERATIVE CONTROL

Wei Ren

A dissertation submitted to the faculty of
Brigham Young University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

Department of Electrical and Computer Engineering
Brigham Young University

August 2004



Copyright (©) 2004 Wei Ren

All Rights Reserved



BRIGHAM YOUNG UNIVERSITY

GRADUATE COMMITTEE APPROVAL

of a dissertation submitted by

Wei Ren

This dissertation has been read by each member of the following graduate committee
and by majority vote has been found to be satisfactory.

Date Randal W. Beard, Chair
Date Timothy W. McLain
Date Sean C. Warnick

Date Wynn C. Stirling

Date A. Lee Swindlehurst



BRIGHAM YOUNG UNIVERSITY

As chair of the candidate’s graduate committee, | have read the dissertation of Wei Ren
in its final form and have found that (1) its format, citations, and bibliographical style are
consistent and acceptable and fulfill university and department style requirements; (2) its
illustrative materials including figures, tables, and charts are in place; and (3) the final
manuscript is satisfactory to the graduate committee and is ready for submission to the
university library.

Date Randal W. Beard _
Chair, Graduate Committee

Accepted for the Department

Michael A. Jensen
Graduate Coordinator

Accepted for the College

Douglas M. Chabries
Dean, College of Engineering and Technology



ABSTRACT

CONSENSUS SEEKING, FORMATION KEEPING, AND
TRAJECTORY TRACKING IN MULTIPLE VEHICLE

COOPERATIVE CONTROL

Wei Ren
Electrical and Computer Engineering

Doctor of Philosophy

Cooperative control problems for multiple vehicle systems can be categorized
as either formation control problems with applications to mobile robots, unmanned air
vehicles, autonomous underwater vehicles, satellites, aircraft, spacecraft, and automated
highway systems, or non-formation control problems such as task assignment, cooperative
transport, cooperative role assignment, air traffic control, cooperative timing, and coopera-
tive search. The cooperative control of multiple vehicle systems poses significant theoreti-
cal and practical challenges. For cooperative control strategies to be successful, numerous
issues must be addressed. We consider three important and correlated issues: consensus
seeking, formation keeping, and trajectory tracking.

For consensus seeking, we investigate algorithms and protocols so that a team
of vehicles can reach consensus on the values of the coordination data in the presence of
imperfect sensors, communication dropout, sparse communication topologies, and noisy
and unreliable communication links. The main contribution of this dissertation in this area

is that we show necessary and/or sufficient conditions for consensus seeking with limited,



unidirectional, and unreliable information exchange under fixed and switching interaction
topologies (through either communication or sensing).

For formation keeping, we apply a so-called “virtual structure” approach to
spacecraft formation flying and multi-vehicle formation maneuvers. As a result, single
vehicle path planning and trajectory generation techniques can be employed for the virtual
structure while trajectory tracking strategies can be employed for each vehicle. The main
contribution of this dissertation in this area is that we propose a decentralized architecture
for multiple spacecraft formation flying in deep space with formation feedback introduced.
This architecture ensures the necessary precision in the presence of actuator saturation,
internal and external disturbances, and stringent inter-vehicle communication limitations.
A constructive approach based on the satisficing control paradigm is also applied to multi-
robot coordination in hardware.

For trajectory tracking, we investigate nonlinear tracking controllers for fixed
wing unmanned air vehicles and nonholonomic mobile robots with velocity and heading
rate constraints. The main contribution of this dissertation in this area is that our proposed
tracking controllers are shown to be robust to input uncertainties and measurement noise,
and are computationally simple and can be implemented with low-cost, low-power micro-
controllers. In addition, our approach allows piecewise continuous reference velocity and

heading rate and can be extended to derive a variety of other trajectory tracking strategies.
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Chapter 1

I ntroduction

1.1 Motivation

In the last ten years, advances in networking and distributed computing have
facilitated a paradigm shift from large, monolithic mainframe computers to networks of
less expensive, less powerful workstations. One motivation for multi-agent systems is to
achieve the same gains for mechanically controlled systems as has been gained in dis-
tributed computation. Rather than having a single monolithic (and therefore expensive and
complicated) machine do everything, the hope is that many inexpensive, simple machines,
can achieve the same, or enhanced functionality, through coordination. In essence, the ob-
jective is to replace expensive complicated hardware with software and multiple copies of
simple hardware.

There are numerous applications for multi-agent systems including space-based
interferometry, future autonomous combat systems, autonomous household appliances, en-
hanced surveillance systems, hazardous material handling systems, and active reconfig-
urable sensing systems. The objective of our research in multi-agent coordination is to
facilitate a similar paradigm shift from large, monolithic vehicles (e.g., spacecraft, robots,
unmanned air vehicles, autonomous underwater vehicles etc.) to groups of smaller, less
expensive vehicles that coordinate their action to achieve their objective. Examples include
replacing large space-based telescopes with multiple spacecraft interferometers, search and
rescue missions with air, land and sea vehicles, and mine detection operations.

The cooperative control problems for multi-agent systems can be categorized

as either formation control problems with applications to mobile robots [1, 2, 3, 4, 5, 6],



unmanned air vehicles (UAVS) [7], autonomous underwater vehicles (AUVs) [8], satel-
lites [9, 10], aircraft [11], spacecraft [12, 13, 14, 15], and automated highway systems [16],
or non-formation control problems such as task assignment [17, 18], cooperative trans-
port [19, 20, 21], cooperative role assignment [22], air traffic control [23], cooperative tim-
ing [24, 25], and cooperative search [26]. The cooperative control of multi-agent systems
poses significant theoretical and practical challenges. For cooperative control strategies to
be successful, numerous issues must be addressed. We will consider three important and
correlated issues: consensus seeking, formation keeping, and trajectory tracking.

The study of information flow and interaction among multiple agents in a group
plays an important role in understanding the coordinated movements of these agents. For
cooperative control strategies to be effective, a team of vehicles must be able to respond to
unanticipated situations or changes in the environment that are sensed as a cooperative task
is carried out. As the environment changes, the vehicles on the team must be in agreement
as to what changes took place. A direct consequence of the assumption that shared infor-
mation is a necessary condition for coordination is that cooperation requires that the group
of agents reach a consensus on the coordination data. In other words, the instantiation of
the coordination data on each agent must asymptotically approach a sufficiently common
value.

The study of formation keeping is motivated by the obvious advantages achieved
by using formations of multiple vehicles to accomplish an objective. These include in-
creased feasibility, accuracy, robustness, flexibility, cost and energy efficiency, and prob-
ability of success. For example, the probability of success will be improved if multiple
vehicles are used to carry out a mission in a coordinated manner, e.g. multiple UAVs are
assigned to a certain target [27] or multiple AUVs are used to search for an underwater
object [8]. In addition, cost and energy efficiency may be maximized if multiple agents
can coordinate their movements in a certain way, e.g. multiple aircraft flying in a VV-shape
formation to maximize fuel efficiency. Furthermore, in spacecraft interferometry applica-
tions in deep space, using formations of multiple microspacecraft instead of a monolithic

spacecraft can reduce the mission cost and improve system robustness and accuracy [28].



The study of nonlinear tracking control techniques for vehicle systems with in-
put constraints is essential for the success of cooperative timing (see e.g. [29, 27]) and
formation keeping missions (see e.g. [15]). While control systems are needed to enhance
performance, increase operational speeds, and reduce costs in many areas of modern tech-
nology, current control system design tools are mostly limited to systems modeled by linear
dynamics. As engineers push the limits of technology, it is becoming necessary to consider
inherent nonlinearities in the system. Unfortunately there are few design tools for vehicle
systems with inherent nonlinear dynamics. This motivates the research of a new approach
to constructive nonlinear control design called “satisficing control” [30]. Meanwhile, the
study of the satisficing control paradigm in turn facilitates the design of nonlinear tracking

controllers for vehicle systems subject to polytopic input constraints.

1.2 Contributions
1.2.1 Multi-agent Consensus Seeking

We investigate algorithms so that a team of vehicles can reach consensus on the
values of the coordination data in the presence of (i) imperfect sensors, (ii) communication
dropout, (iii) sparse communication topologies, and (iv) noisy and unreliable communi-
cation links. A necessary and sufficient condition is shown for consensus seeking under
fixed communication topologies to answer the question of “With whom does the com-
munication take place?” and explore the minimum requirement to achieve consensus in
multiple vehicle systems [31]. Discrete-time and continuous-time consensus protocols as
well as necessary/sufficient conditions are also given for consensus of information under
dynamically switching interaction topologies due to limited and unreliable information ex-
change [32, 33]. The consensus seeking problem is also considered when the information
state of each vehicle is driven by exogenous input and random noise [34].

One feature of this dissertation in this area is that unidirectional information ex-
change is allowed instead of requiring bidirectional information exchange (e.g. [35]). This
will be important in applications where bidirectional communication or sensing are not

available. Another feature is that dynamic consensus problems are studied for time-varying



information states and an analysis about the final consensus equilibrium is performed. Fur-
thermore, we extend some results of the Perron-Frobenius theorem in matrix theory and

some properties of the Laplacian matrix in graph theory.

1.2.2 Multi-agent Formation Keeping

We apply a so-called “virtual structure” approach to treat the entire desired for-
mation as a single entity with place-holders corresponding to each vehicle embedded in
the virtual structure to represent the desired position and orientation for each vehicle. As
the entire desired formation evolves in time, the place-holders trace out trajectories cor-
responding to each vehicle’s desired states. As a result, single vehicle path planning and
trajectory generation techniques can be employed for the virtual structure while trajectory
tracking strategies can be employed for each vehicle.

Regarding actuator saturation and internal and external disturbances to each ve-
hicle, an idea of introducing formation feedback from each vehicle to the virtual structure
is also proposed in the context of spacecraft formation flying to improve group stability
and robustness [36, 37]. In the case when a large number of vehicles are involved in the
group and stringent inter-vehicle communication limitations are exerted, a decentralized
framework is proposed, where a local copy of the coordination vector is instantiated on
each vehicle and brought into consensus through low-bandwidth communication between
neighboring vehicles using a bidirectional ring topology [38, 39]. The proposed frame-
work can achieve the following characteristics: First, formation feedback is included in the
framework to improve group robustness. Second, the group maneuvers are easy to pre-
scribe and direct in the framework. Finally, the framework guarantees high precision for
maintaining the formation during maneuvers.

Under the virtual leader / virtual structure framework, a constructive approach
based on the satisficing control paradigm is applied to multi-agent formation maneuvers.
This approach generates a group of control laws that guarantee bounded formation-keeping
error, finite completion time, and reasonable formation velocity as well as inverse opti-
mality and desirable stability margins [40]. This technique is applied to multiple robot

coordination in an experimental study.



1.2.3 Trajectory Tracking with Input Constraints

We extend the satisficing control paradigm [30] to the case of time-varying non-
linear systems with input constraints and explore applications of the approach to trajectory
tracking for nonholonomic mobile robots [41] and unmanned air vehicles [42, 43, 44, 45]
subject to velocity and heading rate constraints. In addition, a similar idea can be applied
to multi-agent coordinated control [40] and human interaction schemes [46] to guarantee
stability.

The design methodology as applied to nonlinear systems with polytopic input
constraints can be summarized as follows: If a constrained control Lyapunov function can
be found for a system with polytopic input constraints, the feasible control set that defines
all the stabilizing controls with respect to the control Lyapunov function satisfying the input
constraints can be specified accordingly. A direct parametrization of this feasible control
set or selection from this feasible control set is applicable, e.g. finding the geometric mean
of the feasible control set or a parametrization based on the vertices of the feasible control
set (a polygon in this case).

The salient features of our approach are as follows. First, under the proposed
tracking CLF framework with input constraints, we allow the reference velocity and angu-
lar velocity to be piecewise continuous while other approaches to tracking control constrain
them to be uniformly continuous in order to apply Barbalat’s lemma. Second, using dif-
ferent selection schemes, our approach can be used to derive a variety of other trajectory
tracking strategies. Finally, it is computationally simple and can be implemented with a

low-cost, low-power microcontroller.

1.3 Organization

The remainder of this dissertation is organized as follows. In Chapter 2, we re-
view the relevant literature. In Chapter 3, we propose consensus algorithms and show nec-
essary and/or sufficient conditions for consensus of information under fixed and switching
interaction topologies. In Chapter 4, we address the problem of formation keeping in the
context of multiple spacecraft formation flying and multi-robot coordination respectively.

In Chapter 5, we present a control Lyapunov function approach to unmanned air vehicle

5



trajectory tracking with input constraints and demonstrate an experimental study of satu-
rated trajectory tracking control for a nonholonomic mobile robot. In Chapter 6, we offer

our concluding remarks.



Chapter 2

Literature Review

2.1 Consensus Seeking

Distributed control of multi-agent systems has received significant attention in
recent years (c.f. [47, 48, 49, 50]). In some applications of distributed multi-agent systems,
shared information plays a central role and facilitates the coordination of the group. As
a result, a critical problem for coordinated control is to design appropriate protocols and
algorithms so that the group of agents can converge to a consistent view of the shared in-
formation in the presence of limited and unreliable information exchange and dynamically
changing interaction topologies.

Convergence to a common value is called the consensus or agreement problem
in the literature. Consensus problems have a history in the computer science literature
(see e.g. [51] and have recently found applications in cooperative control of multi-agent
systems [52, 53, 35, 54, 55, 56, 57, 58, 59, 31, 32].

One avenue of the research in consensus seeking relies on algebraic graph the-
ory, in which graph topologies are connected with the algebraic properties of the corre-
sponding graph matrices. In [52] information exchange techniques are studied to improve
stability margins and formation performance for vehicle formations. In [35], sufficient con-
ditions are given for consensus of the heading angles of a group of agents under undirected
switching interaction topologies. In [55], average consensus problems are solved for a net-
work of integrators using directed graphs. Using directed graphs, Ref. [31] and [32] show
necessary and/or sufficient conditions for consensus of information under time-invariant

and switching interaction topologies respectively.



Meanwhile, some other researchers make use of nonlinear tools to study con-
sensus problems. In [56], a set-valued Lyapunov approach is used to consider consensus
problems with unidirectional time-dependent communication links. In [60, 61], nonlinear
contraction theory is used to study synchronization and schooling applications, which are
related to the consensus problem.

Optimality issues related to consensus problems are also studied in the liter-
ature. In [58], the fastest distributed linear averaging (FDLA) problem are addressed in
the context of consensus seeking among multiple autonomous agents. In [62], the authors
consider distributed consensus protocols that minimize a team objective function.

There is other research in the literature that is related to the consensus problem.
In [63], the authors study the flocking phenomenon observed in Reynolds by constructing
local control laws that allow a group of mobile agents to align their velocities, move with
a common speed and achieve desired inter-agent distances while avoiding collisions with
each other. In [64], the authors address some new directions for decentralized coordination
with local interactions. In [65], the authors study connections between phase models of

coupled oscillators and kinematic models of groups of self-propelled particles.

2.2 Formation Keeping

The concept of formation control has been studied extensively in the literature
with application to the coordination of multiple robots [1, 2, 3, 66, 4, 5, 67, 52, 53, 68, 6],
unmanned air vehicles (UAVS) [7], autonomous underwater vehicles (AUVs) [8], satel-
lites [9, 10], aircraft [11], and spacecraft [12, 28, 13, 14, 69].

Various strategies and approaches have been proposed for formation control.
These approaches can be roughly categorized as leader-following, behavioral, and virtual
structure approaches, to name a few. In the leader-following approach, some agents are
designated as leaders while others are designated as followers. The leaders track prede-
fined trajectories, and the followers track transformed versions of the states of their nearest
neighbors according to given schemes. In the behavioral approach, the control action for
each agent is defined by a weighted average of the control corresponding to each desired

behavior for the agent. In the virtual structure approach, the entire formation is treated as a



single rigid body. The virtual structure can evolve as a whole in a given direction with some
given orientation and maintain a rigid geometric relationship among multiple agents. Sim-
ilar ideas to the virtual structure approach include the perceptive reference frame proposed
in [9] and the virtual leader proposed in [70].

There are numerous studies on the leader-following approach. In [1], nearest
neighbor tracking strategies are used to control a fleet of autonomous mobile robots mov-
ing in formation. In [12], various schemes and explicit control laws for formation keeping
and relative attitude alignment are derived for the coordination and control of multiple mi-
crospacecraft. While the leader-following approach is easy to understand and implement,
there are limitations. For example, the leader is a single point of failure for the formation.
In addition, there is no explicit feedback from the followers to the leader: if the follower is
perturbed by some disturbances, the formation cannot be maintained.

As an alternative to leader-following, the virtual structure approach was pro-
posed in [3] to acquire high precision formation control for mobile robots. In [15], the
virtual structure approach is applied to the spacecraft interferometry problem, where forma-
tion maneuvers are easily prescribed but no formation feedback is included from spacecraft
to the virtual structure. In [6], a Lyapunov formation function is used to define a formation
error and formation feedback is incorporated to the virtual leaders through parameterized
trajectories. In [71], the virtual structure approach is used to perform elementary formation
maneuvers for mobile robots, where group feedback is incorporated from the followers
to the virtual structure to improve group stability and robustness. Also in [36], following
the idea of [71], formation feedback is applied to spacecraft formation flying scenario via
the virtual structure approach. One advantage of the virtual structure approach is that it is
easy to prescribe the behavior for the group. Another advantage is that the virtual structure
approach can maintain tight formation during maneuvers. The main disadvantage of the
current virtual structure implementation is that it is centralized, which results in a single
point of failure for the whole system. Decentralization of the virtual structure approach is

addressed in this dissertation.



The behavioral approach is a decentralized implementation and can achieve
more flexibility, reliability, and robustness than centralized implementations. In [2], the be-
havioral approach is applied to formation keeping for mobile robots, where control strate-
gies are derived by averaging several competing behaviors. In [72], several behavioral
strategies are presented for formation maneuvers of groups of mobile robots, where a bidi-
rectional ring topology is used to reduce the communication overhead for the whole system
and formation patterns are also defined to achieve a sequence of maneuvers. In [73], the
behavioral approach is used to maintain attitude alignment among a group of spacecraft.
An advantage of the behavioral approach is that explicit formation feedback is included
through the communication between neighbors. Unfortunately, the behavioral approach
is hard to analyze mathematically. Based on the way the formation patterns are defined
in [72], the behavioral approach has limited application in directing rotational maneuvers
for the group. In addition, the behavioral approach has limited ability for precise formation

keeping, that is, the group cannot maintain accurate formation during maneuvers.

2.3 Trajectory Tracking

The stabilization and tracking of dynamical systems with nonholonomic con-
straints has received recent attention in the literature. Ref. [74] provides a nice overview
of the developments in control of nonholonomic systems. An inherent challenge, identi-
fied by Brockett’s well-known necessary condition for feedback stabilization [75], is that
nonholonomic systems cannot be stabilized via smooth time-invariant state feedback. A
simple but classical example of a nonholonomic system is a mobile robot which serves as
an interesting topic for stabilization [76] and tracking [76, 77, 78, 79].

With unmanned air vehicles (UAVS) equipped with low-level altitude-hold, velocity-
hold, and heading-hold autopilots, the resulting UAV/autopilot models are assumed to be
first order for heading and Mach hold, and second order for altitude hold [80]. Therefore,
the planar kinematic equations of motion for the UAV/autopilot models are similar to those
of nonholonomic mobile robots. As a result, we will focus on reviewing some literature on

mobile robot tracking control.

10



Current approaches to tracking control of mobile robots includes linear model [81,
82], sliding-mode [78], backstepping [83, 77, 79, 84], and passivity based approaches [85],
to name a few. Ref. [78] proposes a robust tracking strategy for nonholonomic wheeled mo-
bile robots using sliding modes. The approach asymptotically stabilizes the mobile robot to
a desired trajectory and is robust to bounded external disturbances. In [77], a tracking con-
trol methodology using time-varying state feedback based on the backstepping technique is
proposed for both a kinematic and simplified dynamic model of a two-degree-of-freedom
mobile robot, where local and global tracking problems are solved under certain conditions.
Using the backstepping technique and the LaSalle’s invariance principle, [84] proposed a
controller with saturation constraints which can simultaneously solve both the tracking and
regulation problems of a unicycle-modelled mobile robot. With their approach, mobile
robots can globally follow any path specified by a straight line, a circle, or a path approach-
ing the origin using a single controller. Ref. [85] developed a model-based control design
strategy via passivity and normalization approaches to deal with the problem of global sta-
bilization and global tracking control for the kinematic model of a wheeled mobile robot in

the presence of input saturations.

2.4 CLF and Satisficing Control

Control Lyapunov function (CLF) proposed in [86, 87] can be applied to gener-
ate stabilizing control laws. In [88], robust control Lyapunov functions are used to derive
pointwise min-norm control laws, which are shown to be optimal with respect to some
meaningful cost functionals. In [6], control Lyapunov functions are used to define a robot
formation so that a constrained motion control problem of multiple systems is converted
into a stabilization problem for one single system.

CLF-based satisficing control [30] evolved from the recently introduced notion
of satisficing decision theory [89, 90, 91] which can be seen as a formal application of cost-
benefit analysis to decision making problems. When combined with the global properties
of CLFs, satisficing is a powerful design tool which conveniently parameterizes the entire
class of continuous control laws which stabilize the closed-loop system with respect to a

known CLF. Additionally, robust satisficing [30] parameterizes a large class of satisficing
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controls which have the added benefit of desirable stability margins and which are inverse-

optimal.

2.5 Constrained Control

Controller design for nonlinear systems subject to input constraints offers both
practical significance and theoretical challenges. Two effective approaches for the design
of nonlinear controllers are control Lyapunov functions (CLFs) [87, 86] and receding hori-
zon control (RHC)/model predictive control (MPC), [92, 93]. Both approaches can be
extended to find control laws for nonlinear systems subject to certain input constraints.
In [94] and [95], constrained CLFs are applied to construct stabilizing universal formu-
las respectively for systems with control inputs bounded in a unit ball and systems with a
scalar control input that is positive and/or bounded. Input constraints can also be incor-
porated into the MPC framework, which is known as the constrained MPC (see [93] and
references therein). The issues limiting the utility of the RHC approach are its computation

requirements and stability concerns.
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Chapter 3

Consensus Seeking Under Fixed and Switching I nteraction Topologies

3.1 Introduction

This chapter presents some new results on consensus seeking in distributed mul-
tiple vehicle cooperative control. The usefulness of cooperative control technologies will
be greatly enhanced if we understand the fundamental issues inherent in all coordination
problems. Toward this end, we offer the following, intuitively appealing, fundamental ax-

iom:
Axiom 3.1.1 Shared information is a necessary condition for coordination.

In cooperative control problems, shared information may take the form of com-
mon objectives, common control algorithms, relative position information, or a world map.
Underlying this axiom are two important questions: “What information should be shared?”
and “With whom should information be shared?”

In every cooperative control problem, there must be an identifiable cooperation
objective. To achieve the team objective, specific kernels of information must be shared
among members of the team. Identification of the key pieces of information to be shared
is a critical step in the formulation of a cooperative control solution. One approach is to
collect the information that must be jointly shared to facilitate cooperation into a vector
quantity called the coordination variable [96]. The coordination variable represents the
minimal amount of information needed to effect a specific coordination objective.

Information necessary for cooperation may be shared in a variety of ways. For

example, relative position sensors may enable vehicles to construct state information for
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other vehicles [10], or knowledge may be communicated between vehicles using a wire-
less network [53], or joint knowledge might be pre-programmed into the vehicles before a
mission begins [97].

For cooperative control strategies to be effective, a team of vehicles must be
able to respond to unanticipated situations or changes in the environment that are sensed
as a cooperative task is carried out. As the environment changes, the vehicles on the team
must be in agreement as to what changes took place. A direct consequence of Axiom 3.1.1
is that cooperation requires that the group of agents reach a consensus on the coordination
data. In other words, the instantiation of the coordination variable on each agent must
asymptotically approach a sufficiently common value.

A critical problem for cooperative control is to determine algorithms so that a
team of vehicles can reach consensus on the values of the coordination data in the presence
of (i) imperfect sensors, (ii) communication dropout, (iii) sparse communication topolo-
gies, and (iv) noisy and unreliable communication links. The question of “With whom
does communication take place?” is of great significance in seeking consensus among a
team of vehicles. The focus of this chapter is on providing answers to this question.

In Section 3.2, we establish the notation and formally state the consensus seek-
ing problem. Section 3.3 and 3.4 state some results on multi-agent consensus seeking for

fixed and switching interaction topologies respectively.

3.2 Problem Statement

Let A = {A;|i € Z} be aset of n agents, where Z = {1,2,--- ,n}. A directed
graph G will be used to model the interaction topology among these agents. In G, the ith
node represents the sth agent A; and a directed edge from A; to A; denoted as (A;, A;)
represents a unidirectional information exchange link from A, to A;, that is, agent j can
receive or obtain information from agent 4, (i, ) € Z. If there is a directed edge from A;
to A;, A, is defined as the parent node and A; is defined as the child node. The interaction
topology may be dynamically changing, therefore let G = {G;,Ga,--- , Gy} denote the
set of all possible directed interaction graphs defined for A. In applications, the possible

interaction topologies will likely be a subset of G. Obviously, G has a finite number of
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Figure 3.1: A graph that contains Figure 3.2: A spanning tree of the
a spanning tree. graph (Example 1).
elements. The union of a group of directed graphs {G,,,Gs,, - ,Ge, } C G is a directed

graph with nodes given by A;, i € Z and edge set given by the union of the edge sets of
Ge;» Where £; € {1,2,--- , M}.
A directed path in graph G is a sequence of edges (A, , Ax, ), (Akys Ars)s (Akss Ary),

- in that graph, where k; € Z. Graph G is called strongly connected if there is a directed
path from A, to A; and A; to A; between any pair of distinct nodes A; and A4;, ¥(i,j) € Z.
A directed tree is a directed graph, where every node, except the root, has exactly one
parent. A spanning tree of a directed graph is a directed tree formed by graph edges that
connect all the nodes of the graph (c.f. [98]). We say that a graph has (or contains) a span-
ning tree if a subset of the edges forms a spanning tree. Note that a spanning tree of a
directed graph may not be unique. Fig. 3.1 shows an interaction graph between five agents,
which contains a spanning tree as shown by Fig. 3.2. Two other spanning trees contained by
the interaction graph are shown by Figs. 3.3 and 3.4 as an example to show that a spanning
tree of a directed graph may not be unique.

Let M, (IR) represent the set of all n x n real matrices. Given a matrix A =
la;;] € M, (IR), the directed graph of A, denoted by I'(A), is the directed graph on n nodes
Vi, i € Z, such that there is a directed edge in I'(A) from V; to V; if and only if a;; # 0
(c.f. [99]).

Let & € IRP, i € T, represent the sth information variable associated with the

i1th agent. Here each information variable represents an instantiation of the coordination
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@ @

Figure 3.3: A spanning tree of the Figure 3.4: A spanning tree of the
graph (Example 2). graph (Example 3).

data for the team. The set of agents .4 is said to achieve consensus asymptotically if for
any &(0), i € Z, ||&(t) — &(t)|]] — 0ast — oo for each (i,5) € Z. In the sequel, we
assume that the information variable ¢; is a scalar for simplicity. However, all the results
are valid for &; € IRP.

Given T as the sampling period, we propose the following discrete-time con-

sensus scheme:

Glk+1] = s Z% i [k, (3.1)

where k& € {0,1,2,---} is the discrete-time index, (i,j) € Z, a;;[k] > 0 is a weighting
factor, G;[k] = 1, and G;[k| equals one if information flows from A; to A; attime ¢t = kT’

and zero otherwise, Vj # i. Eq. (3.1) can be written in matrix form as
¢k + 1] = DIKJE[K], (3.2)

where § = [§17 U 7§n]T1 D= [dzj]’ (Z,j) S/ with dZ] = —naij[k}Gij[k]

jo1 cujlklGijlk]

In addition, we propose the following continuous-time consensus scheme:

ZUU (&) — &(1)), (3.3)

where (i,7) € Z, o;;(t) > 0 is the weighting factor, G;;(t) 21, and G;(t) equals one if
information flows from A; to A; at time ¢ and zero otherwise, Vj # . Eq. (3.3) can be

written in matrix form as
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£(t) = C(8)E(), (3.4)

where C' = [c5], (i, §) € T, with ¢;; = — 3, (035(t)Gi5(t)) and ¢i; = 035(t)Gi(t), j # i

Note that the interaction topology G may be dynamically changing due to un-
reliable transmission or limited communication/sensing range. This implies that G;;[k| in
Eq. (3.1) and G;(¢) in Eqg. (3.3) may be time-varying. We use G[k] and G(¢) to denote
the dynamically changing interaction topologies corresponding to Eqg. (3.1) and Eq. (3.3)
respectively. We also allow the weighting factors «;;[k] in Eq. (3.1) and o;;(¢) in Eq. (3.3)
to be dynamically changing to represent possibly time-varying relative confidence of each
agent’s information variable or relative reliabilities of different information exchange links
between agents. As a result, both matrix D[k] in Eqg. (3.1) and matrix C(t) in Eq. (3.3) are
dynamically changing over time.

Compared to the models in [35], we do not constrain the weighting factors c;; (k]
in Eq. (3.1) other than to require that they are positive. This provides needed flexibility for
some applications. The Vicsek model and simplified Vicsek model used in [35] can be
thought of as special cases of our discrete-time consensus scheme. If we let a;;[k] 2
1 in Eqg. (3.1), we obtain the Vicsek model. Also the simplified Vicsek model can be
obtained if we let a;[k] = g Vj # i, and o k] 21— >4 3Gijlk], where g > nisa
constant. Compared to [57], where the interaction graph is assumed to be time-invariant and
weighting factors o;; are specified a priori to be constant and equal to each other, we study
continuous-time consensus schemes with dynamically changing interaction topologies and
weighting factors. The continuous-time update rule in [35] can also be regarded as a special
case of our continuous-time update scheme by letting o; 2 %

The main result of this chapter is that the update schemes (3.1) and (3.3) achieve
asymptotic consensus for A if the union of the collection of directed interaction graphs
across some time intervals has a spanning tree frequently enough as the system evolves.

Toward that end we have the following preliminary results.
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Lemma 3.2.1 The discrete update scheme (3.1) achieves asymptotic consensus for A if
and only if
D[k —1]D[k — 2] --- D[2]D[1]D[0] — 1c* (3.5)

as k — oo, where 1 denotes the n x 1 column vector with all the entries equal to 1, and ¢

is an n vector of constant coefficients.

Proof: Note that the set of agents .A reaches consensus asymptotically if and only if the set

S={{eR":G=6=..=}

is attractive and positively invariant.
Since
¢k = DIk — 1)DJk — 2] D[1]D[0J¢[0],

Eqg. (3.5) implies that

c¢[0]
lim ¢k = 17¢0) = | ¢ |

cTE[0)

which implies that S is attractive and positively invariant.

Conversely if S is attractive and positively invariant, then

lim &[] = lim D[k —1]D[k — 2] --- D[1]D[0]¢[0] = 1a,

k—o00

where « is a constant coefficient. Which in turn implies that

lim D[k — 1]D[k —2]--- D[1]D[0] = 1c".

k—o0

Lemma 3.2.2 The continuous update scheme (3.3) achieves asymptotic consensus for A if

and only if
t t o1
d(t,0) = ]+/ C(o1) doy —l—/ C(Jl)/ C(oy)doydoy + - -+ — 1T (3.6)
0 0 0
ast — oo.

Proof: Noting that £(t) = ®(¢,0)£(0), the proof is similar to that of Lemma 3.2.1. |
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3.3 Consensus Under Fixed Interaction Topologies

In this section, we assume that the graph G is time-invariant and weighting fac-
tors in Egs. (3.1) and (3.3) are constant. That is, matrix D and C' in Egs. (3.2) and (3.4) are
constant. We will derive necessary and sufficient conditions for consensus of information

using both the discrete-time and continuous-time update schemes.

3.3.1 Consensus Using Continuous-Time Update Scheme

In this section, we first consider the case when the information variable is in-
herently constant. We then consider the case when the information variable is dynamically
evolving in time. This is the case, for example, in formation control problems where the

information variable is the dynamic state of a virtual leader.

Static Consensus

Before moving on, we need the following definitions from matrix theory (c.f. [99]).
Let 7, denote the n x n identity matrix. A matrix A = [a,;] € M, (IR) is nonnegative, de-
noted as A > 0, if all its entries are nonnegative. Furthermore, if all its row sums are +1,
A is said to be a (row) stochastic matrix.

We need the following lemma to derive our main results.

Lemma 3.3.1 Given a matrix A = [a;;] € M,(IR), where a;; < 0, a;; > 0, Vi # j, and
> ai; = 0 for each j, then A has at least one zero eigenvalue and all of the non-zero
eigenvalues are in the open left half plane. Furthermore, A has exactly one zero eigenvalue

if and only if the directed graph associated with A has a spanning tree.

Proof:

For the first statement, note that A is diagonally dominant, has zero row sum,
and non-positive diagonal elements. Therefore, from the Gersgorin disc theorem (c.f. [99]),
A has at least one zero eigenvalue and all the other non-zero eigenvalues are in the open
left half plane.

The second statement will be shown using an induction argument.
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(Sufficiency.) Step 1. The first step is to show that A has exactly one zero
eigenvalue if the directed graph associated with A is itself a spanning tree.

Noting that the graph associated with A is a spanning tree, renumber the agents
consecutively by depth in the spanning tree, with the root numbered as agent A;. In other
words, children of A, are numbered A, to A,, , children of A, to A,, are labelled A, to
A,, and so on. Note that the associated matrix A is lower diagonal with only one diagonal
entry equal to zero [57].

Step 2. Let Q = [q;5] € M, (IR), where ¢;; <0, q;; > 0,Vi # j,and > 7, ¢;j =
0 for each j. Let S = [s;;] € M,([R) satisfy the similar properties to those of matrix
Q. Also let G; and G, be the interaction graphs associated with ) and S respectively.
We assume that s, = qu — Oems Sem = Qem + Oum, and s;; = ¢;; otherwise, where
o > 0 denotes the weighting factor for the information link from agent m to agent /,
m # (. That is, G, corresponds to an interaction graph where one more directed link from
node m to node ¢ is added to graph G,, where m # (. Denote pg(t) = det(t] — Q)
and ps(t) = det(tI — S) as the characteristic polynomial of ¢ and S respectively. Let
Q:=tl —Qand S; =tl — S. Given any matrix M, denote M ([, j]) as the sub-matrix of
M formed by deleting the i row and ;' column.

Next, we will show that if matrix ¢ has exactly one zero eigenvalue, then so
does matrix S. Without loss of generality, we assume that the new directed information
link added to graph G is from node m to node 1, where m # 1, for simplicity since we can
always renumber node ¢ as node 1.

Obviously matrix S has at least one zero eigenvalue and all the other non-zero
eigenvalues are in the open left half plane following the first statement of this Lemma.
Below we will show that S has only one zero eigenvalue.

Assume that Q: = [qx;;], and Sy = [s4;], (¢, 7) € Z. Accordingly, it can be seen
that s,y =t—511 = t—qu1+01m = Q1+ 01ms Stim = —S1m = —@m —01m = Gtim — T im.

and s;;; = qu;; otherwise. Also note that detS,([1, j]) = detQ.([1,7]), 7 € Z. Then we

20



know that

n

detS; = Z(_1)1+j5t1jdet5t([1a Jl)

j=1

= Z(—1)1+th1jdetSt([1>j])

+ o1detSy([1,1]) — (=1 ™oy, det S, ([1,m])

=detQ; + o1, (detSy([1,1]) + (—1)"det S ([1,m])).

Consider amatrix £ = [e;;], (4,7) = 1,--- ,n—1, given by adding [sa1, s31, -+ , Sn1|”

to the (m — 1)™ column of matrix S([1, 1]). Matrix E can be denoted as

S22 823 vt Som tS21 v Sop
E— S32 833t S3m T S31 v S3n
Sn2 Sn3 "t Spm T Snl cc Smn
Thus €j(m-1) = S(i+1)m + Sa+11, ¢ = 1,--- ,n — 1. Using the properties of determinants,

it can be verified that
det(tI — F) = detS;([1, 1]) + (—=1)"detS;([1, m]).

Obviously matrix £ has zero row sum and nonpositive diagonal elements. Also matrix £
is diagonally dominant. From the Gersgorin disc theorem, we know that £ has at least one
zero eigenvalue and all the other non-zero eigenvalues are on the open left half plane. As a
result, the Routh stability criterion implies that the characteristic polynomial of £ denoted
as det(t/ — F) has a nonnegative coefficient in the first power of ¢. We also know that
matrix () has a positive coefficient for the first power of ¢ in its characteristic polynomial
det@; since () has exactly one zero eigenvalue and all the others are in the open left half
plane.

Noting that detS; = detQ; + o1, det(t] — E), it is obvious that S has a positive
coefficient for the first power of ¢. Therefore, S can only have one zero eigenvalue.

Step 3. If graph G associated with A is itself a spanning tree, we know that

A has exactly one zero eigenvalue from Step 1. If not, graph G can be constructed by

21



consecutively adding information links to the spanning tree. Step 2 implies that adding
one additional information link to the spanning tree results in an associated matrix that
also has exactly one zero eigenvalue. We can recursively add additional information links,
where Step 2 implies that the matrix associated with the new graph has exactly one zero
eigenvalue, until we obtain the graph G. By induction, we know that A has exactly one
zero eigenvalue if graph G has a spanning tree.

(Necessity.) If graph G does not have a spanning tree, then there exist at least
two separate subgroups or at least two agents in the group who do not receive any infor-
mation. For the first case, there is no information exchange between these subgroups and
matrix A can be written as block diagonal form by renumbering these agents based on
their subgroup. It is straightforward to see that each block has at least one zero eigenvalue.
Therefore, A has at least two zero eigenvalues. For the second case, A has at least two zero

rows, which implies that A has at least two zero eigenvalues. |

Corollary 3.3.1 The Laplacian matrix of a graph has a simple zero eigenvalue if and only

if the graph has a spanning tree.

Proof: If we multiply the Laplacian matrix by -1, we get a matrix satisfying the properties
defined in Lemma 3.3.1. |

Next, we will show that the group of vehicles .A reach consensus asymptotically
using the update scheme (3.3) if matrix C' in Eq. (3.4) has exactly one zero eigenvalue and
all the others are in the open left half plane. The following result also computes the value

of the information variable that is reached through the consensus process.

Lemma 3.3.2 If C is given by Eqg. (3.4), then e“?, Vt > 0, is a stochastic matrix with
positive diagonal entries. Furthermore, if C' has exactly one zero eigenvalue, then e¢* —
1w and &(t) — >0 (1:&(0)) ast — oo, where 1 = [1,- -+  1]T 1, v = [v1,- - ,1,)0 >

0,and Y " v, = 1.

Proof: Given eigenvalues \; € o(C) with eigenvectors z;, i = 1,--- ,n, where o(A)
represents the spectrum of A, we know that e*i* € o(e“*) with the same eigenvectors as C

(c.f. [99]). Noting that C' has a zero eigenvalue with an associated eigenvector given by 1,

22



then e“* has an eigenvalue 1 with the same eigenvector 1. Thus we know that e“*1 = 1,
which implies that ¢“* always has row sum equal to 1. Also note that C' can be written as
the sum of a nonnegative matrix M and —(1,,, where 3 is the maximum absolute value of
the diagonal entries of C. We can see that e“* = e~?*e™*, which is obviously nonnegative
and has positive diagonal entries. As a result, e“*, V¥t > 0, is a stochastic matrix with
positive diagonal entries.

Furthermore, if C' has exactly one zero eigenvalue, then e“* has exactly one
eigenvalue equal to 1 and all the other eigenvalues have modulus less than 1. Let J = [j,.],
(m,l) = 1,---,n, be the Jordan matrix corresponding to matrix C, then j,.., = \n.
Without loss of generality, assume that A\, = 0 and )\, is on the open left half plane,
m=1---,n—1.

Let C' = PJP~!, where P = [py, -+, p,] isan n x n matrix. Note that p,, can
correspond to an eigenvector associated with eigenvalue \,, = 0. Without loss of generality,
choose p,, = 1 as the eigenvector.

We know that €t = Pe’/tP~1, It can be verified that

00 - 0
eIt

00 - 0

0 0 1

as t — oo from the property of C' (c.f. [99]). After some manipulation, we know that
et — 17 ast — oo, where v;, i = 1, -- -, n, corresponds to the last row of matrix P~
The result -7, v; = 1 comes from the fact that ¢“* has row sum equal to 1 for any ¢.

We also need to show that » > 0. Now consider matrix e“*, k = 0,1,2,---.
Obviously ¢“* should also approach to 1»7 as k — oo. From Lemma 8.2.7 in [99], v
should be an eigenvector of matrix ()7 associated with the simple eigenvalue 1. From
Theorem 8.3.1 in [99], (¢“)” has a nonnegative eigenvector > 0 associated with the
simple eigenvalue 1. Thus it can be seen that v = ax for some a # 0. Since " | v; = 1,
it must be true that o > 0, which implies that v > 0.

The solution to Eq. (3.4) is given by £(t) = e“*£(0). Therefore, it is obvious
that §;(t) — > o (13&(0)),i=1,--- ,n,ast — oco. [
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Note that if we replace matrix C' with vC' in Eq. (3.4), where v > 0, we can
increase consensus speed by increasing ~. The solution to Eq. (3.4) with this new matrix
is given by & = e7¢t¢£(0) = e“0¢(0), which converges faster than the original solution if
we choose v > 1.

Ref. [57] shows that the group of agents A is consensus reachable if and only
if the associated interaction graph G has a spanning tree. The proof for this claim in [57]
is constructive in that the linear update law is based on a communication graph which is
the spanning tree of G. Of course, there may exist other connections in graph G which
are ignored. Ref. [57] only partially answers the question of whether the update law (3.3)
accounting for all existing connections achieves consensus asymptotically. The next result

provides a complete answer.

Theorem 3.3.2 The consensus strategy (3.3), achieves consensus asymptotically for A if

and only if the associated (static) interaction graph G has a spanning tree.

Proof: (Sufficiency.) Obviously matrix C'in Eq. (3.4) associated with graph G has the same
properties as matrix A in Lemma 3.3.1. The fact that graph G has a spanning tree implies
that the directed graph of matrix C' has a spanning tree. Therefore, we know that matrix C'
has exactly one zero eigenvalue and all the others are in the open left half plane. As a result,
we know that the update law (3.3) achieves consensus asymptotically for A according to
Lemma 3.3.2.

(Necessity.) Suppose that the consensus strategy (3.3) achieves consensus asymp-
totically for .4 but that G does not have a spanning tree. Then there exist at least two agents
A; and A; such that there is no path in G that contains both A; and A;. Therefore it is impos-
sible to bring data between these two agents into consensus which implies that consensus
cannot be achieved asymptotically for A [57]. |

Note that the linear update law (3.3) only achieves consensus for constant co-
ordination variables, which may not be suitable for applications where the coordination
variable evolves dynamically. For example, in the context of leader-following approaches

(c.f. [38]), the group leader’s trajectory can act as the coordination variable for the whole

group.
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Dynamic Consensus

Suppose that the information variable on each vehicle is driven by the same
time-varying input «(¢), which might represent an a priori known feedforward signal. The

associated consensus scheme is given by
kacﬂ =) +ut), i=1,---,n. (3.7)

EqQ. (3.7) can also be written in matrix form as

£ = C& + Bu(t), (3.8)
where C'is the matrix associated with graph G and B = [1,- - - , 1]7. We have the following
theorem regarding consensus of the information variables &;,,7 =1, ..., n.

Theorem 3.3.3 The consensus strategy (3.8) achieves consensus asymptotically for A if
and only if the associated interaction graph G has a spanning tree. Furthermore the infor-

mation variables satisfy ||&;(¢) — ((t)|] — 0 ast — oo, where ((t) is the solution of
C=ult),  ¢0)=up,
where pB is equilibrium of the differential equation
7 =Cr, w(0) = £(0).

Proof: (Sufficiency.) The solution to Eq. (3.8) is given by &£(t) = &,(¢) + &.(t), where
&(t) = e“€(0) and &.(t) fO Ct=7) Bu(7)dr (c.f. [100]). Note that &, represents the
zero input solution to Eq. (3.8), that is, solution to £ = C¢. From Theorem 3.3.2, it is
obvious that each component of & satisfies &;(t) — past — oo, i =1,--- ,n. Also note
that £, represents the zero state solution to Eq. (3.8). We know that e“¢~7 B = B since
e“=7) always has row sum equal to 1. Therefore, it can be seen that each component of &,
satisfies &.; = fot u(r)dr,i=1,---,n. Combining & and &, gives ||;(¢t) — ((t)]] — 0 as
t — oo.

(Necessity.) The necessary part follows directly from Theorem 3.3.2. |
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Equilibrium Points

We have shown that the linear consensus strategy (3.3) achieves consensus
asymptotically for A if the graph G has a spanning tree. In addition, &;(¢) will converge to
Yo (1:&(0)) ast — oo, where >~ v; = 1 and v; > 0. A natural question is whether
each initial condition &;(0) will contribute to the final equilibrium point. In the following
we provide a partial answer to this question. We assume that graph G has a spanning tree
in this section.

Observe that if there is a node A in G without an incoming link (there is at
most one such node in graph G from Theorem 3.3.2), the linear update law corresponding
to this node is given by &, = 0 from Eq. (3.3), which implies that &,(t) = &,(0) for all ¢.
Therefore, the other nodes must converge to &,(0) for any k;; > 0. That is, v, = 1 and
v, =0,V # k.

In general, the initial condition of a node contributes to the equilibrium value if
and only if the node has a directed path to all the other nodes in G. Thus v; # 0 for any
node which has directed paths to all the other nodes in G and v; = 0 otherwise. As a special
case, the initial condition of each node in a graph contributes to the final equilibrium point
if and only if the graph is strongly connected. The above argument can be explained as
follows. If there is no path from node j to node m in G, it is impossible for &,,(¢) to be
influenced by £;(0). On the other hand, if there is a path from node j to every other node
in G, then &;(¢), Vi # 7, will be influenced by £;(0).

The fact that »; > 0,7 = 1,--- ,n can also be explained from the following
perspective. Assume that v, < 0 for some ¢. Consider the case &,(0) > 0 and &;(0) = 0,
Vi # (. We know that &;(¢) will converge to > 7 | (1,£;(0)) = v4&(0), which is negative.
Following the update law (3.3), & (0) < 0 if there is any incoming link to A, and &,(0) = 0
otherwise. In the first situation, &,(¢) will decrease and &;(¢), Vi # ¢ cannot decrease since
£:(0) > 0, which implies that &;(¢) will be synchronized to a value ¢ with 0 < ¢ < &,(0).
In the second situation, &;(¢) will be synchronized to &,(0). Both cases are contradictory to

the above result. Therefore, v; > 0,i=1,--- ,n.
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Figure 3.5: Communication topology.

/
\

Ilustrative Example

In this section, we consider a scenario where six vehicles are to rendezvous at
a position along a parameterized trajectory represented by (r,(7(¢)),r,(s(t))). Fig. 3.5
shows the corresponding communication links between these vehicles. Note the existence
of a spanning tree.

It is assumed that each vehicle knows the parameterized trajectory. Therefore
the parameters 7 and s therefore represent the minimum information needed to achieve the
coordination objective: i.e., 7 and s are the coordination variables. We will instantiate 7
i=1,---,6.

and s on each vehicle as 7; and s;, i = 1,--- ,6. Here we let &; = [7;, s;]7,

Based on the communication topology shown in Fig. 3.5, the matrix C' is given

by i i

—-15 1.5 0 0 0 0
2 —2 0 0 0 0

0.9 0 -28 0 1.9 0

C =7 ® [2a

0 1.2 0 —2.5 0 1.3
0 0 1.4 1.8 —-3.2 0
0 0 0 0 0.7 =07

where v > 0 is a coeff|C|ent ® denotes the Kronecker product and k;; > 0, (4,

1,
given by 7, = 0.2:

, 6.

j) =

6, is chosen arbitrarily. The initial conditions for each instantiation of ~ and s are
—0.lands; =0.2i,i=1,---

Fig. 3.6 shows the consensus scenario using update law (3.4) for v = 1 and

~v = 5 respectively. We can see that only the initial conditions of A, and A, affect the
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Figure 3.6: Consensus of 7; and s; using update law (3.4).

equilibrium value, which is consistent with the communication graph shown in Fig. 3.5,
where it can be seen that only A; and A, have a directed path to all the other nodes. Fig. 3.7
shows the same consensus scenario corresponding to the communication graph formed by
deleting the link from A, to A; in Fig. 3.5. It can be seen that each instantiation of 7 and s
converges to 71 (0) and s, (0) respectively.

Fig. 3.8 illustrates a dynamic consensus scenario using update law (3.8) for v =
1 and v = 5 respectively. The common predefined planning schemes for 7 and s are given
by 7 = 1 |sin(t)| and s =  |cos(t)] respectively. Here we let u(t) = [3 [sin(¢)], 1 [cos(t)]]”
in EQ. (3.8). It can be seen that consensus is achieved asymptotically and that both 7; and

s; follow the appropriate trajectories.

3.3.2 Consensus Using Discrete-Time Update Scheme

Before moving on, we need the following definitions. A stochastic matrix P is

called indecomposable and aperiodic (SIA) if lim,,_.., P" = 1y”, where y is some column
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Figure 3.8: Consensus and evolution of 7; and s; using update law (3.8).
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vector [101]. For nonnegative matrices, A > B implies that A — B is a nonnegative matrix.
It is easy to verify that if A > pB, for some p > 0, and the directed graph of B has a
spanning tree, then the directed graph of A has a spanning tree.

We need the following lemmas to derive our main results.

Lemma 3.3.3 If a nonnegative matrix A = [a;;] € M, (IR) has the same positive constant
row sums given by > 0, then p is an eigenvalue of A with an associated eigenvector
1 and p(A) = p, where p(-) denotes the spectral radius. In addition, the eigenvalue p
of A has algebraic multiplicity equal to one, if and only if the graph associated with A
has a spanning tree. Furthermore, if the graph associated with A has a spanning tree and

a;; > 0, then p is the unique eigenvalue of maximum modulus.

Proof: The first statement follows directly from the properties of nonnegative matrices
(c.f. [99]).

For the second statement, we need to show both the necessary and sufficient
conditions.

(Sufficiency.) If the graph associated with A has a spanning tree, then the graph
associated with B = A — p1,, also has a spanning tree. We know that \;(A) = \;(B) + p,
where i = 1,---,n, and \;(-) represents the i eigenvalue. Noting that B satisfies the
conditions in Lemma 3.3.1, we know that zero is an eigenvalue of B with algebraic multi-
plicity equal to one, which implies that 1 is an eigenvalue of A with algebraic multiplicity
equal to one.

(Necessity.) If the graph associated with A does not have a spanning tree, we
know that B = A — ul,, has more than one zero eigenvalue from Lemma 3.3.1, which in
turn implies that A has more than one eigenvalue equal to .

For the third statement, the Gersgorin disc theorem [99] implies that all the
eigenvalues of A are located in the union of the n discs given by

HzeCilz—aul <D layl},
i=1 G
where C is the set of complex numbers. Noting that a;; > 0, it is easy to see that this union

is included in a circle given by {z € C : |z| = u} and the circular boundaries of the union
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of n discs has only one intersection with the circle at = = p. Thus we know that |A| < p for
every eigenvalue of A satisfying A # . Combining the second statement, we know that p

is the unique eigenvalue of maximum modulus. |

Corollary 3.3.4 A stochastic matrix has algebraic multiplicity equal to one for its eigen-
value A = 1 if and only if the graph associated with the matrix has a spanning tree. Fur-
thermore, a stochastic matrix with positive diagonal elements has the property that || < 1

for every eigenvalue not equal to one.

Lemma3.34 If A € M,(IR)and A > 0, then p(A) is an eigenvalue of A and there is a

nonnegative vector x > 0, x # 0, such that Az = p(A)z.
Proof: See Theorem 8.3.1 in [99]. |

Lemma3.3.5 Let A = [a;5] € M, (IR) be a stochastic matrix. If A has an eigenvalue
A = 1 with algebraic multiplicity equal to one, and all the other eigenvalues satisfy |\| < 1,
then A is SIA, that is, lim,, ... A™ — 1v7, where v satisfies A”v = v and 17v = 1.

Furthermore, each element of v is nonnegative.

Proof: The first part of the lemma follows Lemma 8.2.7 in [99]. For the second part, it is
obvious that AT is also nonnegative and has p(A”) = 1 as an eigenvalue with algebraic
multiplicity equal to one. Thus Lemma 3.3.4 implies that the eigenspace of A7 associated
with eigenvalue A\ = 1 is given by cx, where ¢ € C, ¢ # 0, and z is a nonnegative
eigenvector. Since v is also an eigenvector of AT associated with eigenvalue A\ = 1 and
satisfies 17 = 1, it follows that each element of » must be nonnegative. |

Next, we show necessary and sufficient condition for consensus of information

using discrete-time update scheme (3.1).

Theorem 3.3.5 With a time-invariant interaction topology and constant weighting factors,
the discrete-time update scheme (3.1) achieves consensus asymptotically for A as k — oo

if and only if the associated interaction graph G has a spanning tree.

Proof: From Lemma 3.2.1, we need to show that D* — 1¢7, where ¢ is a constant column

vector.
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(Sufficiency.) Obviously D is a stochastic matrix with positive diagonal entries.
The fact that graph G has a spanning tree also implies that the directed graph of D has a
spanning tree. Combining Corollary 3.3.4 and Lemma 3.3.5, we know that lim;,_,., D* —
107, where v satisfies the properties defined in Lemma 3.3.5.

(Necessity.) If G does not have a spanning tree, neither does the directed graph
of D, which implies, by Corollary 3.3.4, that the algebraic multiplicity of eigenvalue A = 1
of D is m > 1. Therefore, the Jordan decomposition of D¥ has the form D* = MJ*M 1,
where M is full rank and J* is lower triangular with m diagonal elements equal to one.
Therefore, the rank of lim;_... D¥ is at least m > 1 which implies, by Lemma 3.2.1, that
A cannot reach consensus asymptotically. |

Using discrete-time consensus scheme (3.1), we have similar results for dynam-

ics consensus and equilibrium point analysis. We omit these two parts for simplicity.

3.4 Consensus Under Dynamically Changing Interaction Topologies

We need the following two lemmas. The first lemma is from [35] and the second

lemma is originally from [101] and restated in [35].

Lemma 3.4.1 [35] Letm > 2 be a positive integer and let P;, P, - - - , P,,, be nonnegative

n x n matrices with positive diagonal elements, then
PPy Py >y(PL+ P+ 4+ Py,
where ~ > 0 can be specified from matrices P;, i =1, -- ,m.

Lemma 3.4.2 [101] Let Sy, S, -, .S, be a finite set of SIA matrices with the property
that for each sequence S;,, S;,, - - - , S;; of positive length, the matrix product S;,.S;,_, - - - Sy,

is SIA. Then for each infinite sequence S;,, S;,, - - - there exists a column vector y such that

Z'j—1"'Si1 = 1y .
Jj—o0
3.4.1 Consensus Using Discrete-Time Update Scheme

The next lemma sets the stage for showing that under certain conditions, the
existence of a spanning tree is sufficient for consensus under dynamically changing inter-

action topologies using the discrete-time update scheme (3.1).
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Lemma 3.4.3 If the union of a set of directed graphs {G;,,Gi,, -+ ,G;,, } C G has a span-
ning tree, then the matrix product D;,, - - - D;, D;, is SIA, where D; is a stochastic matrix

corresponding to each directed graph G;, in Eq. (3.2).

Proof: From Lemma 3.4.1, we know that D, --- D;,D;, > 72}”:1 D;, for some v > 0.
Since the union of {G;,,G;,, -+, G, } has a spanning tree, we know that the
directed graph of matrix Z;”Zl D;; has a spanning tree, which in turn implies that the
directed graph of the matrix product D;  --- D;,D;, has a spanning tree. Also the matrix
product D,  --- D;,D,, isastochastic matrix with positive diagonal entries since stochastic
matrices with positive diagonal entries are closed under matrix multiplication.
Combining Corollary 3.3.4 and Lemma 3.3.5, we know that the matrix product
-D;  is SIA. [ |

D, D

174 "7

The following theorem extends the discrete-time convergence result of [35].

Theorem 3.4.1 Let G[k] € G be a switching interaction graph at time ¢t = k7. Also let
a;jk] € a, where a is a finite set of arbitrary positive numbers. The discrete-time update
scheme (3.1) achieves consensus asymptotically for A if there exists an infinite sequence of
uniformly bounded, non-overlapping time intervals [k, T, (k;+1;)T),j = 1,2, - -, starting
at k; = 0, with the property that each interval [(k; + [;)T, k;+17T) is uniformly bounded
and the union of the graphs across each such interval has a spanning tree. Furthermore, if
the union of the graphs after some finite time does not have a spanning tree, then consensus

cannot be achieved asymptotically for A.

Proof: Let D denote the set of all possible matrices D[k] under dynamically changing
interaction topologies and weighting factors «;[k]. We know that D is a finite set since
both set G and set & are finite.

Consider the jth time interval [k;T, k;+17), which includes the time interval
|k;T, (k; + 1;)T") and must be uniformly bounded since both [k, 7, (k; + ;)T) and [(k; +
[;)T, kj+1T) are uniformly bounded. Also the sequence of time intervals [k;T, k; 1T,
j=1,2---, arecontiguous.

The union of the graphs across [k;T, k;1T), denoted as G[k;], has a span-

ning tree since the union of the graphs across [k, T, (k; + (;)T") has a spanning tree. Let
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{DI[k;], Dlk; + 1],--- , D[k;+1 — 1]} be the set of stochastic matrices corresponding to
each graph in the union G[k;]. Following Lemma 3.4.3, the matrix product D[k;,; —
1]---D[k; +1|Dlk;], j = 1,2,-- -, is SIA. Then by applying Lemma 3.4.2 and mimicking
a similar proof for Theorem 2 in [35], the first part can be proved.

If the union of the graphs after some finite time ¢ does not have a spanning tree,
then during the infinite time interval [£, co), there exist at least two agents such that there is
no path in the union of the graphs that contains these two agents, which then implies that

information of these two agents cannot reach consensus. |

3.4.2 Consensus Using Continuous-Time Update Scheme

In this section, we will focus on demonstrating that under certain conditions, the
existence of a spanning tree is also sufficient for consensus under dynamically changing
interaction topologies using the continuous-time update scheme. To do so, we need the

following lemma.

Lemma 3.4.4 If the union of the directed graphs {G;,,G:,, -+ , G, } C G has a spanning
tree and C, is the matrix corresponding to each directed graph G;, in Eq. (3.4), then the

matrix product eCtmAtm . .. CraAl2eCri AL s LA where At; > 0 are bounded.

Proof: From Eq. (3.4), each matrix C}, satisfies the properties defined in Lemma 3.3.1.
Thus each Cy, can be written as the sum of a nonnegative matrix A, and —n;, 1,,, where 7,
is the maximum absolute value of the diagonal entriesof C,, i = 1,--- ,m.

From Lemma 1 in [31], we know that e“:8t = e=miBlieMuAti > 5 0\, for
some p; > 0. Since the union of the directed graphs {G:,,G:,,- - ,G:,, } has a spanning
tree, we know that the union of the directed graphs of A, has a spanning tree, which in
turn implies that the union of the directed graphs of e“%“% has a spanning tree. From
Lemma 3.4.1, we know that eCtm&im ... Crafl2eCnt > o 5™ CrAi for some v > 0,
which implies that the above matrix product also has a spanning tree.

It can also be verified that each matrix e“*% is a stochastic matrix with positive
diagonal entries, which implies that the above matrix product is also stochastic with positive

diagonal entries.
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Combining Corollary 3.3.4 and Lemma 3.3.5, we know that the above matrix
product is SIA. [ |
In this dissertation, we also apply dwell time (c.f. [102, 35]) to the continuous-
time update scheme (3.4), which implies that the interaction graph and weighting factors are
constrained to change only at discrete times, that is, the matrix C(t) is piecewise constant.

Eqg. (3.4) can be rewritten as
E(t) = C(t)E(L), tE [titi+T) (3.9)

where ¢, is the initial time and ¢4, ¢, - - - isan infinite time sequence at which the interaction
graph or weighting factors change, resulting in a change in C(t).

Let , = t;,1 — t; be the dwell time, 7 = 0,1,---. Note that the solution to
Eq. (3.9) is given by £(1) = eCtR)=t) Cll-1)Th1 ... Ch)TCl0)T0g((), where k is the
largest nonnegative integer satisfying ¢, < t. Let 7 be a finite set of arbitrary positive
numbers. Let T be an infinite set generated from set 7, which is closed under addition, and
multiplications by positive integers. We assume that 7; € 1,7 =0, 1, - - - . By choosing the
set 7 properly, dwell time can be chosen from an infinite set YT, which somewhat simulates
the case when the interaction graph G changes dynamically over time.

The following theorem extends the continuous-time convergence result in [35].

Theorem 3.4.2 Letty, 1o, --- be an infinite time sequence at which the interaction graph or
weighting factors switchand 7, = t;;; —t; € Y, i =0,1,---. Let G(¢;) € G be a switch-
ing interaction graph at time ¢t = ¢; and o,;(¢;) € &, where & is a finite set of arbitrary
positive numbers. The continuous-time update scheme (3.3) achieves consensus asymptoti-
cally for A if there exists an infinite sequence of uniformly bounded, non-overlapping time
intervals [t; ,t; 41,), j = 1,2,-- -, starting at ¢;, = t,, with the property that each interval
[ti;+1;,ti,,,) is uniformly bounded and the union of the graphs across each such interval
has a spanning tree. Furthermore, if the union of the graphs after some finite time does not

have a spanning tree, then consensus cannot be achieved asymptotically for A.
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Proof: The set of all possible matrices e“*)7 where 7; € T, under dynamically changing
interaction topologies and weighting factors can be chosen or constructed by matrix multi-
plications from the set £ = {e“()7 1, € 7}. Clearly E is finite since G, &, and 7 are all
finite.

Consider the jthtime interval [t;,, ;. , ), which includes the time interval [t;,, Z;, ;)
and must be uniformly bounded since both [¢ [ i ti;1;) and [t; 4, ¢, ) are uniformly bounded.

Also the sequence of time intervals [t ), j=1,2,---, are contiguous.

ijs ijp

The union of the graphs across [ ), denoted as G(%;, ), has a spanning tree

ijs bij
since the union of graphs across [t;,, t;, ;) has aspanning tree. Let {C(t;,), C(ti;41), -, C(ts,,, 1)}
be a set of matrices corresponding to each graph in the union G (¢ ;). Following Lemma 3.4.4,

the matrix product e€tis+1-1741-1 ... gCli+0m 1 ClT; 5 — 1 9 ... s SIA. Then,

the first part follows from Lemma 3.4.2 and an argument similar to the proof of Theorem 2

in [35].

The second part is similar to that in Theorem 3.4.1. |

3.4.3 Discussion

The contribution of this section is that the results in [35], which are limited to
undirected graphs, are extended to directed graphs. Therefore, unidirectional information
exchange is allowed instead of requiring bidirectional information exchange. This will be
important in applications where bidirectional communication or sensing is not available.

Ref. [35] shows that consensus of information (the heading of each agent in
their context) can be achieved if the union of a collection of graphs is connected frequently
enough. This section demonstrates that the same result can be achieved as long as the union
of the graphs has a spanning tree, which is a milder requirement than being connected and
implies that one half of the information exchange links required in [35] can be removed
without adversely affecting the convergence result. In this sense, the results for conver-
gence in [35] can be thought of as a special case of a more general result. Of course, the
final achieved equilibrium points will depend on the property of the directed graphs. For

example, compared to strongly connected graphs, graphs that are not strongly connected
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will reach different final equilibrium points (see [31] for an analysis of the final equilibrium
points).

The leader following scenario described in [35] can also be thought of as a spe-
cial case of our result. If there is one agent in the group which does not have any incoming
link, but the union of the interaction graphs has a spanning tree frequently enough, then
this agent must be the root of the spanning tree, i.e, the leader. Since consensus is guaran-
teed, the information state of the other agents asymptotically converges to the information
state of the leader. Therefore, the scenario discussed in [35] of being linked to a leader
frequently enough is a special case of having a spanning tree, frequently enough, with the
leader as the root.

For the continuous model used in [35], the switching times of the interaction
graph is constrained to be separated by 7 time units, where 7 is a constant dwell time.
Our continuous update scheme allows the switching times to be within an infinite set of
positive numbers generated by any finite set of positive numbers, which is better suited to
simulating the random switching of interaction graphs. Therefore, the continuous scheme
in [35] can be thought of a special case of our result by letting 7 = {74} and T = {k74|k =
1,2,---}.

Unlike the update schemes in [35], we do not constrain the weighting factors
in our discrete and continuous update schemes, other than to require that they be positive.
This provides flexibility to account for relative confidence in information from different
agents.

An additional contribution of this section is the proof for properties of nonneg-
ative matrices with the same positive row sums. The Perron-Frobenius Theorem states
that if a nonnegative matrix A is irreducible, that is, the directed graph of A is strongly
connected, then the spectral radius of A is a simple eigenvalue. We show that the irre-
ducibility condition is too stringent for nonnegative matrices with the same positive row
sums. Lemma 3.3.3 explicitly shows that for a nonnegative matrix A with identical posi-
tive row sums, the spectral radius of A (the row sum in this case) is a simple eigenvalue if
and only if the directed graph of A has a spanning tree. In other words, A may be reducible

but retains its spectral radius as a simple eigenvalue. Furthermore, if A has a spanning tree
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Figure 3.9: Possible interaction topologies for A = {A;|i = 1,-

and positive diagonal entries, we know that the spectral radius of A is the unique eigenvalue
of maximum modulus.

Note that we assume that weighting factors «;; and o;; are chosen from any
finite set of positive numbers for simplicity of proof. In fact, the results of this section are
still valid if this assumption is relaxed to «;; € [ag, an] and o;; € [0, ou], Where ay,
ay, or, and oy, are arbitrary positive numbers satisfying a;, < ay and o, < oy The
argument is based on the concluding remark in [101], which deals with the case when the

set of stochastic matrices is infinite.

3.4.4 Simulation Results

In this section, we simulate information consensus for five agents under dynam-
ically changing interaction topologies using the discrete-time update scheme (3.2) and the
continuous-time update scheme (3.9) respectively.

For simplicity, we constrain the possible interaction graphs for these five agents
to be within the set G, = {G1, G2, Gs, G4, G5} as shown in Fig. 3.9, which is obviously a
subset of G. For the discrete-time update scheme, we assume that the interaction graph
switches randomly in G, at each time ¢t = KT, where k = 0,1,2,--- and 7" is 0.5 seconds.
For the continuous-time update scheme, we assume that the interaction graph switches
randomly in G, at each random time ¢t = ¢;, £ = 0,1,2,---. The weighting factors in
Egs. (3.2) and (3.9) are chosen arbitrarily a priori for each directed graph in G, to satisfy
a;;[k] > 0and o;;(tg) >0, (i,j) e Zand k =0,1,2,---.
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Figure 3.11: Consensus with G[k] and G () randomly switching from G;.

Note that each directed graph in G, does not have a spanning tree but that the

update scheme.

The initial information variable was selected arbitrarily as §&; = 0.2 x4, i =

for both cases.
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union of these graphs do have a spanning tree is evident from Fig. 3.10. As the switching
between graphs in G, is random, the condition for consensus will be generically satisfied.
Alternatively, it is obvious that the union of these graphs is not connected, which implies
that the conditions in [35] are not satisfied. Simulation results show that asymptotic con-

sensus is achieved using both the discrete-time update scheme and the continuous-time

1,---,5. Fig. 3.11 shows the consensus results using both the discrete-time update scheme

and the continuous-time update scheme. Note that &;(¢), 7 = 1,--- , 5, reaches consensus
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Figure 3.12: Consensus with G[k] and G(t;,) randomly switching from G..

Consider now a leader following scenario where the information graph switches
in g; = Gs \ Gi. As a result, there is no information exchange link from Aj to A;. In this
case, the union of the information graphs has a spanning tree, however, unlike the previous
case there is no incoming information link to A;. Fig. 3.12 shows the consensus results
using both the discrete-time update scheme and the continuous-time update scheme. Note
that &;(¢), 7« = 2,--- , 5, converges asymptotically to &,(0) as expected. This is similar to
the leader following case in [35] except that we do not need the followers to be jointly

linked to the leader, that is, the union of the directed graphs is not necessarily connected.
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Chapter 4

Multi-agent Formation Control

4.1 Introduction

This chapter presents some new results on spacecraft formation control and
multiple robot coordination. One motivation for multi-agent systems is to achieve the same
gains for mechanically controlled systems as has been gained in distributed computation.
Rather than having a single monolithic (and therefore expensive and complicated) machine
do everything, the hope is that many inexpensive, simple machines, can achieve the same,
or enhanced functionality, through coordination. In essence, the objective is to replace ex-
pensive complicated hardware with software and multiple copies of simple hardware [103].

In Section 4.2, we propose a decentralized architecture for multiple spacecraft
formation flying in deep space with formation feedback introduced. In Section 4.3, we

propose a constructive satisficing approach to multi-agent formation maneuvers.

4.2 Multiple Spacecraft Formation Flying

In this section, we propose a decentralized formation scheme for spacecraft
formation flying in deep space. This scheme is built on the combined strength of decen-
tralized control and the virtual structure approach. By following a decentralized coordina-
tion architecture via the virtual structure approach, we introduce decentralized formation
control strategies, which are appropriate when a large number of spacecraft are involved
and/or stringent inter-spacecraft communication limitations are exerted. In our decentral-

ized scheme, each spacecraft in the formation instantiates a local copy of the formation
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control, i.e. the coordination vector under the virtual structure framework. The local in-
stantiation of the coordination vector in each spacecraft is then synchronized by communi-
cation with its neighbors following a bidirectional ring topology. The effectiveness of the

proposed control strategies is demonstrated through simulation results.

4.2.1 Problem Statement

In this section, we introduce some preliminary notation and properties for space-
craft formation flying including reference frames, unit quaternions, desired states for each

spacecraft, and spacecraft dynamics.

Reference Frames

Four coordinate frames are used in this section as shown in Fig. 4.1. Reference
frame Fo is used as an inertial frame. Reference frame Fr is fixed at the virtual center
of the formation, i.e. the virtual structure, as a formation frame. Reference frame F; is
embedded at the center of mass of each spacecraft as a body frame, which rotates with
the spacecraft and represents its orientation. Reference frame F¢ represents the desired
configuration for each spacecraft. Given any vector p, the representation of p in terms of
its components in Fo, Fr, and F; are represented by [plo, [p]r, and [p]; respectively.

Let the direction cosine matrix C,; denote the orientation of the frame F, with
respect to F;, then [p], = Cas[p]s, Where [p], and [p], are the coordinate representations of

vector p in F, and F, respectively.

Unit Quaternions

Unit quaternions (c.f. Ref. [104]) are used to represent the attitudes of rigid
bodies in this section. A unit quaternion is defined as ¢ = [¢7, ¢]*, where ¢ = a - sin(%)
and ¢ = cos(%). In this notation, « is a unit vector in the direction of rotation with a
coordinate representation [a1, as, as]”, called the eigenaxis, and ¢ is the rotation angle
about «, called the Euler angle. By definition, a unit quaternion is subject to the constraint

that ¢*¢ = 1. Note that a unit quaternion is not unique since ¢ and —q represent the same
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Figure 4.1: Coordinate Frame Geometry.

attitude. However, uniqueness can be achieved by restricting ¢ to the range 0 < ¢ < 7 so
that ¢ > 0 [105]. In the remainder of the section, we assume that ¢ > 0.

The product of two unit quaternions p and ¢ is defined by

e qﬁ+pq+ﬁxﬁ |
ap —q'p

which is also a unit quaternion. The conjugate of the unit quaternion ¢ is defined by ¢* =
[—q",q|". The conjugate of gp is given by (¢gp)* = p*q*. The multiplicative identity
quaternion is denoted by qr = [0,0,0,1]7, where q¢* = ¢*¢ = qr and qq1 = qiq = ¢.
Suppose that ¢% and ¢ represent the desired and actual attitude respectively, then the attitude
error is given by ¢. = ¢%*q = [¢*, .]*, which represents the attitude of the actual reference
frame F with respect to the desired reference frame F¢.

The relationship between the rotation matrix ', and the unit quaternion ¢ is
given by

Cap = (2¢° — DI + 244" — 244",

where ¢ represents the attitude of F, with respect to 7, [104].
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Given a vector v with coordinate representation [vy, vy, v3]7, the cross-product

operator is denoted by [106]

0 —7Us (%)
X
vt = U3 0 —uv |,
—UV2 (%1 0

which represents the fact that v x w = v*w. Also define Q(v) as

Qv) =

The Desired States for Each Spacecraft

In the virtual structure approach, the entire desired formation is treated as a
single structure called the “virtual structure” with formation frame F located at its virtual
center of mass to represent its configuration. The virtual structure then has position rx,
velocity v, attitude ¢, and angular velocity wy relative to Fo.

Let r;, v;, ¢;, and w; represent the position, velocity, attitude, and angular veloc-
ity of the 7th spacecraft relative to the inertial frame Fo. Similarly, let r;r, v;r, ¢;r, and w;
represent the position, velocity, attitude, and angular velocity of the ith spacecraft relative
to the formation frame Fr. A superscript “d” is also used to represent the corresponding
desired state of each spacecraft relative to either o or Fp.

Conceptually, we can think that place holders corresponding to each spacecraft
are embedded in the virtual structure to represent the desired position and attitude for each
spacecraft. As the virtual structure as a whole evolves in time, the place holders trace out
trajectories for each corresponding spacecraft to track. As a result, the actual states of the
ith place holder represent the desired states of the ith spacecraft. With F as a reference
frame, these states can be denoted by r&., ¢, v&., and we..

Generally, &, ¢4, v4, and w®. can vary with time, which means the desired
formation shape is time-varying. However, if we are concerned with formation maneuvers
that preserve the overall formation shape, that is, each place holder needs to preserve fixed

relative position and orientation in the virtual structure, r%. and ¢%. should be constant and
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v and w- should be zero. This requirement can be loosened to make the formation shape
more flexible by allowing the place holders to expand or contract while still keeping fixed
relative orientation. We will focus on this scenario in this latter section. Of course, the
approach here can be readily extended to the general case.

Let A = [A\1, A2, A3] where the components represent the expansion/contraction
rates of the virtual structure along each F axis. The state of the virtual structure can be
defined as € = [rZ, v%, ¢&,wh, AL, AT]T. We note that if each spacecraft has knowledge of
&, and its own desired position and orientation with respect to the virtual structure, then for-
mation keeping is transformed into an individual tracking problem. Therefore, the vector £
represents the minimum amount of information needed by each spacecraft to coordinate its
motion with the group. Motivated by this reasoning, we will call £ the coordination vector.

Given &, the desired states for the ith spacecraft are given by

[lo =[rFlo + CorAlriz]r
vl =[vrlo + CorAlrislr + [wrlo x (CorAlris]r)
[0 =larlolair]r (4.1)

[wzd]O :[wF]O>

where Cor(gr) is the rotation matrix of the frame Fo with respect to Fr and A =
diag(Ar). Note that unlike the constant desired states r&., v%, ¢, and wd. relative to
Fr, the desired states r¢, v, ¢¢, and w¢ relative to Fo, are time-varying since ¢ is time-

varying. The evolution equations of the desired states are given by

[#]o =[iro + 2lwrlo X (CorAlris]r) (4.2)
+ CorAlriclr + [wrlo x (CorAlris]r)
[i{lo =ldrlolair]r

flo =[wrlo-
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Spacecraft Dynamics

The translational dynamics of each spacecraft relative to F,, are

dTi —
dt, "
dv;
migt = 43)

where m; and f; are the mass and control force associated with the ith spacecraft respec-
tively.

The rotational dynamics of each spacecraft relative to Fo (c.f. Ref. [12]) are

dgi 1 1

i, Wi X i + o divi
dgq; 1
_ — —_— ’L'. Ai 44
a Wi~ d (4.4)
dw;

Jid—z = —w; X (sz,) + Ti,

where J; and 7; are inertia tensor and control torque associated with the ith spacecraft

respectively.

4.2.2 Decentralized Architecture via the Virtual Structure Approach

In this section, we propose a decentralized architecture for spacecraft formation
flying via the virtual structure approach. In order to demonstrate the salient features of our
decentralized scheme, we first introduce previous work on centralized architectures via the

virtual structure approach and previous work on general decentralized control architectures.

Previous Work on Centralized Architectures

Ref. [15] introduced the general centralized coordination architecture shown in
Fig. 4.2, which is based on the virtual structure approach.

The system G is a discrete event supervisor, which evolves a series of formation
patterns by outputting its current formation pattern ys. The system F is the formation
control module, which produces and broadcasts the coordination vector £. The system

K, is the local spacecraft controller for the ith spacecraft, which receives the coordination
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Figure 4.2: The centralized architecture based on the virtual structure approach.

vector ¢ from the formation control module, converts ¢ to the desired states for the ith
spacecraft, and then controls the actual state for the ith spacecraft to track its desired state.
The system S, is the ith spacecraft, with control input «; representing the control force and
torque, and output y; representing the measurable outputs from the ith spacecraft. In this
centralized scheme, G and F are implemented at a centralized location (e.g. spacecraft
#1), and then the coordination vector £ is broadcast to the local controllers of the other
spacecraft. Note that there is formation feedback from each local spacecraft controller
to the formation control module F through the performance measure z;. Also, there is
formation feedback from F to G through the performance measure z 5 [15].

The strength of this centralized scheme is that formation algorithms are fairly
easy to realize. The weakness is that heavy communication and computation burden is con-
centrated on the centralized location, which may degrade the overall system performance.

Also the centralized location results in a single point of failure for the whole system.
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Previous Work on Decentralized Control

In Ref. [10], a decentralized architecture is proposed for autonomous establish-
ment and maintenance of satellite formations, where each satellite only processes local
measurement information and transmission vectors from the other nodes so that a local
Kalman filter can be implemented to obtain a local control. It is also shown that the decen-
tralized framework generates a neighboring optimal control if the planned maneuvers and
trajectories are themselves optimal.

In Ref. [72], a decentralized control is implemented using a bidirectional ring
topology, where each robot only needs position information of its two neighbors. A forma-

tion pattern is defined to be a set composed of the desired locations for each robot, i.e.
P = {hcll7 vth}7

where N is the number of mobile robots in the formation. Two competing objectives are
considered. The first objective is to move the robots to their final destinations. The second
objective is to maintain formation during the transition. The goal of the control law for
each robot is to drive the total tracking error and formation error of the group to zero. Sim-
ilarly, in Ref. [73], three objectives are considered for the synchronized multiple spacecraft
rotation problem. The first objective is to rotate each spacecraft to zero attitude error. The
second objective is to maintain formation throughout the maneuver. The third objective is

to rotate the spacecraft about a defined axis of rotation.

Decentralized Architecture

In this section, instead of using a set of desired locations for each agent as a
formation pattern, we take advantage of the virtual structure approach to define the forma-
tion pattern by P = ¢, where ¢4 = [r& o3 ¢4 wi A4 A4 )T is the desired constant
coordination vector representing the desired states of the virtual structure. We will assume
piecewise rigid formations which implies that v% = w% = A% = 0. By specifying the
formation pattern for the group, the movements of each spacecraft can be completely de-
fined. Through a sequence of formation patterns P*) = ¢@®) L = 1 ... K, the group

can achieve a class of formation maneuver goals. In Ref. [72], the formation pattern is
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Figure 4.3: The decentralized architecture via the virtual structure approach.

defined in such a way that each vehicle only knows its final location in the formation while
its trajectory throughout the maneuver is not specified. Here the formation pattern is de-
fined such that each spacecraft will track a trajectory specified by the state of the virtual
structure, while preserving a certain formation shape. From this point of view, collision
avoidance is handled more efficiently than in Ref. [72].

In our decentralized architecture, each spacecraft in the formation instantiates a
local copy of the coordination vector. We use &; = [r5., vk, ¢b., wh. AL AL]7 to repre-
sent the coordination vector instantiated in the ith spacecraft corresponding to the coordi-
nation vector £ defined in the third subsection of Sec. 4.2.1. A bidirectional ring topology is
used to communicate the coordination vector instantiation instead of the position or attitude
information among each spacecraft. A decentralized architecture via the virtual structure
approach is shown in Fig. 4.3.

In this case, instead of implementing the discrete event supervisor and forma-
tion control module at a centralized location, each spacecraft has a local copy of the dis-

crete event supervisor G and formation control module F, denoted by G; and F; for the
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1th spacecraft respectively. As in Fig. 4.2, K; and S; represent the sth local spacecraft
controller and the ith spacecraft respectively.

Before the group maneuver starts, a sequence of formation patterns has been
preset in each discrete event supervisor G;. The goal of G; is to transition through the
sequence of formation patterns so that a class of group maneuver goals can be accom-
plished sequentially. Certain mechanisms need to be applied to coordinate and synchronize
the group starting time, e.g., simple semaphores. When the group maneuver starts, each
discrete event supervisor G, outputs the current formation pattern ye; = 4%, to the for-
mation control module F;. Each formation control module F; implements a coordination
vector instantiation &. The goal of F; is to evolve ¢&; to its current desired formation pat-
tern £4(*) and synchronize &; with coordination vector instantiations implemented on other
spacecraft. Here we use a bidirectional ring topology, which means that the coordination
vector &; instantiated in the ith spacecraft is synchronized with its two neighbors, that is,
instantiations &;_; and &;,; implemented in the (i — 1)th and the (i + 1)th spacecraft respec-
tively. Communications between the ith spacecraft and the (: —1)th and (i + 1)th spacecraft
needs to be established to transmit and receive the coordination vector instantiations. The
formation control module F'; then sends its coordination vector instantiation &; to the local
spacecraft controller K;. Based on &;, the local controller K; can derive the desired states
and the corresponding derivatives for the ith spacecraft from Egs. (4.1) and (4.2). A lo-
cal controller K; is designed to guarantee that the ith spacecraft tracks its desired states
asymptotically. Formation feedback is also included from the ith spacecraft controller K;
to the 4th formation control module F; through the performance measure z; indicating the
ith spacecraft’s tracking performance. Accordingly, as we will see in Sec. 4.2.3, the control
law for &; implemented in F; depends on the performance measure z;, the current desired
formation pattern yo; = £%*), and the corresponding coordination vector instantiations
&1 and &1 from the ith spacecraft’s neighbors. Of course, formation feedback can also
be included from other spacecraft to the ith formation control module F; at the cost of
additional communication. Formation feedback from the :th formation control module F;
to the ¢th discrete event supervisor G; is also included through the performance measure

2, Which indicates how far the ith instantiation &; is from its current maneuver goal £+
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and synchronization performance between &; and its neighbors. Like the coordination and
synchronization of the first group maneuver starting time, similar mechanisms can be ap-
plied to indicate the accomplishment of the current formation pattern and coordinate and
synchronize the starting time for the next formation pattern among spacecraft. Then the
same procedure described above repeats so that a sequence of formation patterns can be
achieved.

Compared with the architecture in Ref. [10], which is based on a fully inter-
connected network, the architecture proposed here imposes fewer communication require-
ments. Even if the compression of data transmission is realized in Ref. [10], each vehicle
still needs extensive data transmitted from all the other vehicles, which causes additional
inter-vehicle communications especially when a large number of vehicles are involved.
The architecture proposed here only requires communication between adjacent neighbors
during the maneuver.

The communication requirement for each spacecraft during the maneuver can
be estimated as follows. We know that rr;, vr;, wri, Ar;, and /'\FZ- all have 3 components
and ¢r; has 4 components. Thus the coordination vector &; has 19 components. Assume
that each component is encoded as B bits and the sample rate of the system is given by
L Hz. By communicating with its two adjacent neighbors, the required bandwidth for
each spacecraft can be estimated as 38 BL bits/sec. Note that this is the case when group
translation, group rotation, and group expansion/contraction are all involved. If only one
group maneuver is involved, the bandwidth can be further reduced to almost one third of
the above bandwidth estimate.

Compared to its centralized alternative, there is no master in the loop and each
spacecraft evolves in a parallel manner so that a single point of failure existing in any
centralized implementation can be eliminated and the total system performance will not
degrade catastrophically under failure. As a result, the decentralized implementation offers
more flexibility, reliability, and robustness than the corresponding centralized alternative.
The weakness is that each local instantiation must be synchronized, which accounts for
additional complexity and inter-vehicle communications to the whole system. Due to the

ring topology and the implementation of the coordination vector, information exchange
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among spacecraft can be reduced in the above decentralized architecture. Therefore, this
weakness can be somewhat mitigated although the disadvantage of increased inter-vehicle
communication requirements is a typical concern for decentralized systems. Of course,
there may exist discrepancies between the starting time of each instantiation of the coordi-
nation vector dynamics. This starting time discrepancy can be mitigated through the control
law for each coordination vector, which will synchronize neighboring coordination vector
instantiations. Also, there may exist time delay when neighboring spacecraft exchange in-
formation. This issue is not modelled in the above decentralized architecture and needs to

be addressed in future work.

4.2.3 Decentralized Formation Control Strategies

Two major tasks need to be carried out in the decentralized formation control
scheme via the virtual structure approach. One is to propose suitable control laws for each
spacecraft to track its desired states defined by the virtual structure. The other is to control
and synchronize each virtual structure instantiation to achieve the desired formation pat-
terns in a decentralized manner. In the first and second subsection of Sec. 4.2.3, we present
control strategies for each spacecraft and each virtual structure instantiation respectively.
In the third subsection of Sec. 4.2.3, we provide convergence analysis for the system com-

posed of the coupled dynamics of N spacecraft and /V coordination vector instantiations.

Formation Control Strategies for Each Spacecraft

For the ith spacecraft, define X; = [r7, 07, ¢7, wT]7 and X¢ = [r?" 09" ¢?" wd"

PRI N C A e )

as the actual state and desired state respectively. Define X; = X; — X¢ = [T, o7, 7, o ]"

)

as the error state for the ith spacecraft.
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We know that the desired states for each spacecraft also satisfy the translational
and rotational dynamics (4.3) and (4.4) respectively, that is,

dr{ d
dt, :
dv?

Mige = I
dg!
dt,
dg}
dt,
dwd d

J; a. —wd x (Jwd) + 78,

This is valid since the desired states for each spacecraft are the same as the actual states for

1
wi x ¢ + ~gfw (4.5)

each corresponding place holder, which satisfies the translational and rotational dynamics.

The proposed control force for the ith spacecraft is given by

fi = mi(0f — Kpi(ry — rf) — Kyi(v; — o)), (4.6)

)

where m; is the mass of the ith spacecraft, and K,; and K,; are symmetric positive definite
matrices.

The proposed control torque for the ith spacecraft is given by
1 —_—
T, — le;j + iwi X Jz(wz + de) - quqg*% - Kwi(wi - w?); (47)

where J; is the moment of inertia of the :th spacecraft, k,; is a positive scalar, K, is a
symmetric positive definite matrix, and ¢ represents the vector part of the quaternion.

Note that Egs. (4.6) and (4.7) require both X'¢ and X ¢ which are obtained from
& and &, using Egs. (4.1) and (4.2).

Formation Control Strategies for Each Virtual Structure Instantiation

As in the third subsection of Sec. 4.2.2, &; is the ith coordination vector instanti-
ation and £%(*) is the current desired constant goal for the coordination vector instantiations,
i.e. the current formation pattern. For notation simplicity, we hereafter use £¢ instead of

€4k) to represent a certain formation pattern to be achieved. Define
gi =& — fd = [ffgi,f;?i, qgi";)giv S\f“m XEZ]T
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as the error state for the ith coordination vector instantiation. There are two objectives
for the instantiation of the coordination vector implemented in each spacecraft. The first
objective is to reach its desired constant goal £¢ defined by the formation pattern set. The
second objective is to synchronize each instantiation, i.e., &, = & = - -- = &y. Following
the idea introduced in Ref. [72, 73], where behavior-based strategies are used to realize
goal seeking and formation keeping for each agent, we apply behavior-based strategies to
synchronize the coordination vector instantiations during the maneuver as well as evolve it
to its desired goal at the end of the maneuver.

Define E as the goal seeking error to represent the total error between the

current instantiation ¢; and the desired goal £%:

Ea(t)=3_l& — ¢l

Also define E5 as the synchronization error to represent the total synchronization error

between neighboring instantiations:

N
Es(t) = Z 1€ — &l
i—1

where the summation index i is defined modulo N, i.e., {11 = & and &, = &y. Defining
E(t) = E(t) + Es(t), then the control objective is to drive £(t) to zero asymptotically.
Since the coordination vector represents the states of the virtual structure, we

suppose that the ith coordination vector instantiation satisfies the following rigid body dy-

namics
TR UFi
MEUR; Iri
qri _ %Q (Wri)qri ’ (4.8)
Jrwr; —wpi X Jrwpi + TR
Api AFi
5\F¢ VEi

where my and J are the virtual mass and virtual inertia of the virtual structure, f; and
Tr; are the virtual force and virtual torque exerted on the sth implementation of the virtual

structure, and vx; is the virtual control effort used to expand or contract the formation.
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The tracking performance for the ith spacecraft is defined as er; = e(X;, X2),

where e(X;, X2) > 0 when X; # X% and e(X;, X?) = 0 when X; = X2 In the sequel,
2

we choose ep; = Hf(Z . Define I'g; = Dg + Krep; to incorporate formation feedback

from the ith spacecraft to the sth coordination vector implementation, where D and K
are symmetric positive definite matrices. Obviously, I'¢; is also a positive definite matrix.
If we let K = 0, there is no formation feedback.

The proposed control force fr; is given by

IFi ZmF(—KG(T‘Fz‘ - Tflw) — Tgivri
— Ks(rpi — rpg+1)) — Ds(vpi — Vrgs) (4.9)
— Kg(rpi — rp@-1)) — Ds(vri — vp(i-1))),
where K is a symmetric positive definite matrix, and K g and Dg are symmetric positive

semi-definite matrices.

The proposed control torque 7; is given by

—

T = — kaq¥qri — Taiwr
- kSQ;(Hl)QFi - DS(WFi — WF(¢+1)) (4.10)

— st}(i,l)QFi — Ds(wpi — wr-1)),

where ks > 0 and kg > 0 are scalars, I'; follows the same definition as above, Dg is a
symmetric positive semi-definite matrix, and ¢ represents the vector part of the quaternion.

Similar to Eq. (4.9), the proposed control effort vx; is given by

vp = — Kg(A\pi — Me) — Taidps
— Ks(Ari — Ap(i+1) — Ds(Api — Apgisn)) (4.11)
— Ks(Ari — Ari-1) — Ds(Ari — Apa-1y),
where K is a symmetric positive definite matrix, I"; follows the same definition as above,
and Kg and Dg are symmetric positive semi-definite matrices.
Note that the matrices in Egs. (4.9), (4.10), and (4.11) can be chosen differently

based on specific requirements to change the weights of translation, rotation, and expan-

sion/contraction effects. In Egs. (4.9), (4.10), and (4.11), the first two terms are used to
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drive E; — 0, the third and fourth terms are used to synchronize the ith and (i + 1)th
coordination vector instantiations, and the fifth and sixth terms are used to synchronize the
ith and (i — 1)th coordination vector instantiations. The second term, that is, the forma-
tion feedback term is also used to slow down the th virtual structure implementation when
the ith spacecraft has a large tracking error. This strategy needs each spacecraft to know
its neighboring coordination vector instantiations, which can be accomplished by nearest
neighbor communication. From Egs. (4.9), (4.10), and (4.11), we can also see that be-
sides &;_1, &, and &, the control laws for the ith coordination vector instantiation also
require the current constant formation pattern £¢¢ and X; through the formation feedback

gain matrix I'g;.

Convergence Analysis
The following Lemmas will be used to prove our main theorem.

Lemma 4.2.1 If both the unit quaternion and angular velocity pairs (¢s,ws) and (g, w,)
satisfy the rotational dynamics (4.4) with moment of inertia J and with control torque 7
and 7, respectively, dw = w, —w, and éq = ¢5 — ¢, With ¢ = ¢; — ¢, and 6@ = @5 — Gy,
and V; = 6¢% + 3¢ - 6gand Vs = 16w - Jow, then Vi = dw - ¢q, and Vs = dw - (7, — 7, —

Llwg x Jow)).

2
Proof: Identical to the proof for attitude control in Ref. [12] by replacing ¢; with ¢,, w; with
Wps q,fl with ¢,, and wzd with w,. [ |

For a vector z, we simply use 27z or ||z||* to represent the vector dot product

x - x hereafter.

Lemma4.2.2 If A € IR***¥ and B € IR'*! are symmetric positive semi-definite matrices,
then A ® B is positive semi-definite, where ® denotes the Kronecker product. Moreover, if

both A and B are symmetric positive definite, then sois A ® B.
Proof: See Ref. [107]. |

Lemma 4.2.3 If C' is a circulant matrix with the first row given by [2, —1,0,--- ,0,—1] €

RN, then C € IRN*N is symmetric positive semi-definite. Let P € IRP*? and Z =
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(2L, -+, 2%5]T, where z; € IRP. If the terms P(z; — z;1) + P(z; — z;11) are stacked in a

column vector, the resulting vector can be written as (C' ® P)Z.

Proof: See Ref. [72]. |

From Eqgs. (4.3), (4.4), (4.6), and (4.7), the dynamics for the ith spacecraft can
be represented by );Q = f(X;, &), where f(-,-) can be determined from those equations.
From Egs. (4.8), (4.9), (4.10), and (4.11), the dynamics for the ith coordination vector
instantiation can be represented by & = ¢(&_1, &, &1, X;), where g(-, -, -, -) can also be
determined from those equations. Therefore, the coupled dynamics of the whole system
composed of N spacecraft and NV coordination vector instantiations are time-invariant with
states X, and &;, ¢ = 1,---, N. LaSalle’s invariance principle will be used to prove the

main theorem for convergence of the whole system.

Theorem 4.2.1 If the control laws for each spacecraft are given by (4.6) and (4.7), and the
control laws for each coordination vector instantiation are given by (4.9), (4.10) and (4.11),

then S°N | eq; + E(t) — 0 asymptotically.

Proof: For the whole system consisting of /V spacecraft and /N coordination vector instan-

tiations, consider the Lyapunov function candidate:

V = Vi + Vi + Vier + Vi, (4.12)
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where

N
1 1 1
Vi :Z (2~1TK i 4 2@ Ui + kud} G + §@?Ji@i) ,

N
1
th 25 Z(sz — TF(H.U)TKS(TFi - TF(i+1))

1
+ 5 Z (fglKGsz -+ U;ivpi) s

i=1

Z ks(qri — H—l)) (gri — qr(i+1))

N
L 1
+ g (k’GCJJZiCJFi + §w£iJFsz‘) ;
=1

1 N

Ve D) ;(AFZ' — /\F(i+1))TKS()‘Fi = ApGitn)
1 N - ~ . .
+ 3 Z <)\}TriKG)\Fi + )\}Fri)‘Fi> .
=1

With the proposed control force (4.6) for each spacecraft, the second equation
in the translational dynamics (4.3) for the ith spacecraft can be rewritten as o; = —K,;7; —

K,;v;. Applying Lemma 4.2.1, the derivative of V;,, is

N
E 7j UZ/UZ

- 1
Z ( G+ — 7 — 5 (wi X Jﬁ)i)) :
From Eq. (4.5), 7¢ = Juwi+wd x (Jwd). With the proposed control torque (4.7)

for each spacecraft, after some manipulation, we know that

N
= (=0 Kty — &) Kuar) < 0. (4.13)

=1
Differentiating V5, we can get

N
Ve = Z U£i<KS(rFi - TF(i+1))

i=1

friy

+ Ks(rpi — rpi-1)) + KaTpi +
mg
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With the proposed control force (4.9) for each coordination vector instantiation,

N

Viy = — Z(vfﬁﬁcwm

=1

+ (vpi — UF(2'+1))TDS(UFZ‘ - UF(iJrl))) <0. (4.14)

Applying Lemma 4.2.1, the derivative of Vi, is

N

VFr = Z(wm - wF(i+1))TkSq;(i+1)C]Fi
i=1
N

— 1
+ ngi(qu%*QFi + TR — QWi X Jpwp;).

=1
After some manipulation,

N

Vir = > wiy(ks@g o @ri — ks@iara-1) + kaqF qri + Tri).
=1

With the proposed control torque (4.10) for each coordination vector instantiation,

N

Vip = — Z(wEiFGiwm
i=1
+ (wri — WF(i+1))TDS(wFi - WF(z'+1))) < 0. (4.15)

Similar to VFt, with the proposed control effort (4.11) for each coordination

vector instantiation, the derivative of V. is

N
VFe = - Z()\ngGz)\Fz

i=1

+ ()\Fz — }\F(i+1))TDS(}\Fi — }\F(i+1))> <0. (4.16)

From Egs. (4.13), (4.14), (4.15), and (4.16), it is obvious that V = V,, + Vi, +
Vir + Vie < 0. Let S = {(Xy,--, Xn, &, -+ ,Ex)|V = 0}, and let & be the largest
invariant setin ¥, On %, V = 0, i.e. Vi, = Vi, = Vi, = Vi, = 0, which implies that
5,=0,0=0,vp=0,wp; =0, \p; =0,i=1,--- ,N.

Since 9; = 0, we know that 7; = 0 from Eqgs. (4.3) and (4.6). Since @; = 0, we
also know that q?% = 0 from Egs. (4.4) and (4.7), which then implies that ¢; = ¢7, i.e.

g = 0.
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Then following v; = 0, from Eq. (4.9) and the second equation in Eq. (4.8), it

can be seen that

Kerpi + Ks(rpi — Tp@t1))

+KS(TF7;_TF(Z‘71)) :07 1= 1’ 7N’
which is equivalent to

Karpi + Ks(Tpi — Tpit1))

+Ks(Fri —Tpi-1)) =0, i=1,---,N. (4.17)

From Lemma 4.2.3, Eq. (4.17) can also be written as (Iy ® K¢ + C ® Kg)7r = 0, where
fp = [FL, -+, 7Ey]T, Iy is an N x N identity matrix, and C is the circulant matrix
defined in Lemma 4.2.3. Based on Lemma 4.2.2 and 4.2.3, Iy ® K¢ is positive definite
and C' ® K is positive semi-definite. Thus we know that 7 = 0.

Following a similar procedure as above, we can also show that Ap; = 0 since
/.\Fi =0.

Also following wg; = 0, from Eq. (4.10) and the fourth equation in Eq. (4.8),
we know that

—

kaq¥ qri + ks i1)ari + Es@pg_1yari = 0,
i=1,.- N (4.18)

Since the quaternion multiplication is associative, we know that A1) qPi = Qpgp)d1drFi =
Tpsy (@FaF)ari = (G197 ) (@F gri), where qr is the multiplicative identity quaternion
defined in the second subsection of Sec. 4.2.1. Therefore, Eq. (4.18) is equivalent to

kaaF ari + ks(@p 1) 9F) (@ ar:)

—

+ks(qp,_1ar) (@@ ar) =0, i=1,---,N. (4.19)

Following Ref. [73] and applying the property of the unit quaternion, Eq. (4.19)
can be written as p; (¢ qr:) = 0, where p; = kgar + ks(¢# qriir1) + ks(qF qri-1))-
Compared with Eq. (7) in Ref. [73], Eq. (4.19) has the same form when we treat

q; as ¢ qr; and kr as kg and delete k.q;r term in Eq. (7) in Ref. [73]. It can be verified
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that their proof for ; = 0 is still valid when k.q;r term is omitted, which is only used to

guarantee the rotation of the spacecraft about a defined axis.

Then following the result g; = 0 in Ref. [73], we can show that ¢%*qr; = 0,

which implies that qr; = ¢¢, i.e. Gr; = 0.

&i
0,i=1,---,N. Accordingly, Y~ | ep; + E(t) — 0 asymptotically. n

— 0,

Therefore, by LaSalle’s invariance principle, HXZ

— 0,and [|§; — &l —

From Theorem 4.2.1, we can see that each virtual structure instantiation will
achieve its final goal asymptotically and each spacecraft will also track its desired state
specified by the virtual structure asymptotically during the maneuver. Therefore, the for-

mation maneuver can be achieved asymptotically.

Discussion

Note that different performance measure functions e(-, -) may be chosen to mea-
sure formation maintenance. For example, e(X;) = X7 PX;, where P is symmetric pos-
itive definite. Matrix P can be designed to adjust the relative weights of translational and
rotational formation error based on certain requirements. The motivation for the design of
the nonlinear gain matrices I'g; is to meet the following requirements. When a spacecraft
is out of its desired configuration, that is, er; is large, its coordination vector instantiation
will slow down or even stop, allowing the spacecraft to regain formation. When a space-
craft is maintaining its desired configuration, that is, e; is small, its coordination vector
instantiation will keep moving toward its final goal at a reasonable speed. By this design,
each coordination vector instantiation will be aimed at performing reasonably fast forma-
tion maneuvers as well as preserving tight formation shape during the maneuver even in
the case of control saturation, disturbances, and malfunctions. In this section, we choose a
candidate for such gain matrices as I'¢; = D¢ + Krer; , Where Dg = DL > 0 is the gain
matrix which corresponds to the nominal formation speed when the formation is preserved
tightly, and K = K. > 0 is the formation gain matrix which weights the performance
measure er;. Of course, other choices are also feasible. In the case of K = 0, no for-

mation feedback is introduced. We will see that formation gain matrix with larger entries
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result in better formation maintenance but slower convergence speed. We can see that

€Ti—>0:>PGi—>DG

eri — o0 = ['g; — o0.

As a result, nonlinear gains slow down or speed up the coordination vector instantiation
based on how far out of the desired configuration each spacecraft is.

Since PD-like control laws are used for each spacecraft and each coordination
vector instantiation, the transient specifications for each spacecraft and each coordination
vector instantiation can be satisfied by designing corresponding gain matrices in the control
laws following the design procedure for the coefficients of a second-order system. For a
second order system s? + ki s + ky = 0, if we define rise time ¢, and damping ratio ¢, then
natural frequency w,, is approximately 1.8/¢,. Therefore, if we let ky = w? = (1.8/¢,)?
and k; = 2¢w, = 2¢(1.8/t,), the transient specifications for the system are satisfied. We
can design K,;, ky, K¢, and k¢ according to k,, and design K ,;, K,,;, and D¢ according
to k. For example, K,; and K ,; can be defined as k13 and k1 I3 respectively, where I5 is a
3 x 3 identity matrix.

An illustrative example is shown as follows. Let K = I3and Kg = Ds = 01in
Eq. (4.9). Note that the translational dynamics of the ith coordination vector instantiation
can be rewritten as 7p; + Dgiiri + Kafps = 0, Where #p; = rpi — 1% = [Frais Tryi, Trai |-
Fig. 4.4 shows a plot of 7, for different choices of matrix I'5;. We can see that the dynam-
ics of the ith coordination vector instantiation evolve more slowly as the elements of I';
are increased to be sufficiently large. That is, it takes longer time for the ith coordination
vector instantiation to achieve its desired states. When I';; — oo, the coordination vector
instantiation will stop evolving.

Moreover, for each spacecraft, if we define a translational tracking error for the
ith spacecraft as E;; = %f?Kmﬂ +% ||171-||2, E;; decreases during the maneuver and 7! K.,.;7;
is bounded by 2E,;(0)—|#; || following the proof for V.. Similarly if we define a rotational
tracking error as E,; = ky; H@H2 + %@Jz@z E,; decreases during the maneuver and H(LH2
is bounded by ,%qi(Em-(O) — %aziJiJ)i). For each coordination vector instantiation, following

the proof for Vi, Vi, and Vi, we know that Vi, Vi, and Vg, are bounded by V(0),

62



— T ‘:ZI3

o)

—

— - Fg=201,

— [g=101,

60
Time (sec)

Figure 4.4: Plot of #p,; with initial conditions #z,; = 1 and 7x,; = 0 for different choices

of .

Vie-(0), and Vg (0) respectively. Therefore, Ef;l(rm — rrae)) Ks(rr — rrgsn))
~ ~ 2 ~

2V (0), Zf\il i Kerr < 2Vp(0), Z,]L lari — ara+y||” < éVFT(O)a ZZN:1 Grill” <

Ve (0), 305 (ki = Apan) T Ks(Ami — Apieny) < 2Vie(0), and Y00, AL Ko p:

2‘/Fe(o)

4.2.4 Simulation Results

VANEVAN

IN

In this section, we consider a scenario with nine spacecraft. In the scenario, a

mothership spacecraft with mass equal to 1500 Kg is located one kilometer away from a

plane where eight daughter spacecraft each with mass 150 Kg are distributed equally along

a circle with a diameter one kilometer in the plane. The configuration of the nine spacecraft

is shown in Fig. 4.5. We assume that the nine spacecraft evolve like a rigid structure, that is,

the formation shape is preserved and each spacecraft preserves a fixed relative orientation

within the formation throughout the formation maneuvers.
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Figure 4.5: The geometric configuration of nine spacecraft.
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Figure 4.6: The average coordination error of the coordination vector instantiations.
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Figure 4.8: The relative position and attitude errors.
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We simulate a scenario when the nine spacecraft start from rest with some ini-
tial position and attitude errors and then perform a group rotation of 45 degrees about the
inertial z axis. Here we assume that each place holder in the formation has the same ori-
entation, that is, ¢%- is the same for each spacecraft. In simulation, we instantiate a local
copy of the coordination vector £ in each spacecraft and synchronize them using the control
strategy introduced in the second subsection of Sec. 4.2.3. To show the robustness of the
control strategy, we start the coordination vector implementation in each spacecraft at a
different time instance and introduce a different sample time varying from 0.4 seconds to
0.6 seconds for each coordination vector instantiation. Various communication delays are
also added among spacecraft. Three cases will be compared in this section. These include
cases without actuator saturation and formation feedback (case 1), with actuator saturation
but without formation feedback (case 2), with both actuator saturation and formation feed-
back (case 3). In fact, there is another case without actuator saturation but with formation
feedback (case 4). Since there is little difference between this case and case 1, we will not
include this case in this section. Here we assume that the control force and control torque
for spacecraft #1 are saturated at | f,|, |f,|,|f:| = 2 Nand |7,|, |7,], || = 0.0006 Nm re-
spectively, and the control force and control torque for all the other spacecraft are saturated
at |fz], |fyl,|f:| = 1 Nand |7,|, |7, || = 0.0003 Nm respectively.

In this section, the average coordination error is defined as & > ||& — €|,
where £ = + SV &. The average coordination error in these three cases is plotted in
Fig. 4.6. We can see that each instantiation of the coordination vector is synchronized
asymptotically in all these cases. Also, the average coordination error is large during the
initial time interval since each local instantiation starts at a different time instance. Case
1 and 2 are identical since the actuator saturation for each spacecraft does not affect the
dynamics of the virtual structure when there is no formation feedback from each spacecraft
to its coordination vector instantiation. The maximum average coordination error in case
3 is larger than that in the other two cases since formation feedback is introduced for each
coordination vector instantiation, which may add some dissimilarities between different

instantiations.
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In Fig. 4.7, we plot the absolute position and attitude tracking errors for space-
craft #1, #4, and #7 in these three cases. The position tracking error is defined as ||r; — r¢||
while the attitude tracking error is defined as ||¢; — ¢||. We can see the tracking errors in
each case will decrease to zero asymptotically by using the control law given in the first
subsection of Sec. 4.2.3. The absolute position and attitude tracking errors in case 2 are
much larger than those in the other two cases due to the actuator saturation. In case 3, with
formation feedback, the absolute position and attitude tracking errors are similar to those in
case 1 even if there is actuator saturation. When we increase the entries in the gain matrix
K to increase formation feedback, the absolute tracking errors can be decreased further
but the system convergence time will become longer correspondingly.

In Fig. 4.8, we plot the relative position and attitude errors between some space-
craft in these three cases. Based on the configuration, the desired relative distance be-
tween spacecraft #1 and #2 and the desired relative distance between spacecraft #1 and
#6 should be equal. The desired relative distance between spacecraft #3 and #7 and the
desired relative distance between spacecraft #5 and #9 should also be equal. We plot
|71 — 72l = |lr1 — rell | @nd | ||rs — 77]] — |75 — 79| | In part (a) as examples to see how
well the formation shape is preserved. The desired relative attitude between each space-
craft should be equal based on our previous assumption. We plot ||q1 — g4, ||q4 — a7l
and ||gz — ¢1|| in part (b) as examples to see how well the relative orientation relationships
between these spacecraft are preserved. Similarly, the relative position tracking errors in
case 2 are larger than those in the other two cases due to the control force saturation. In
case 3, with formation feedback, the relative position errors are smaller than those in case
2. The relative attitude errors in case 3 are even smaller than those in the other two cases
due to the formation feedback.

In Fig. 4.9, we plot the control effort for spacecraft #1 in these three cases. We
can see that both the control force and control torque approach zero asymptotically. We
can also see that 7, saturates in case 2 during the initial time period while this saturation is

mitigated with formation feedback introduced in case 3.
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Figure 4.9: The control effort for spacecraft #1.

4.3 Satisficing Approach to Multi-agent Coordinated Control

In this section, we address the problem of multi-agent formation maneuvers by
combining the group CLF approach [108] with the satisficing control paradigm [30]. As a
result, the application of satisficing controls is extended from regulation problems to multi-
agent coordination. We show that under certain conditions a group of satisficing control
laws chosen from the robustly satisficing set can guarantee bounded formation keeping
error, finite completion time, and reasonable formation velocity as well as inverse optimal-
ity and desirable stability margins. This technique is applied to a group of nonholonomic

robots in experimental study as a proof of concept.
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4.3.1 Satisficing Theory

As models for each individual agent, we will consider only affine nonlinear
systems of the form
i = f(x) + g(x)u, (4.20)

where z € R", f: IR" — IR", g: IR" — IR"*™ and u € IR™. We will assume throughout
the section that f and ¢ are locally Lipschitz functions. A continuously differentiable
function V: IR"™ — IR is said to be a control Lyapunov function (CLF) for the system if V/
is positive definite, radially unbounded, and if inf, %—Z(f + gu) < 0, forall x # 0.

The basic idea of satisficing is to define two utility functions that quantify the
benefits and costs of an action. At a state x, the benefits of choosing a control « are
given by the “selectablity” function p,(u,z). Similarly, at a state x, the costs associated
with choosing « are given by the “rejectability” function p,(u, z). The “satisficing” set is
those options for which selectability exceeds rejectability: i.e., Sp(x) = {u : ps(u,z) >
+pr(u, z)} where b(z) is a (possibly state-dependent) parameter that can be used to control
the size of the set.

As in [30], we will associate the notion of selectability with stability, and the
notion of rejectability with instantaneous cost. In particular, let p,(u, z) = —%—‘;( f+gu),
where V' is a known CLF. Obviously, only stabilizing controls will make p,(u, ) positive.
We choose the rejectability criteria to be p,(u,z) = I(z) + v R(x)u, where R(x) =
R(x)T > 0is a positive definite matrix function whose elements are locally Lipschitz and
l: IR™ — IR is a locally Lipschitz non-negative function. For these choices the satisficing

set becomes

Sp(x) = {u e R™ — g—‘;(f + gu) > %[Z(ZB) + uTR(a:)u]} : (4.21)

Note if the value of b is too small, S, might be empty. To ensure that the satisficing set is

always nonempty we define:

25 if Ig =
b() - ;ff?ffﬁx/(wf)gﬂwgf%‘lf(w)T ) : (4.22)
Ba 9z Dz 8 otherwise

G R~ (G0)T ’
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From Lemma 5 in [30], we know that for each = # 0, b(z) > 0, and b > b(x) implies that
Sp(z) # 0.

Letting
1 oV
ar(w,b) £ SOR " (Z0)T (4.23)
2 —1/2\/1 gav 71T8_VT_ _ 8_‘/ 4.24

the subscript b on S can be eliminated (.S is the union of the sets S, over all b > b), and the

satisficing set for = # 0, can be characterized as
S(x) = {—on(z,b) + az(x,b)v: b > b(x), ||v]| <1},

where v € IR™. We know that S(x) is nonempty for = # 0, and the satisficing set can be
parameterized by the two selection functions b(z) € IR and v(x) € IR™.

The mapping &k : IR™ — IR™ is called a satisficing control if £(0) = 0, k(z) €
S(x) for each z € IR™ \ {0}, and & is locally Lipschitz on IR \ {0}. It is shown in [30]
that if k() is a satisficing control then the closed loop system & = f + gk is uniformly
asymptotically stable. It is also shown in [30] that if V' is a CLF, v: IR™ — IR™ is locally
Lipschitz on IR \ {0} and satisfies ||v(z)|| < 1, and b: IR" — IR* is locally Lipschitz on
IR™ \ {0} and satisfies b(x) < b(x), then

0, ifz=0
k(z) = (4.25)

—an(x,b(x)) + ag(x,b(x))v(x), otherwise
is a satisficing control.

In [30], the robust satisficing set, denoted Sg(z), is defined as

Sr(z) ={u € S(x): g—ZgRl/Ql/ <0}

={—ai(x,b) + as(z,b)v:

b>b(x),|lv] <1, Z—ZgRlﬂy < 0}.

The mapping kgr: IR" — IR™ is called a robustly satisficing control if kz(0) = 0, kg(x) €
Sgr(z) foreach x € IR™ \ {0},and kg is locally Lipschitz on IR \ {0}. It is shown in [30]
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that if & is a robustly satisficing control, then it has stability margins equal to (— %, oo) and
it is inverse-optimal. It is also shown in [30] that Eq. (4.25) is a robustly satisficing control

if %—‘;gR—WV < 0 is also satisfied besides all the other conditions for a satisficing control.

4.3.2 Satisficing Control for Formation Maneuvers

Suppose each agent’s dynamics can be described as

where f; and g; are locally Lipschitz functions, x; € IR™, and u; € IR™:.

In this section we apply the virtual leader/virtual structure approach (c.f. [3,
15, 70, 109]). We define a virtual leader or virtual center of the virtual structure, which
in turn defines the rest of the formation, that is, defines the desired state for each agent.
Let zo(s(t)) denote the parameterized state of the virtual leader or the virtual center of the
virtual structure, where s is a parameter that incorporates error feedback into the whole
system through its evolution [109]. Let 2¢(s(t)) represent the desired state of the ith agent,
which can be defined from z((s(¢)). Our goal is to construct a group of controllers that
guarantee multi-agent coordination in the sense of the framework developed in [108].

Since we have CLF-based techniques developed for the regulation problem, an
intuitive way to tackle tracking is to transform it to a regulation problem. Letting z; =

z; — x¢ we have that
o = fild@ + ) — i + (& + 2y (4.27)

It is clear that system (4.27) is a time-varying system since x¢ and ¢ are functions of
time. Under certain circumstances it is relatively straightforward to find a CLF V;(x;, z}) to
regulate ; — =} asymptotically when = is a constant desired state. Accordingly, we know
that V; = 37‘/1’@ < 0, Va; # xf. If 29(s(t)) is a smooth desired state, we can replace x}
in the CLF V;(z;, x7) with 2¢(s(t)) to obtain V;(xz;, ¢(s(t))). If Vi(x;, 2¢(s(t))) is smooth
and Z¥ii; < 0, Va; # xd(s), for each specific s € [s1, 5], we can view V;(z;, z¢(s(t))) as a
pointwise (in s) CLF to regulate z; to z¢(s) in a pointwise fashion. We have the following

definition to formally define a pointwise CLF.
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Definition 4.3.1 A continuously differentiable function V; : IR™ x IR™ — IR is a point-
wise control Lyapunov function (pCLF) for system (4.26) if it is positive definite, radially
unbounded, and satisfies

inf {M

S )+ gl <o (428

Va; # x$(s) and each constant s € [sy, so].

Hereafter we assume that a pointwise CLF can be found for a smooth parame-
terized desired trajectory z¢(s), that is, V;(z;, #¢(s)) = O at z; = x{(s) foreach s € [sy, s9].
We also assume that V;(z;, z¢(s)) — oo if ||z; — 2f(s)|| — oo forany s € [s1, s2]. Note

that V; = 2%, + %5 Although V; is not necessarily negative, we can use satisficing

ox; Os
control to guarantee that g}f t; < 0, a property which is necessary for our later result.

Following the definition in [108], we define a formation measure function as

F(x,s) = Zﬁin‘(ﬂ%(t% z{(s))), (4.29)

where V; is the pointwise CLF for each agent and 3; > 0, to represent the tracking perfor-
mance. The formation is defined to be preserved if F(z,s) < Fy;, where Fy; is an upper
bound on the formation measure function F'(z, s).

Following [108], let s be given by

OF .
min v .k ( o(Fy) )
{6+||3’“+§”||’6+|%§ o(Fzs) ) [

s1 < 8 < 89 !

(4.30)
0, S5 = 82

where 9 > 0 is a small positive constant, v, is the nominal velocity for the formation, and
o(+) is a class K function. Therefore, formation maneuvers are performed in two steps.
First, when s; < s < s,, the formation is preserved within some boundary given by FJ;.
Second, when s = s,, each agent is regulated to a constant desired state given by x¢(ss)

and reaches (eventually) its final goal.

Lemma 4.3.1 If sisgiven by Eq. (4.30), then F'(z(to), s(to)) < Fy impliesthat F'(x(t), s(t)) <

Fy, Vt > to. Furthermore, given a class K function o;(-), if s € [s1, s2] and there is
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vy

T;
811 K

a control w;(z;, s) and an arbitrary constant n; > 0 such that VT 2 M and
av; . !

m —ocasV; — 0,i=1,---,N, then s will reach s, within finite time and

| 22| & vo for F(z,s) < Fy and vy < ‘ 8’”0(5

Proof: see [108]. |

The satisficing control framework for time-invariant systems can be used to
find a class of valid control laws. We extend satisficing control from the regulation prob-
lems to the pointwise time-varying regulation problems. Let V;(x;, z¢(s)) be the pointwise
CLF for each specific s € [sq, so], which will be used to regulate z; to z¢(s). Also let
li(xs, 24(s)) = o3 (Vi(zi, 23(s))). We use % and [;(z;, zJ(s)) to replace 2% and [ in

Egs. (4.22), (4.23), and (4.24) respectively to obtain b;(z;, z4(s)), a1 (x4, b;), and az (x4, b;).

A robustly satisficing control for the ith agent in the formation is now given by
ui(z3,5) = —an (4, b;) + az(xi, bi)vi, (4.31)

where v;: IR" < IR™ — IR™: is locally Lipschitz on IR™\{z¢(s)} and satisfies

1, 2%g.R; v, < 0, and b;: IR" x IR* — IR* is locally Lipschitz on IR \ {z¢(s)} and

vi(ws, 2(s))|| <

satisfies b, (z;, 2%(s)) < b;(z;, 2$(s)). Therefore, we know that the control law (4.31) guar-
antees inverse optimality and desirable stability margins from a pointwise perspective.
The following theorem shows that the class of robustly satisficing controllers

satisfy the conditions of Lemma 4.3.1.

Theorem 4.3.2 If s € [sq, 9], $ is given by Eq. (4.30), and u;(x;, s) is given by Eq. (4.31)
with o;(-) chosen properly, then the robustly satisficing control law (4.31) satisfies all de-
sired properties for a feasible control law specified in Lemma 4.3.1. Moreover, the control
law (4.31) guarantees that F'(x,s) < Fy for all t > T for arbitrary F(z(s(to)), s(to)),

where T is some finite constant.

Proof: For the first part of the proof, it can be verified that F'(z, s) is ultimately bounded
due to the fact that £'(z, s) < 0 if F(z(t), s(t)) > Fy following the definition of 5. There-
fore, we know that ||z; — 2¢(s)|| is bounded. Since s € [s1, s5] and z¢(s) is smooth, it is
straightforward to see that ||¢|| is bounded, which implies that ||z;| is also bounded. Not-

ing that [; = o;(V;) > 0, Va; # 2¢(s), we get that b, is locally Lipschitz on IR \ {z¢(s)}
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following Lemma 6 in [30]. When z; — z¢(s), function o;(-) can be chosen such that

l; = o;(Vi(zs, 2%(s))) has a sufficiently high order to guarantee that

(Vi
lim _Z ( )
z;—ad(s)
and
294 f; 24+ Li5lg R gl (52)T
lim v -
wi—ad(s) Ri 9i (5.)F

are bounded. Combining all the above arguments, we know that b, is bounded, Vz; # z¢(s).
Accordingly, an upper bounded b; can be chosen to be above the bounded b,, e.9. b; =
b; + ki, Where x; is any positive constant. In the following, we suppose that 0 < b; < Lj,
where L; is a positive constant.

Following Eq. (4.21), we know that

aV; . T
_a—gj’ixl bl(l +U Rul)
oV; . 1
. ov; . Ui(%)
:_grﬁi > L
Uz(%) Lz
_ Vi
Note again that o;(-) can be chosen to have a higher order such that Uf&; —oocasV; — 0

(see Lemma I1.2 in [6] for an example of selection). As a result, the desired properties for

a feasible control law in Lemma 4.3.1 are satisfied correspondingly.

d -
For the second part of the proof, note that 2& = SV ﬁig"; a;; Since s €

[s1, 82], z%(s) is smooth, and both ||z¢|| and ||x;
are also bounded. Therefore, |25 | is bounded. In the foIIowmg We suppose that |%—f| < B,
where B is a positive upper bound.

If F(x,s) > Fy atany time ¢, we can get

oF
5 o(Fy) o
51 |2 <a<F<x, s>>) s M (4.82)
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Since u;(z;, s) isa satisficing control, from Eq. (4.21), we know that

Z 5 axz

Bi(li(xy, ) + ul Ruz)
Z bi(z;, v%)

(2

Note that

F(z,s) = —i + —Ss(x, s)

<8_F‘+0F _%_5‘% o(Fv)
~ Ox 0s 6 + |2 \o(F(z,s))

- 6%@—% (0{}(31»)]

Z ﬁz l‘z, z) + UTRTuz)
bi(x;, )

@' i »’Ui,l’i
< — AR N .
< Z . M (4.33)

Let Wy(z,s) = SN Bk (’”“” M, then Ws(z, s) > 0,Va; # x?. From Theo-

rem 3.8 in [110], F will keep decreasmg until F'(x,s) < Fy. Here we assume that £ will

%ZK

| /\

M

keep decreasing until F'(z, s) < Fy before s reaches s». If not, we know that
F
8 Z ﬁzc‘ﬂ/ i <0

when s = s,. In this case, F' will keep decreasmg to zero.

If F(x,s) < Fy at some time ¢,, we assume that F'(z,s) will increase and
exceed Fy; at some time. Suppose it reaches the upper bound F7; at some time t,, where
ty > t1. We know that F'(s(t2), z(t2)) < 0from Eq. (4.33), that is, once F(x, s) reaches Fi,
from below, it will decrease immediately and cannot exceed Fi,. Therefore, F'(z, s) < Fy
within finite time for arbitrary initial formation error. |

From the above proof, we note that the upperbound F7; is not necessarily a
constant throughout the formation maneuvers. We can set Fy; as a function of time, for
example, a decreasing stairstep function or an exponentially decreasing function and so on
based on the requirement for formation keeping. By choosing a smaller £, the formation

will evolve correspondingly more slowly.
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4.3.3 Application Example

In this section we use robustly satisficing controllers to perform formation ma-
neuvers for a group of nonholonomic robots. The kinematic equations for these robots

are:

&; = v; cos(¢y)

Ui = v Sin(¢i)

éi = Wi,
where (x;,y;) is the Cartesian position of the ith robot, ¢; is the orientation of the ith
robot, and (v;, w;) is the control input. The translational motion of the robot in the direction
perpendicular to the drive axis is restricted, which is known as the nonholonomic constraint.
A common technique is to use feedback linearization [111] to simplify the dynamics for
a fixed point off the center of the wheel axis which can be denoted as (zp;,yn;). The

disadvantage of doing this is that the angular information about the robot is lost. The off

axis position is given by the equations
Thi = ¥; + Ljcos(¢;)
Yni = Yi + Lisin(¢y).
Thus the output dynamics are

Thi (%
Ui Liw,

where R(-) is the rotation matrix. Setting v; and L;w; in the control to

V; Ugg
Liw; Uyg
we obtain
Tni | [ Ui
Uhi Uyi

It is obvious that f;(z;) = 0, gi(2;) = diag{1,1}, where z; = [xp;, yn:]*, and

U = (Ugi uy;). LtV = L(zp — 2f) + L(yn — yil,)?, which is a valid (pointwise in s)
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the desired trajectories for robot #1 and #2

y (m)

Figure 4.10: The desired trajectories for robot #1 and #2.
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Figure 4.11: The formation function F'(z, s) with F'(x(t,), s(ty)) = 0.1.
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Figure 4.12: The tracking errors for robot #1 and #2 with F'(x(to), s(ty)) = 0.1.

CLF for the ith robot. Define F(x,s) = 23V, Vi(an, xi,(s)) as the formation measure
function. Let o;(V;) = V;? and use robustly satisficing control for the robots. Although
we use a very simple model here, the general idea of using robustly satisficing control for
formation maneuvers is feasible for any affine nonlinear system for which a pointwise CLF
can be found.

We will simulate two robots moving in a spiral formation. Set F;; = 0.2 and
let s € [0,5]. The desired distance between these two robots is 10 meters. The center
of the line connecting the desired positions of the two robots, i.e., the virtual center of the
formation, tracks a trajectory (.0, yno) given by (0, s). Also the line connecting the desired
positions of the two robots rotates about its center counterclockwise with an angle given by
wos. The desired states for the two robots are (z¢,, y¢,) which are given by (5 cos(wgs), s +
5sin(wps)) and (=5 cos(wps), s — 5sin(wps)) respectively. The two robots start from rest

with some initial errors.
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In Fig. 4.10, we plot the desired trajectories for robot #1 and #2. The actual
trajectories almost coincide with the desired ones. To see the pattern clearly, we let s €
[0,15]. In Fig. 4.11, we plot F'(z, s) when the initial formation error is below the upper
bound Fy;. We can see that the formation error is always bounded by Fy;. The tracking
errors for robot #1 and #2 in this case are shown in Fig. 4.12. In Fig. 4.13, we plot F'(z, s)
when the initial formation error is above the upper bound Fy;. We can see that even if
the initial formation error is above the upper bound, F'(z, s) decreases quickly until it is
bounded by Fy;. The tracking errors for robot #1 and #2 in this case are shown in Fig. 4.14.
From Fig. 4.11 and Fig. 4.13, we can see that /' ~ F; when the multi-agent system is
far away from its final goal. But when s = s,, F'(x, s) will decrease to zero so that each
agent can be regulated to its final state. From Fig. 4.11 and Fig. 4.13, we can also see that
the completion time for s to reach s,, which is 5 in this example, is about 261 seconds.
Therefore, the system has finite completion time.

Hardware tests are conducted in a 4.5 meters by 4.5 meters testbed in BYU
MAGICC Laboratory. To show the effectiveness of the control laws, two robots will per-
form a spiral formation with various desired distances during the maneuver. An overhead
vision system mounted on the ceiling is used to measure the positions and orientations of
the two robots. Fig. 4.15 shows the mobile robots used in the experiment. Fig. 4.16 shows
the desired and actual distance between the two robots during the maneuver with F; = 0.1.
It can seen that formation is preserved well during the maneuver. Fig. 4.17 shows the cor-
responding formation measure function. Note that F'(z, s) decreases and stays below FY;

for initial formation errors above F;.
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Figure 4.14: The tracking errors for robot #1 and #2 with F'(z(to), s(t9)) = 0.43.
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Figure 4.15: Canister robots used in the experiment.
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Figure 4.16: The commanded desired distance and actual distance between the two robots
with £y = 0.1.
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Chapter 5

Trajectory Tracking Control with Input Constraints

5.1 Introduction

This chapter presents some new results on trajectory tracking control strate-
gies. Although we discuss trajectory tracking control in the context of cooperative control,
e.g. trajectory tracking in cooperative timing missions [96, 27], these control strategies can
be applied to general scenarios.

In Section 5.2, we consider the problem of constrained nonlinear tracking con-
trol for small fixed-wing unmanned air vehicles (UAVS). An input-to-state control Lya-
punov function (ISS-CLF) based technique is used to design nonlinear tracking controllers
for UAVs with velocity and heading rate constraints. In Section 5.3.2, we apply the same
design strategies to tracking control of nonholonomic mobile robots with input constraints
similar to those of fixed-wing UAVs. Experimental results of the nonlinear tracking con-

trollers for a nonholonomic mobile robot are presented as a proof of concept.

5.2 Trajectory Tracking for UAVs with Velocity and Heading Rate Constraints

The inherent properties of fixed-wing UAVs impose the input constraints of pos-
itive minimum velocity due to the stall conditions of the aircraft, bounded maximum ve-
locity, and saturated heading rate. Unmanned air vehicles equipped with low-level altitude-
hold, velocity-hold, and heading-hold autopilots can be modelled by kinematic equations
of motion that are similar to those of nonholonomic mobile robots. However, existing ap-

proaches for mobile robots (c.f. [77, 78, 85, 84]) are not directly applicable to our problem
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since negative velocities are allowed in these approaches. This section deals with the is-
sue of tracking control for UAV kinematic models with physically motivated heading rate
and velocity constraints. We approach the problem using constrained CLFs. While our
approach is designed for UAVs in particular, it is also valid for mobile robot kinematic
models with similar input constraints.

We take the following approach to UAV trajectory tracking. We first propose a
time-varying, constrained CLF for the UAV kinematic model. Following [30], the CLF is
used to define a state-dependent, time-varying set of “feasible” control values from which
different controllers can be instantiated. Selection from this feasible control set, guarantees
accurate tracking as well as satisfaction of the saturation constraints. As noted in [30], dif-
ferent control strategies can be derived by selection from the feasible control set according
to some auxiliary performance index. This approach introduces a great deal of flexibility to
the tracking control problem. In this section we propose a simple selection scheme based
on saturation functions. The motivation for this selection scheme is computational simplic-
ity. It is worthwhile to mention that the existing CLF-based universal formulas introduced
in [95, 94] are not feasible in the UAV case due to its special input constraints, that is,
controls are constrained to lie in a rectangle.

The salient features of our approach are as follows: First, under the proposed
tracking CLF framework with input constraints, we allow the reference velocity and angu-
lar velocity to be piecewise continuous while other approaches to tracking control (e.g. [85,
84]) constrain them to be uniformly continuous in order to apply Barbalat’s lemma. Sec-
ond, using different selection schemes, our approach can be used to derive a variety of
other trajectory tracking strategies. Finally, it is computationally simple and can be im-
plemented on off-the-shelf inexpensive microcontrollers. To illustrate the effectiveness of
the controller, we apply our approach to a UAV scenario, where the UAV is assigned to
transition through several opportunities in the presence of dynamic hazards. Instead of fol-
lowing simple paths composed of straight lines and circles (e.g. [85, 84]), the UAV tracks
a trajectory generated dynamically from the trajectory generator described in [112], which
responds the current, possibly time-varying, opportunity/hazard scenario presented to the
UAV.
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Figure 5.1: System architecture.

5.2.1 Problem Statement

As shown in Fig. 5.1, the overall system architecture considered in this section
consists of five layers [45]: Waypoint Path Planner (WPP), Dynamic Trajectory Smoother
(DTS), Trajectory Tracker (TT), Longitudinal and Lateral Autopilots, and the UAV.

The WPP generates waypoint paths (straight-line segments) that change in ac-
cordance with the dynamic environment consisting of the location of the UAV, the tar-
gets, and the dynamically changing threats. The DTS smoothes through these waypoints
and produces a feasible time-parameterized desired trajectory, that is, the desired position
(x.(t),y-(t)), heading v,.(t), and altitude h,.(t). The TT outputs the velocity command
v¢, heading command ¢, and altitude command A to the autopilots based on the desired
trajectory. The autopilots then use these commands to control the elevator, §., aileron, d,,
rudder 6,., and throttle o;, of the UAV [45]. In this section we focus on the trajectory tracker.

With the UAV equipped with standard autopilots, the resulting UAV/autopilot
models are assumed to be first order for heading and Mach hold, and second order for
altitude hold [80]. Letting (x,y), v, v, and h denote the inertial position, heading angle,

velocity, and altitude of the UAV respectively, the kinematic equations of motion are given

by

85



T = vcos(y)
§ = vsin(®)
¥ = ay(¥ =) (5.1)

0 = a, (v —0),

h=—a;h+ an(h® = h),

where ¢, v¢, and h° are the commanded heading angle, velocity, and altitude to the autopi-
lots, and «, are positive constants [80].
Assuming that «, is large, v converges to v quickly relative to the time-scale

of the other dynamics, the first four equations in Eq. (5.1) reduce to

T = v°cos(v)
y = vsin(y) (5.2)
b= ay (¥ — ).

In the remainder of the section, we assume that the altitude controller follows

the design presented in [27], and focus on the design of the velocity and heading controller

based on Eq. (5.2). Letting ¢ = + ﬁwc, Eq. (5.2) becomes

& = v°cos(v)
j = v°sin(y) (5.3)
U = Wwh

The dynamics of the UAV impose the following input constraints

ul - {Uc7wc|0 < Umin S v° S Umax

—Wmazx S WC S wmam}~ (54)

Note that if v,,,;,, = —Vmae, then Eq. (5.3) is the same as the kinematic model for a mobile

robot with similar input constraints.
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We will assume that the desired reference trajectory (x,., y.., ¥, v,, w,.) produced

by the DTS satisfies

T, = v, cos(¥,)
Yr = Up Siﬂ(%)
= wr,
where v, and w,. are piecewise continuous and satisfy the constraints

Umin + €y SUT S Umaz — €v

—Wmaz + €w Swr S Wmaz — €w) (55)

where €, and €, are positive control parameters. The inclusion of ¢, in the constraints of the
reference trajectory generator, guarantees that there is sufficient control authority to track
the trajectory. We will see that as ¢, approach zero, the feasible control set vanishes. The
control objective is to find feasible control inputs v© and w* such that |z, — z| + |y — y| +
|, — 9| = 0ast — oo.

Transforming the tracking errors expressed in the inertial frame to the UAV

frame, the error coordinates [113] can be denoted as

Te cos(¢) sin(¢) 0 Tp — X
Ye = - Sll’l(@b) COS(%U) 0 Yr — Y . (56)
Pe 0 0 1 Yr =¥

Accordingly, the tracking error model can be represented as

Te = WY, — V" + 0, COS(%)
Yo = —WTe + v, sin(1),) (5.7)
@/}e = w, — w-.

Following [84], Eq. (5.7) can be simplified as

io = Ug
&1 = (wr — ug)T2 + v, sin(wo) (5.8)
Ty = —(wp — up)T1 + U1,
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where

(20, 1, 72) = (Yoo, Yo, —T) (5.9)

A A
and up = w, — w®and u; = v° — v, cos(zp).

The input constraints under the transformation become
Uy = {ug, urlw < ug < @0,v <uy <0}, (5.10)

where w = Wy — Winag, @ = Wy + Winaz, U = Unin — Ur c0s(xg), and v = Umaz — Ur c08(2g)
are time-varying.

Obviously, Egs. (5.6) and (5.9) are invertible transformations, which means
(0,1, 22) = (0,0,0) isequivalentto (z., ye, ¥.) = (0,0, 0), or in other words (x,., v, 1) =
(x,y,1). Therefore, the original tracking control objective is converted to a stabilization
objective. That is, our goal is to find feasible control inputs uo and w; to stabilize zq, 1,
and z,.

Note from Eqg. (5.8) that when both z, and =, go to zero, that x; becomes
uncontrollable. To avoid this situation we introduce another change of variables. Let
Ty = mxo + £, where m > 0 and m = V@3 + 2%+ 1. Accordingly, zp = o — e
Obviously, (zo, x1,22) = (0,0,0) is equivalent to (xg, z1,x2) = (0,0,0). Therefore it is
sufficient to find control inputs u, and w; to stabilize z,, z1, and z,. With the same input

constraints (5.10), Eq. (5.8) can be rewritten as
@ = fi(t, ) + g1(t, z)[ug, us]”, (5.11)

where z = [Zg, 71, 2],

1+CE2 . _
Z2 2 Zo Z1
2wy + v, Sin <m )

5 mmy
fit,z) = Tow, + v, sin <%0 — ﬁ—;)
—W,T
and
m — x2 _3313332
T et
gi(t,x) = — 2y 0
X1 1



5.2.2 CLF for Tracking Control with Saturation Constraints

In this section, we find a valid CLF for UAV trajectory tracking with input

constraints. Consider the following class of affine nonlinear time-varying systems
&= f(t,x) + g(t, x)u, (5.12)

wherexz € IR",u € IR",and f : IR, x IR" — IR"and g : IR, x IR™ — IR™ ™ are locally

Lipschitz in z and piecewise continuous in ¢.

Definition 5.2.1 (see [87]) A continuously differentiable function V' : IR, x IR" — IR is
a control Lyapunov function (CLF) for system (5.12) with input constraints u € U C IR™

if it is positive-definite, decrescent, radially unbounded in =, and satisfies

ing {5 + G () 4 atta) < W), (513)

Va # 0 and Vt > 0 where W (z) is a continuous positive-definite function.

In order to find a CLF with bounded input constraints, we prefer the partial

derivative of V' to be bounded. Accordingly, we have the following lemma.

Lemma5.2.1 If P(z) = vaTx + 1 — 1, then P(x) is continuously differentiable, radially

unbounded, positive-definite, and || 92| < 1.

Proof: Trivial. |

Lemma 5.2.1 will be used to construct a CLF for system (5.11). The following
lemma defines a continuous positive-definite function that will be used in the construction
of the CLF.

Lemmab5.2.2 Let

_ 2
W(‘r> - 70 (@) + ’71]51 (Umin + E'U) ﬂ Sin <i)

o T mmy

+ 7o (k1 — %) (i—j) {(vmin + €,) cos (mx—;rl) — vmin] , (5.14)

, v > 0,and m > 2/cos™! (”m—n> then W (z) is

Umint€v

2

where 7, 41 If kg >

1
2

continuous and positive-definite.
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Proof: Since W is a composition of continuous functions, it is continuous. The first term in

Eq. (5.14) is clearly positive and zero if and only if z, = 0. The second term in Eq. (5.14)

1

mmy

is nonnegative if < m. Butsince

X

miq

1 min
< — < cos ! <“7) /2 < /4, (5.15)

m Umin + €v

the second term is positive and zero if and only if x; = 0. Since

Ui Umi
< cos™! (7mm ) /2 < cos™? (7mm )
Umin + €v Umin + €v

X1 Umin
—> COS >
mm Umin + €v

a

mi

<> (Umin + €,) COS <£) — Umin > 0, (5.16)
mmy
the third term in Eq. (5.14) is positive and zero if and only if x5 = 0. [ |

The following theorem defines a valid CLF for UAV trajectory tracking with

input constraints.
Theorem 5.2.2 The function

T

V: P(Zi’o) —|—]€1P

4
=B+ 14k ei+a3+1—(1+k)

satisfies inf, e, { 3% (f1 + g1u)} < —W (), thatis, V is a CLF for system (5.11) with input
constraints (5.10), if W (x) is given by Lemma 5.2.2, 0 < y; < 1,0 < v, < 1 and

d
m>maX{M0,l+—2},

w
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where

2 d
My 2 max 1+v22 (5.17)
€w

1 1
dl é (kl + 5) [QUmax - Ev] + 72(k1 - E)Ev

+ kl [(Umax - 61}) + 71 (Umin + 61})]

+ (wrnax - €w> + (Umax - 61}) + 70 (518)
1. M. M
d2 é(vma,x - ev)[\/i(kl - 5)%2 + \/iklﬁl + 1]
0 0
+ (wmax - 60.)) + Yo (519)
and
ME s sin (a — (3) + sin (3) ’ (5.20)
0<|al<1/M (07
|Bl<1/Mpo
M, 2 sup cos (B) — cos(a = ) ‘ . (5.21)
0<|al<1/Mg (67
|Bl<1/Mp

Proof: Obviously V' is positive-definite, decrescent, and radially unbounded, therefore it
remains to show that V + W < 0 for all z.
Differentiating V' and setting vy = —e,Sign(zo), we obtain the following ex-

pression after some algebraic manipulation:

V+W3(x):—ew‘x—0| m— 22

U T

4+ oyuy + 09+ 03+ 04 (5.22)

where

1 i) 2 Ha
= ky — = - min v — | = Umin
oy = Y2(k1 2) <7r1> {(v + €,) cos (mﬁ) v 1
o3 =k (ﬂ) {vr sin <@ — i) + Y1 (Vmin + €,) sin (ﬂ)}
T m mimq mmy
@ e -2 )]
o Ty Ty m  mm T2
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Three cases will be considered with respect to z.
Case 1: |zo| > 1.
Since |To/ms| < 1, |z1/72] < 1/2, and

that

z2
Ust

< 1, we know that |o;| < (k; + 1/2). Note

01Uy S (kl + 1/2)(2Umax - ev)
()] S ’}/Q(kl — ]-/2)61)
g3 S kl [(Umax - Ev) + ’yl(vmin + ev)]

04 S (wmax - Ew) + ('Umax - Ev) + Yo0-
Since m > 1+ v/2d, /e,,, we get that

V+W3 S —wa—(m—1)+d1

< “m-1)+d <0,

where the second inequality comes from % > 1/+4/2 since |zo| > 1.
Case 2: 0 < |zo| < 1.
Eq. (5.22) can be arranged as

. T T T
V+W3: M{—ew(m——2)+_—2[01u1+02+03+a4]}.
) ™ |Zol

We will show that

T T
dy > ,—2(01161 + 09) + =2

o3+ —204, (5.23)
’$0| |5L“0| |ff0|

which implies that m > 1 + d» /e, guarantees that V + W < 0.
Set

Umin — U COS <fn—°—m””—}rl>, ry >0

(5.24)

Uy =
Umax — Uy COS (”"—0 — L) , 9 <O0.

m mmy

For the first term in Eq. (5.23), consider the following two cases with regard to

9.
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(1) T > 0.
Noting that (z5/m)? < |23 /m and

oM <2/m < cos ™ (—vmin )
m o omm Umin 1 €
=—>Umin — Ur COS <@ — i) <0, (5.25)
m mi
i’gﬂ?l 1
T3 2
T 1
(b — 2 > (k- 2, (5.26)
UDYIE] 2
cos (ﬁ) >0
miq
== (Umin + €,) COS (£> — Uppin < U, COS (i) — Upnin, (5.27)
mi mmq

the first term in Eq. (5.23) can be bounded as follows:

:g{<kl - xox;) (lx—ﬂ) |:/Umir1 — U, COS <@ — —xl ):|
|Zo| Ty’ \ M m  mm

+ (ke — 1/2) <7T_i)2 [(Vunin + €) cOS (ﬂ) — Vin]}

4k —1/2) (‘;’;—2‘) [0, cos (i) — Upin] }

1

11 |cos (ml’—jrl) — oS (%0 — mz—71rl>
<ro(ky — =)o, —
<ma(ky 2>U m |Zo| /m

<V2(k1 — 1/2)(Wmar — €0)~— Mo,

where the last inequality comes from 1/m < 1/M,, m < /2 since 0 < |Zo| < 1, and

Eqg. (5.21) by letting o = Zo/m and 3 = x1/mm.

(2): =5 < 0.
Noting that v,,4. — v, cos (%0 — m$—71rl) > €, and (v + €,) COS (m””—71rl> — VUpnin < €, WE
get that
T2
’f0| (01u1 + 0'2)

93



_ T2 gy — D00 <_M) {Umax v, cos (@ _ &)}
’170| T T m mmy

+ 72 (kp — 1/2) (%)2 [(Vmin + €,) COS (J;ﬁ) — Umin) }
SRR (—’W—') o+ (ks — 1) ('jj') <0

The second term in Eq. (5.23) can be bounded as follows:

T2
=03
|Zo|

<2 ko, (2 ) sin (22— 2L
|l‘0| ™ m  mm
+kqv, (ﬂ> sin ( 7 )]
st mimq

1 |sin (% - nf—;) + sin <x—;>
<makyvy o= - ml
T m |Zo| /m
<\/§k1(vmax - 6v)ijw’h
< M,

where the first inequality comes from 2 sin (5—;) > 0 according to (5.15), and the last
inequality comes from 7, < /2, 1/m < 1/Mj, and Eq. (5.20) by letting o = Z,/m and
B = x1/mm.

The third term in Eq. (5.23) can be bounded as follows:

=04
|Zol
2 —

Ty To | Ta 1+z To Ty To
= — | —w;, T Upsin [ — — —— 0—

|Zo| 7o | 7o s m  mm T

2 —

T2 1+ . [ To 1 T
<|—w,|+ 32vrsm — = — ||t |—

T Ut m mimq 2

S(Wmax - Ew) + (Umax - EU) + Y0-

Combining these expressions gives the desired result.
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Case 3: 75 = 0.

In this case we have V + W5 = o1 (uy + 03) + 03. For o3 we have

From Eq. (5.24),

Umin — Uy COS <—n"f71r1> , 23>0

(5.28)

Uy =
Umax — Uy COS (5—%) , 9 <O0.
Consider the following two cases with regard to z».
(l) zq > 0.

Similar to Case 2, we get that

o1u1 + 09
=k <_|x2|> [Umm — v, COS (—xl )]
T mmy
2
T2 x
k —-1/2 - min v - — Umin
+ a2 (k1 — 1/2) (771) [(Umin + €v) COS (mm> v

<k (_!132|> [vmin — U, COS (—xl )}
T mm
+ Yok (|m—2|> (v, cos (i) — Ui
T mimq
=12 — 1k (@) [vr cos <£> - Umin:| ;
1 mmq

which is nonpositive since 0 < v, < 1 and m > 1/ cos™ (Vmin/ (Vmin + €))-
(2) T < 0.

Similar to Case 2, we get that
o1u1 + o9

=k (—@) [Vmaz — U COS (i)]
T mm

+ Yo (ky — 1/2) (ﬁ)Q [(Vmin + €,) cos (i> — VUmin

mimq



<(y2 = 1)k (@) €,

T

which is also nonpositive. [

It is straightforward to show that A, and M, in Egs. (5.20) and (5.21) are
bounded as |a| approaches both 0 and 1/M,. Therefore M; and M, are finite and can
be found by straightforward optimization techniques.

Theorem 5.2.2 demonstrates that V' is a valid CLF for system (5.11) under satu-
ration constraints (5.10). Note that a very conservative upper bound is found for m in each
case for simplicity of the proof. In reality, m can be much smaller than the upper bound

specified above.

5.2.3 Nonlinear Tracking Control based on CLF

With the CLF given in Theorem 5.2.2, our goal in this section is to find a family
of feasible tracking control laws based on this CLF.

Define the feasible control set as
oV oV
p— _— < -
F(t,z) = {u € Us| e g1(t,z)u + e fi(t,x) < —W(x)},

where V' is given in Theorem 5.2.2 and W (z) is given in Lemma 5.2.2. Note that the fact
that V' is a constrained CLF for system (5.11) guarantees that F (¢, x) is nonempty for any
tand x.

Fig. 5.2 shows the feasible control set at some time ¢ = ¢. The line denoted by
%—‘;glu + %—Z f1 + W = 0 separates the 2-D control space into two halves, where the half
plane %—‘;glu—i—%—‘;ﬁ +W < 0 (the entire right plane in Fig. 5.2) represents the unconstrained
stabilizing control values. The input constraints (5.10) produce a time-varying rectangle in
the ug — u, plane. The shaded area represents the stabilizing controls which also satisfy
input constraints (5.10), that is, the feasible control set F (¢, x).

We have the following theorem.
Theorem 5.2.3 If the time-varying feedback control law k(¢, ) satisfies

1. k(t,0) =0,
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%91u+%—¥f1+w=0

Figure 5.2: The feasible control set F (¢, z) at some time ¢ = .

2. k(t,z) € F(t,x), Vx #0,
3. k(t,x) is locally Lipschitz in = and piecewise continuous in¢, Vz # 0 and Vvt > 0,

then this control solves the tracking problem with input constraints, that is, |z, — x| + |y, —

y| + | — | — 0ast — oo.

Proof: see [30]. |

There are an infinite number of possibilities for selecting a feedback strategy
that satisfies Theorem 5.2.3. In this section we will investigate the performance of an
aggressive selection scheme that chooses the maximum allowable « and w; outside of a
region close to the origin. This scheme can be interpreted as a high-gain scheme with

saturation. Define a saturation function as

b, a<b
sat(a,b,c) = a, b<a<c,
¢, a>c

where it is assumed that b < c.
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Define

M, 2 max{0, sup (o + 1)/)_12} (5.29)
0<|al<1 (6%
18]<1
0<9<1
A 2 P2
My = max{0, sup (a” +1)=} (5.30)
0<a<l1 (0%
18]<1
M 2 max{0, sup (a®+ 1)p—z}, (5.31)
0<|a|<1 Q
where
pL= (k:lﬁ + 204 19) sin (&—_ﬁ) + k17106 sin (ﬁ)
a’+1 m m

+ (ky — %) Ui — (Umin + €0) COS (O‘T)}
ol 7) [(vmm e)cos (%) - vm]

(e =€)+ (k1 = D)~ e,

and k1, v1, 2, and m are defined in Theorem 5.2.2.

It is easy to see that M3, M,, and Mj5 in Egs. (5.29), (5.30), and (5.31) are
bounded as || approaches 1. Note that 1 < (a*+1) < 2since 0 < || < 1. For Eq. (5.29),
two cases will be considered with regard to 3. In the case of 3 = 0, (a® + 1)p;/a® =
(Via? + 1)9sin(2) /a, which is bounded by 1/m as o approaches 0. In the case of 3 # 0,
as |«/| approaches 0, p; approaches ki (y; — 1) sin(%), which is negative since 0 < y; < 1
and |[2| < L < 2 following Eq. (5.15). Thus M; = 1/m as |a| approaches 0. For
Eq. (5.30), as |«| approaches 0, p, approaches (ki —1/2)(y2—1)[(Vmin+€s) €08 (£) =i,
which is also negative following Eq. (5.16). Thus M, = 0 as |«| approaches 0. For
Eq. (5.31), as |«| approaches 0, p3 approaches (k; — %)(72 — 1)e,, which is also negative.
Thus M5 = 0 as |«| approaches 0. Therefore M3, My, and Mj5 are finite and can be found

by straightforward numerical techniques.
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Define

d3 dy
= 2 — 5.32
Wmaz — €w
Ky = ok — 1 + Y260, (5.33)
where
1
d3 = MS(”max - Ev) + Yo + §(wmaz - ew)
d4 = M3<vmax - Ev) + Y + maX{M47 MS}
Lemmab5.2.3 If
up = sat(—n,To, w,®) (5.34)
uy = sat(—n,T2,v,0) (5.35)

where 1, > k., and n, > k, and x,, and «,, are defined as above, then k.. (¢, z) = [ug, u1]"

satisfies the conditions of Theorem 5.2.3.

Proof: Obviously k. (t, x) satisfies the first and third conditions in Theorem 5.2.3. We will
show that it also stays in the feasible control set F (¢, z), thatis, V = W (fitgiksar(t,z)) <
—W(x).
Note that
V A+ W(x) = 8) + 0y + 05 + b4, (5.36)

where

01 =k (ﬂ) {vr sin(@ — i) + Y1 (Vmin + €,) sin <i)]
1 m mmq mmmy

i’ol—i‘x% . Zo T
+ — 3 UpSIl| — — ——

o Ty m mmq
x x 2
0 2 0
0y = = (m =)o+ | =
Uy m 2
To T2
03 = ——w
T T

1 T 2 Ty
+ o (k1 — 5) (7?1) |:(Umin + €,) cos (m—m) — vmin] )
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Four cases will be considered as follows:
Case 1: —n,Zo ¢ [w,w] and —n,z2 ¢ [v, v].
In this case, the saturation functions are the same as the discontinuous signum like functions
in Theorem 5.2.2, which implies that V' < —WW (z) in this case.
Case 2: —1,T € |w,w] and —n, x4 € [v, V).
In this case, we can see that vy = —n,Zo and u; = —n,z2. We also know that |zo| < 1

since 7, > Ky > 2Wnar — €w-

Noting that
51 < M3(Umax - Ev) (?) (537)
o0 < [-(m = U+l (2) (538
1 7o)\ 2 25\ 2
5 < 5 [(F()) + (Wﬁ) ] (Winaz — €2) (5.39)
54 S (kl - %)(,}/QE’U - 771)) (fr_j) ) (540)

where Eq. (5.37) comes from Eq. (5.29) by letting o = Zg, 3 = 1 /7, and ¥ = (1+23) /73,
and Eq. (5.39) follows Young’s Inequality. Therefore,

VAW (2) < [ds — (m — 1)n.] <$_>

T2

+ B(wmax —€,) + (k1 — %)(7261; — m)} <—>2 ;

™

which is nonpositive since n, > k, > d3/(m — 1)and n, > Kk, = Hmas—te 4 Y€,
Case 3: —1,T € |w,w] and —n,xq ¢ [v, 0].
In this case, |Zo| < 1, §; and o, follow the same inequalities (5.37) and (5.38), and d3 <

lz2]) (2ol Wimaz — €u). NOte that v < 0 from the property of m and v < ¢,,. If —n,25 <
n

™ 2

2

N2 N2
() < ()

N2 N2
v, We can get that zo > —% > 0. Thus (05 + 64) < (%) M, <ﬂ> < M, <fr—g> CAf

—n,T2 > U, We can get that z, < —n% < 0. Thus (95 +d4) < |2

x2
1

Therefore, V + W (x) < 0since i, > k, > dy/(m — 1).
Case 4: —NwTo ¢ [Qa (D] and —MyT2 € [Q? 1_)]

In this case, ugsign(zy) < —e, and ¢, follows the same inequality (5.40). It can be seen
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that (o1u; + o9) = 0, < 0since n, > Kk, > 76,. We can see that vV + Wi(z) <
—ew%(m — %) + 03 + 04. Then following the proof for Theorem 5.2.2, we know that
V + W (x) < 0 is guaranteed based on the choice of m.

Combining these four cases gives the desired result. |

In Lemma 5.2.3 we used a simple control law that stays in the feasible control
set. Other continuous saturation functions like atan, tanh are also possible as long as they
stay in the feasible control set. In the case of v, and w, being uniformly continuous, it is
also possible to use geometrical strategies to find feasible control laws (e.g. choose the
geometrical center of the feasible control set F (¢, x) as feasible controls).

Note that the commanded velocity and heading rate to the autopilots are defined
as v° 2 uy + v, cos(xp) and w* 2 Wy — Ug.

Physically, there may exist perturbation terms in system (5.11) due to uncer-
tainties and external disturbances. We address the issue of uncertainties and disturbances
under the input-to-state (ISS) framework [114].

Consider the system
= f(t,2) + g(t,x)u+ d, (5.41)
which introduces a perturbation term d € IR" to the nominal system (5.12).

Definition 5.2.4 [115] A continuously differentiable function V' : IR, x IR" — IR is an
ISS-CLF for system (5.41) if it is positive-definite, decrescent, radially unbounded in x and
there exist class /C functions x(-) and p(-) such that

ov. oV oV oV
: - _ - —d < = > .
ot St o f 4 oogu et o—d < —x((|z]), Y Izl = p(lldl)

Given W (x) in Eq. (5.14), there exists a class /C function x,, such that ., (||z||) <
W (z), Vo ([110], Lemma 3.5).

Lemma5.2.4 Let ju = supy,_o Xw([z]) @nd by = [1, k1, ka]". If ||d|| < g, where

0 < A < 1, then V(x) is also an I1SS-CLF with input constraints (5.10) for system
= fi(t,x) + q1(t, x)u +d, (5.42)
where d is the perturbation term to the nominal system (5.11).
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Proof: Note that 2¥ = [22, ky 2Lk, £2], where | 22| < 1, [£| < 1, and [£2| < 1.
x T T T ™2 ust ™1
It can be seen that

V oV
££aﬁ It gl

= (1= Xxw(ll2ll) = Aaw(ll2[]) + {62 ]| |

= Mwallel), Vel 2 ot (1)

Note that o, *(+) in the last inequality is also a class K function of ||d|| and is well defined
since w < L. [ |

Note that here x,,(+) is a class X function instead of a class C., function, which
in turn imposes constraints for ||d||. This can be explained from the constrained input
perspective. In the case of d = 0, the derivative of the CLF cannot approach —oco as
the tracking errors approach oo even with maximum control authority due to the saturated
controls. As aresult, x,,(-) can only be a class X function given the input constraints. Also
note that with control inputs given by Egs. (5.34) and (5.35) V'(z) is an ISS-Lyapunov
function under the same assumptions of Lemma 5.2.4.

It is obvious that the commanded control v¢ and w* rely on the state measure-
ment z, y, and ). Due to measurement noise, there exist input uncertainties for [v¢, w¢]”.
Equivalently, we may consider input uncertainties for [ug, u1]7 in system (5.11). We denote
the actual control input to system (5.11) as u = [ug+ Aug, u; +Auy|T, where Aug and Awuy
represent the uncertainties. Due to saturation constraints, we know that |Aug| < 2wy, and
|Au1| < Vmaz — Vmin.

We have the following lemma considering input uncertainties.

Lemma5.25 Letb, = [m + 1,k + 3]" and Au = [Aug, Au] " If |Aul| < g, where
0 < A < 1, then V(z) is an ISS-Lyapunov function for system (5.11) with control inputs

given by Eqgs. (5.34) and (5.35) and d = g; Au.

Proof: Noting that

8\/ i) Zi‘[) Lo T1T2 )
e (U KN e |
ox T Mo Ty T T



where ‘(m — L2)Io

1/ o

< m + 1, and —j’r—g% + R 22 <k A+ 1, the result then directly
follows Lemma 5.2.4. |

One advantage of the CLF-based approach used in this section is that it only re-
quires v, and w, to be piecewise continuous instead of being uniformly continuous, which
results in wider potential applications than other approaches which require uniform conti-
nuity. The other advantage is that it provides the possibility to use other advanced strategies
to choose feasible controls from F (¢, x). For example, at each time ¢, a feasible control may
be generated from F (¢, x) while optimizing some performance index function or minimiz-
ing some cost function at the same time. This may introduce more flexibility and benefits to
the tracking control problem than specifying a fixed control law in advance. In addition, it
is also possible to propose a suboptimal controller from F (¢, x) based on the combination
of model predictive techniques and the tracking CLF.

Although the approach in this section is designed specifically for system (5.3),
the design strategy can be applied to general nonlinear systems. That is, if a constrained
control Lyapunov function (CLF) can be found for a system with polytopic input con-
straints, the feasible control set that defines all the stabilizing controls with respect to the
CLF satisfying the input constraints can be specified accordingly. Ref. [30] provides a
complete parametrization of the unconstrained stabilizing controls with respect to a certain
CLF. Following this idea, a direct parametrization of the feasible control set or selection
from the feasible control set is applicable, e.g. finding the geometric mean of the feasible
control set or a parametrization based on the vertices of the feasible control set (a polygon

in this case).

5.2.4 Simulation Results

In this section, we simulate a scenario where a UAV is assigned to transition
through several known targets in the presence of dynamic threats. The parameters used
in this section are given in Table 5.1, which are the parameters of a three foot wingspan
UAV used at BYU. The simulation results in this section are based on a full six-degree-of-

freedom, twelve-state model. Note that the value for m is much lower than the theoretical
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Table 5.1: Parameter values used in simulation.

Parameter | Value | Parameter | Value |
Vanin 8.0 (m/s) Vuma 13.0 (m/s)
Wax 0.671 (rad/s) €v 1.5 (m/s)

€w 0.2 (rad/s) Uy € [9.5,11.5] (m/s)
Wy € [—0.471,0.471] (rad/s) Qyp 0.55

Qly 0.192 m 1

k1 2 Y0, V1572 0.5

"o 10 m 10

lower bound defined in Theorem 5.2.2. However, as we will see in the following, the satu-
ration controller works well using this value, which implies the robustness of the controller
to parameter variations.

Fig. 5.3 shows the reference trajectory generated by the dynamic trajectory
smoother described in [112] and the actual trajectories generated by the saturation con-
troller proposed in Lemma 5.2.3 and controller based on state-dependent Riccati equation
(SDRE) approach [116], respectively. We note that the SDRE controller has been saturated
to satisfy the input constraints. The diamonds denote threat locations to be avoided. Each
trajectory at ¢ = 0 is denoted by a circle while each trajectory at ¢ = 30 is denoted by
a square. Also each trajectory at t = {6,12, 18,24} is denoted by a plus symbol. The
trajectory tracking errors are plotted in Fig. 5.4. Note that the performance of the SDRE
controller is much worse than that of the saturation controller since the SDRE design does
not account for input constraints explicitly. In fact, the SDRE controller is not guaranteed to
stay in the feasible control set. Without input constraints, the SDRE controller can achieve
much better performance at the expense of huge velocity and heading rate commands.
Fig. 5.5 shows the reference control inputs v, and w, and commanded control inputs v°©
and w*. Obviously, w,. is only piecewise continuous instead of being uniformly continuous.
The reference control inputs generated by the trajectory generator satisfy their constraints
respectively. We can also see that v© and w* satisfy their input constraints respectively.

Fig. 5.6 shows the reference trajectory and the actual trajectory of the 6-DOF

model using the saturation controller under model uncertainties and disturbances. As in
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Figure 5.3: The reference and actual trajectories of the 6-DOF model.

100

(o2} ©
o o

N
o

llix =%y, =1l (m)

nN
o

Y- (rad)

Distance Tracking Error

10 15

t(s)

Heading Tracking Error

20 30

Il Il Il Il

10 15
t(s)

30

Figure 5.4: The trajectory tracking errors of the 6-DOF model.
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Figure 5.5: The reference and commanded control inputs of the 6-DOF model.

Fig. 5.3, a circle denotes the starting point of a trajectory and a square denotes the ending
point. A diamond symbol denotes the trajectory at ¢t = {10, 20, 30,40}. Fig. 5.7 shows the
corresponding tracking errors. Here each sensor measurement is corrupted with zero mean
white noise. We can see that the saturation controller is robust to model uncertainties and

disturbances.

5.3 Experimental Study of Saturated Tracking Control for Mobile Robots

With mobile robots programmed to emulate UAVs flying at a constant altitude
in hardware, the main purpose of this section is to demonstrate experimental results of the
tracking controllers accounting for velocity and heading rate constraints similar to those of
UAVs. The experimental study here is related to the simulation studies in Section 5.2. In
this section, we conduct experimental tests where a nonholonomic mobile robot is assigned
to follow a desired trajectory so as to transition through several targets in the presence of
static and dynamic threats. We present experimental results of two velocity controllers,

where one is a saturation controller and the other is a discontinuous controller. These
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Figure 5.6: The simulation scenario of the 6-DOF model with model uncertainties and
disturbances.
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Figure 5.7: The trajectory tracking errors of the 6-DOF model with model uncertainties
and disturbances.
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Figure 5.8: Hardware/software structure for the mobile robot testbed.

hardware results are also compared to simulation results of two dynamic controllers that

are based on nonsmooth backstepping.

5.3.1 Experimental Setup

The experimental tests were conducted in the Multi-AGent Intelligent Coordi-

nation and Control (MAGICC) Laboratory at Brigham Young University.

Mobile Robot Testbed

The MAGICC Lab mobile robot testbed consists of a 5 m by 5 m field. Fig. 5.8
shows the schematic hardware/software structure for the testbed.

In our experiments, all high-level controls including the trajectory tracker are
performed on a host computer. In the MAGICC Lab, host computers communicate with
mobile robots over a wireless LAN. An overhead camera is mounted on the ceiling directly
above the testbed to measure the position and heading of each robot. Using vision data,
Simulink and the MMRT toolbox [117] are used to implement control algorithms. Control
commands are then sent to a PC/104 computer onboard a mobile robot over the wireless
LAN. The MAGICC board? is an integrated circuit board with a microprocessor, motor

drivers, encoder channels, and analog input channels [103]. The MAGICC board produces

Lacircuit board designed by students from Multiple AGent Intelligent Coordination and Control (MAG-
ICC) Laboratory at Brigham Young University
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Figure 5.9: Canister robots.

PWM output to the motors and calculates the robot linear and angular velocities, which
can then sent to the host computer to estimate robot state information. Fig. 5.9 shows the

canister robots used in our experiments.

Software Architecture

Fig. 5.10 shows the software architecture implemented in our experiments. The
architecture consists of five components: target manager, waypoint path planner, waypoint
manager, real-time trajectory generator, trajectory tracker, and low-level robot control.

The top three components in Fig. 5.10 have been addressed in [27, 118, 112].
Next, we describe low-level robot control. Trajectory tracker will be discussed in the next
section.

Low-level control algorithms are implemented in the MAGICC board with the
objective of maintaining commanded robot linear and angular velocities during the experi-
ments. Fig. 5.11 shows a PID control loop for the commanded linear and angular velocities.
Note that the trajectory tracker outputs the commanded linear and angular velocities v and

w®. They are then converted to the commanded left and right wheel voltages denoted by V/©
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Figure 5.10: Software architecture.

Ve o’ VrC,V|C R Motors&| > Ve o?
'> ' Encoders| |

Vl’aa Vla

Figure 5.11: PID control loop for v¢ and w®.

and V¢ respectively via the conversion factor K. The actual left and right wheel voltages
denoted V,* and V,* respectively are then converted back to the actual linear and angular

velocities v* and w® respectively via the conversion factor K.

5.3.2 Tracker Design

The tracker design for nonholonomic mobile robots follows a similar procedure
as that in Section 5.2. For clarity of notations, we restate the tracking problem in the context
of mobile robot tracking control.

The kinematic equations of a nonholonomic mobile robot are given by

& = vcos(d)
) = vsin(f) (5.43)

0=w
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where (z, y) is the Cartesian position of the robot center, 6 is the orientation, v is the linear
velocity, and w is the angular velocity. The simplified dynamic equations of motion are

given by

Jo =T, (5.44)

where m is the mass, J is the mass moment of inertia, F' is the force, and 7 is the torque
applied to the robot.
In order to simulate fixed-wing unmanned air vehicles flying at a constant alti-

tude, the following input constraints are imposed on the robot:

0 < Upmin S v S Umax

—Wmagz S w S Wmax» (545)

where w4, > 0.
In this section, the desired reference trajectory (., y,, 0,, v, w,) generated by

the trajectory generator satisfies

&, = v, cos(6,)
Ur = v, sin(6,.) (5.46)

0, = w,

where v, and w, are piecewise continuous and satisfy inf> v, (t) > Umin, Sup;sq v, (t) <
Vmaz,» aNd sup; [wr (t)| < Winaz-

Without loss of generality, the constraints for v, and w, can be written as

Umin + €vl S’U’I’ S Umaz — €v2

—Wmaz + €wl Swr S Wmazx — €w2, (547)

where €,1, €,2, €1, and €. are positive control parameters.
With regard to the kinematic model (5.43), the control objective is to find feasi-

ble inputs v and w such that |z, — x| + |y, —y| + |6, — 0] — 0ast — oc.
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Transforming the tracking errors expressed in the inertial frame to the robot

frame, the error coordinates [113] become

Te cos(f) sin(d) 0 T, — X
Ye | = | —sin(f) cos(f) 0 v —y | - (5.48)
0 0 0 1 0, —40

Accordingly, the tracking error model can be represented as

Te = wYe — v + v, cos(be)
Jo = —wTe + v, sin(6,) (5.49)

0. = w, —w.

Following [84], Eq. (5.49) can be simplified as

To = Ug (5.50a)
&1 = (wr — ug)xa + v, sin(xg) (5.50b)
o = —(w, — ug)xy + Uy, (5.50c)
where
(20,21, 22) 2 (0. e, —2) (5.51)

A A
and up = w, — w and u; = v — v, cos(xp).

The input constraints under the transformation become

IS
AN
g
()

AN
€l

I
IN
=

IN
<

(5.52)

where w = Wy — Winag, @ = Wy + Winaz, U = Unin — Uy c0s(xg), and v = Umaz — Ur €08(g)
are time-varying due to state dependence and time-varying properties of v, and w,.

Note from Eqg. (5.50) that = is not directly controllable when both z, and z» go
to zero. To avoid this situation we introduce another change of variables.

Let
(5.53)



where A > 0. Accordingly, zo = 3 (Zo — ﬁ). Obviously, (Zg, z1,22) = (0,0,0) is
equivalent to (xo, z1,x2) = (0,0,0), which is in turn equivalent to (z., y., 6.) = (0,0,0)
and (z,,y.,0,) = (z,y,60) since Egs. (5.48) and (5.51) are invertible transformations.
Therefore, the original tracking control objective is converted to a stabilization objective,
that is, it is sufficient to find feasible control inputs uq and u; to stabilize zy, =1, and xs.

With the same input constraints (5.52), Eq. (5.50a) can be rewritten as

: 1+ 22 _ z
xo = 2o, sin(zg) + %wr
x 1T
+ (A= ————)uo — e — (5.54)

In the sequel, we first design velocity controllers based on the kinematic model (5.43),
where a saturation controller and a discontinuous controller will be given. Then we apply
the nonsmooth backstepping approach proposed in [119] to design force and torque con-
trollers based on the dynamic model (5.44) for comparison purposes in Section 5.3.3.

Let x = [Zo, 1, 22" In Section 5.2 we have shown that for £ > J and A > &

in Eq. (5.53), where « is a positive constant expressed precisely in Section 5.2,

Vo) = /@ + 1+ kyfad +ad+ 1 (1+h) (5.55)

is a constrained CLF for system (5.50) with input constraints (5.52) such that inf Vo(x) <
—W (x), where W (x) is a continuous positive-definite function.

Define a signum like function as

Sgn(av b7 C) = 0, a=20-

By mimicking the proof in Section 5.2 that 1/ is a constrained CLF for sys-
tem (5.50), it is straightforward to verify that Vj is a constrained Lyapunov function for
system (5.50) with control inputs uy = sgn(zo,w,w) and u; = sgn(zz,v,v). Noting

that v = w; + v, cos(zp) and w = w, — wy, a discontinuous controller for the kinematic
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model (5.43) is given by

(
Umin, To > O

Ve = Up, T =0> (5.56)

Umaz, T2 <0
)
Wmaz» :Z‘O >0

=1 Ty =0 - (5.57)

—Wmazx» «fO <0
\

Define the saturation function as

b, a<b
sat(a,b,c) = a, b<a<c,
¢, a>c

where it is assumed that b < c.

Similarly, V; is also a constrained Lyapunov function for system (5.50) with
control inputs wy, = sat(—n,To,w,w) and u; = sat(—n,z2, v, v), where n,, and n, are re-
quired to be greater than some positive constants which are expressed precisely in Lemma5.2.3.

Therefore, a saturation controller for the kinematic model (5.43) is given by

p

Umin, M2 < v
Ve = q v, cos(xg) — Nya, V< —Myxe < U (5.58)
Umaz) —TT2 > v
)
Wmaz —Uwfo < W
W'=Y Wy ulo, WS T < W - (5.59)
\_wmaxa —m@o > w

Given kinematic control laws, a standard way to extend the kinematic control
laws to dynamic strategies is to apply backstepping techniques. It is obvious that both v¢

and w¢ are not differentiable for the discontinuous controller and the saturation controller.
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Note that the continuity of the saturation controller depends on the continuity of v, and
w,. In this section, v, and w, are only assumed to be piecewise continuous. As a result,
traditional backstepping techniques are not applicable to find dynamic control laws for
the dynamic model (5.44). Therefore we resort to the nonsmooth backstepping approach
proposed in [119] to tackle this problem.

Note that Egs. (5.54), (5.50b), (5.50c), and (5.44) can be rewritten as

X = ft,x) +9(x)¢
E=u, (5.60)

where ¢ = [v,w]T, v = [F/m,7/J]T,

flt,x) =
Aw, + Hixg’g,vr sin(zg) + —222—v, cos(x)
\/aﬁ—i-x%—&—l \/$%+LL‘%+1
vy sin(xg)
—v, cos(xp)
and
_ T1X2 . _()\ _ x2 )
Vaira3+1 Vai+ad+l
9(x) = 0 5

1 —I
Let [v¢,w]T = ¢(t,x) represent the saturation or discontinuous control law
described above for the kinematic model (5.43). Let qé(t, x) denote the generalized time
derivative of ¢ and let i represent the minimum norm element of gZ(t, x) (see [120, 119]).

Define
W

T
v= = K= olt0) - (F2a00) (5.61)
where K is a2 x 2 symmetric positive definite matrix and

T e + ks
(%goo) = Va1 /et el Jaitai
aX _()\_ o ) Zo

Va1’ /2341

Let the dynamic control law be given by
F m 0

= v. (5.62)
T 0 J
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Table 5.2: Specifications of the robot and velocity controller parameters.

| Parameter | Value |

m 101 (kg)
J 0.13 (kg m?)

Umin 0.075 (m/s)

Umax 0.24 (m/s)

Wmax 2 (rad/s)
Uy € [0.15,0.19] (m/s)
Wy € [—1.25,1.25] (rad/s)
A 1
My 3
Newo 10

Consider a Lyapunov function candidate V' = Vy(x) + 5(£ — o(t, x))" (€ —
o(t, x)). Note that V, < —W (y) if € = ¢(t, x) from the argument that V; is a Lyapunov
function for the kinematic model (5.43). Following Theorem 5 in [119], it can be verified
that the control law (5.62) guarantees that || x| + || — ¢(¢, x)|| — 0 asymptotically as
t — oo. Note that unlike the case of Theorem 5 in [119], £ does not approach zero since
here we consider a tracking problem where ¢(¢,0) = [v,,w,|” while Theorem 5 in [119]
considers a stabilization problem where ¢(0) = 0. Therefore, it is straightforward to see

that |Zo| + |z1| + |z2| + |v — | + |w — w,| — 0 asymptotically as ¢t — oo.

5.3.3 Experimental Results

In this section, we present hardware results of the tracker using both the satura-
tion velocity controller and the discontinuous velocity controller derived in Section 5.3.2.
These hardware results are also compared to simulation results using the dynamic con-
troller (5.62).

Table 5.2 shows the specifications of the robot and parameters used to obtain
the experimental results.

Figs. 5.12, 5.13, and 5.14 show the hardware results of the tracker using the

two velocity controllers under relatively large control authority |w°| < 2 (rad/s), that is,
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Figure 5.12: Desired and actual robot trajectories using velocity controllers when there are
two targets and e,,; = €,0 = 0.75 (rad/s).

€w1 = €u2 = 0.75 (rad/s). In Fig. 5.12, we show the trajectories of the robot transitioning
through two targets in the presence of static threats and popup threats, where stars indicate
the starting points of the trajectories. Fig. 5.13 compares the tracking errors of the two
velocity controllers. Due to vision noise, there exist a steady-state tracking error of about
0.05 meters and glitches in the heading tracking errors for both controllers. Note that the
controllers are robust to glitches in the robot orientation measurement. Fig. 5.14 compares
the reference and commanded velocities for both controllers. We can see that the velocities
of the discontinuous controller switch frequently in time. Although similar performance is
achieved using both controllers, we notice that the motion of the robot using the saturation
controller is smooth while the motion of the robot using the discontinuous controller has

significant jerks in the velocity results.
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Figure 5.13: Tracking errors using velocity controllers when there are two targets and
= €40 = 0.75 (rad/s).

€ul

Figure 5.14: Reference and commanded velocities using velocity controllers when there
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Figure 5.15: Desired and actual robot trajectories using nonsmoooth backstepping when
there are two targets and €,; = €.o = 0.75 (rad/s).

As a comparison to the above hardware results using velocity controllers, we
also show simulation results using the dynamic controller based on nonsmooth backstep-
ping in Figs. 5.15, 5.16, 5.17, and 5.18. The robot used in our testbed has physical con-
straints for force and torque of [F'| < 30 N and |7| < 230 Nm. We choose £ = 2 in
Eq. (5.61). Note that nonsmooth backstepping is applied to both the saturation velocity
controller and the discontinuous velocity controller. The dynamic controllers based on
nonsmooth backstepping for both velocity controllers have similar tracking performances
as shown in Figs. 5.15 and 5.16. However, compared to the case using nonsmooth back-
stepping for the saturation velocity controller, switching phenomena for actual linear and
angular velocities and control forces and torques are more severe than in the case of using
nonsmooth backstepping for the discontinuous controller as shown in Fig. 5.17 and 5.18.

As a final test, we reduce the control authority to |w°| < 1.45 (rad/s), that is,
€w1 = €2 = 0.2 (rad/s), and introduce one more target in the test field. Figs. 5.19, 5.20,

and 5.21 show the hardware results of the tracker using the saturation velocity controller
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Figure 5.16: Tracking errors using nonsmooth backstepping when there are two targets and
€w1 = €u2 = 0.75 (rad/s).
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Figure 5.17: Reference and actual velocities using nonsmooth backstepping when there are
two targets and e,,; = €,0 = 0.75 (rad/s).
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Figure 5.18: Control forces and torques using nonsmooth backstepping controller when
there are two targets and ¢,; = €.o = 0.75 (rad/s).

in this situation. As shown in Fig. 5.21, w® is constrained within [—1.45,1.45] (rad/s)
compared to Fig. 5.14 where w® is constrained within [—2, 2] (rad/s). Note that similar
performances are still achieved with much smaller control authority for w¢ and the robot

transitions through three target consecutively as desired.
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Figure 5.19: Desired and actual robot trajectories using the saturation controller when there
are three targets and €, = €0 = 0.2 (rad/s).

E

lix %y, ~1"ll, ¢

25 30 35 40 45
t(s)

W (rad)

0 5 10 15 20 25 30 35 40 45
t(s)

Figure 5.20: Tracking errors using the saturation controller when there are three targets and
€w1 = €42 = 0.2 (rad/s).
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Chapter 6

Conclusion and Future Work

6.1 Summary of Main Results

The motivation for the research of cooperative control results from the hope that
many coordinated small, inexpensive vehicles can achieve the same or better performance
than one monolithic vehicle. The main purpose of this dissertation is to address three im-
portant and correlated issues in cooperative control: consensus seeking, formation keeping,
and trajectory tracking.

The study of information flow and interaction among multiple agents in a group
plays an important role in understanding the coordinated movements of these agents. In
Chapter 3, we investigate algorithms and protocols so that a team of vehicles can reach
consensus on the values of the coordination data in the presence of (i) imperfect sensors,
(if) communication dropout, (iii) sparse communication topologies, and (iv) noisy and un-
reliable communication links. We show necessary and/or sufficient conditions for consen-
sus seeking with limited, unidirectional, and unreliable information exchange under fixed
and switching interaction topologies (through either communication or sensing).

Multi-agent formation keeping is a field of active research in the literature. In
Chapter 4, we apply a so-called “virtual structure” approach to spacecraft formation fly-
ing and multi-vehicle formation maneuvers. As a result, single vehicle path planning and
trajectory generation techniques can be employed for the virtual structure while trajectory
tracking strategies can be employed for each vehicle. For multiple spacecraft formation
flying, we propose a decentralized architecture with formation feedback introduced. This

architecture ensures the necessary precision in the presence of actuator saturation, internal
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and external disturbances, and stringent inter-vehicle communication limitations. We also
apply a constructive approach based on the satisficing control paradigm to multiple robot
coordination.

The study of constrained nonlinear tracking control for vehicles using the sat-
isficing paradigm facilitates the cooperative timing and formation keeping missions. In
Chapter 5, we extend the satisficing control paradigm to the case of time-varying nonlin-
ear systems with input constraints and explore applications of the approach to trajectory
tracking for nonholonomic mobile robots and unmanned air vehicles subject to polytopic
velocity and heading rate constraints. Our proposed tracking controllers are shown to be
robust to input uncertainties and measurement noise, and are computationally simple and
can be implemented with low-cost, low-power microcontrollers. In addition, our approach
allows piecewise continuous reference velocity and heading rate and can be extended to

derive a variety of other trajectory tracking strategies.

6.2 Future Work

For consensus seeking, we assumed single integrator dynamics in our previous
study. It is possible to extend the results to double integrator dynamics. Our results also
suggest that the same framework could be applied to decentralized spacecraft formation
flying scenario, where the communication topologies between spacecraft could be switch-
ing with time. In addition, the coordination data might be driven by nonlinear dynamics,
which is also an interesting topic to study in the future. Furthermore, the issue of time
delay in multi-agent consensus seeking should also be taken into account in the future.

For multi-agent formation keeping, the current work in this dissertation focuses
on fixed formations. An interesting topic of research might be reconfigurable formations.
Another direction could be the study of optimization issues for multi-agent formation keep-
ing.

For constrained tracking control, future work may be involved in exploring a
parameterization of control laws with input constraints if a constrained control Lyapunov
function is known. In addition, there is no feedback introduced from the trajectory tracker

to the trajectory generator in our current software architecture. In the future, the trajectory
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generator should be evolving based on the tracking performance of the trajectory tracker.
Future work may also be involved in considering the effect of wind on trajectory tracking
and testing the trajectory tracker in hardware. In addition, because the parameter o is un-
known in general, adaptive control technique could be used to extend the current trajectory

tracker in order to estimate this parameter.

6.3 Conclusion

Three important issues of cooperative control including consensus seeking, for-
mation keeping, and trajectory tracking have been addressed. For consensus seeking, we
analyze protocols under both fixed and switching interaction topologies. For formation
keeping, we propose a decentralized scheme for multiple spacecraft formation flying in
deep space and a satisficing approach to multiple vehicle coordination. For trajectory track-
ing, we investigate nonlinear tracking controllers for both fixed wing unmanned air vehicles

and nonholonomic mobile robots with polytopic input constraints.
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