Transformers as Algorithms:

Generalization and Stability in In-context Learning

Yingcong Li* M. Emrullah Ildiz* Dimitris Papailiopoulos Samet Oymak*

Abstract

In-context learning (ICL) is a type of prompting where a transformer model operates on a sequence
of (input, output) examples and performs inference on-the-fly. In this work, we formalize in-context
learning as an algorithm learning problem where a transformer model implicitly constructs a hypothesis
function at inference-time. We first explore the statistical aspects of this abstraction through the lens of
multitask learning: We obtain generalization bounds for ICL when the input prompt is (1) a sequence of
i.i.d. (input, label) pairs or (2) a trajectory arising from a dynamical system. The crux of our analysis is
relating the excess risk to the stability of the algorithm implemented by the transformer. We characterize
when transformer /attention architecture provably obeys the stability condition and also provide empirical
verification. For generalization on unseen tasks, we identify an inductive bias phenomenon in which
the transfer learning risk is governed by the task complexity and the number of MTL tasks in a highly
predictable manner. Finally, we provide numerical evaluations that (1) demonstrate transformers can
indeed implement near-optimal algorithms on classical regression problems with i.i.d. and dynamic data,
(2) provide insights on stability, and (3) verify our theoretical predictions.

1 Introduction

Transformer (TF) models were originally developed
for NLP problems to address long-range dependencies
through the attention mechanism. In recent years, lan-
guage models have become increasingly large, with some
boasting billions of parameters (e.g., GPT-3 has 175B,
and PaLM has 540B parameters [6, 9]). It is perhaps not
surprising that these large language models (LLMs) have
achieved state-of-the-art performance on a wide range of
natural language processing tasks. What is surprising is
the ability of some of these LLMs to perform in-context
learning (ICL), i.e., to adapt and perform a specific task
given a short prompt, in the form of instructions, and a
small number of examples [6]. These models’ ability to
learn in-context without explicit training allows them to
efficiently perform new tasks without a need for updating
model weights.
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Figure 1: Examples of ICL. We focus on the lower
two settings where a transformer admits a supervised
dataset or a dynamical system trajectory as a prompt.
Then, it auto-regressively predicts the output following
an input example x; based on the prompt (x1,...,x;).

Figure 1 illustrates examples of ICL where a transformer makes a prediction on an example based on a
few (input, output) examples provided within its prompt. For NLP, the examples may correspond to pairs of
(question, answer)’s or translations. Recent works [17, 24] demonstrate that ICL can also be used to infer
general functional relationships. For instance, [19, 17] aims to solve certain supervised learning problems
where they feed an entire training dataset (x;, f(x;) ;‘:‘11 as the input prompt, expecting that conditioning
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Figure 2: Examples of algorithm learning in three ICL settings: (a) Noisy linear regression: y; ~ N(ml.T,B, o?)
with a;, 3 ~ N(0,I). (b) Linear data with covariance prior: y; =« 3 with 8 ~ N(0,X) with non-isotropic Z.
(c) Partially observed linear dynamics: x; = Cs; and s;41 ~ N(As;,o2I) with randomly sampled C, A. Each
setting trains a transformer with large number of random regression tasks and evaluates on a new task from the
same distribution. In (a) and (b), ICL performances match Bayes-optimal decision (weighted linear ridge regression)
that adapt to noise level o and covariance prior £ on the tasks. (c) shows that ICL outperforms auto-regressive
least-squares estimators with varying memory H. ICL is able to implement competitive ML algorithms by leveraging
the task prior learned during training. See Sec 7 for experimental details.

the TF model on this prompt would allow it to make an accurate prediction on a new input point x,. As
discussed in [1, 17], this provides an implicit optimization flavor to ICL, where the model implicitly trains on
the data provided within the prompt, and performs inference on test points.

Our work formalizes in-context learning from a statistical lens, abstracting the transformer as a learning
algorithm where the goal is inferring the correct (input, ouput) functional relationship from prompts. We
focus on a meta-learning setting where the model is trained on many tasks, allowing ICL to generalize to
both new and previously-seen tasks. Our main contributions are:

e Generalization bounds (Sec 3 & 5): Suppose the model is trained on T tasks each with a data-sequence
containing n examples. During training, each sequence is fed to the model auto-regressively as depicted
in Figure 1. By abstracting ICL as an algorithm learning problem, we establish a multitask (MTL)
generalization rate of 1/VnT for i.i.d. as well as dynamic data. In order to achieve the proper dependence
on the sequence length (1/+/n factor), we overcome temporal dependencies by relating generalization to
algorithmic stability [4]. Experiments demonstrate that (1) ICL can select near-optimal algorithms for
flagship regression problems as illustrated in Figure 2 and (2) ICL indeed benefits from learning across the
full task sequence in line with theory.

e Stability of transformer architectures (Sec 3.1&7): We verify our stability assumptions that facilitate
favorable generalization rates. Theoretically we identify when self-attention enjoys favorable stability
properties through a tight analysis that quantify the influence of one token on another. Empirically, we
show that ICL predictions become more stable to input perturbations as the prompt length increases. We
also find that training with noisy data helps promote stability.

e From multitask to meta-learning (Sec 4): We provide insights into how our MTL bounds can inform
generalization ability of ICL on previously unseen tasks (i.e. transfer learning). Our experiments also
reveal an intriguing inductive bias phenomenon: The transfer risk is governed by the task complezity
(i.e. functions f in Fig 1) and the number of MTL tasks T in a highly predictable fashion and exhibits
little dependence on the complexity of the TF architecture.

The remainder of the paper is organized as follows. The next section discusses connections to prior art
and Section 2 introduces the problem setup. Section 3 provides our main theoretical guarantees for ICL
and stability of transformers. Section 4 extends our arguments and experiments to the transfer learning
setting. Section 5 extends our results to learning stable dynamical systems where each prompt corresponds
to a system trajectory. In Section 6, we explain how ICL can be interpreted as an implicit model selection
procedure building on the algorithm learning viewpoint. Finally, Section 7 provides numerical evaluations.



1.1 Related work

With the success of large language models, prompting methods have witnessed immense interest [25].
ICL [6, 39] is a prompting strategy where a transformer serves as an on-the-fly predictive model through
conditioning on a sequence of input/output examples (x1, f(€1), ... Tn-1, f(€n-1), T,). Our work is inspired
by [17] which studies ICL in synthetic settings and demonstrates transformers can serve as complex classifiers
through ICL. In parallel, [19] uses ICL as an AutoML (i.e. model-selection, hyperparameter tuning) framework
where they plug in a dataset to transformer and use it as a classifier for new test points. Our formalism on
algorithm learning provides a justification on how transformers can accomplish this with proper meta-training.
[56] interprets ICL as implicit Bayesian inference and develops guarantees when the training distribution is a
mixture of HMMs. Very recent works [54, 1, 11| aim to relate ICL to running gradient descent algorithm
over the input prompt. [1] also provides related observations regarding the optimal decision making ability of
ICL for linear models. Unlike prior ICL works, we provide finite sample generalization guarantees and our
theory extends to temporally-dependent prompts (e.g. when prompts are trajectories of dynamical systems).
Dynamical systems in turn relate to a recent work by [24] who use ICL for reinforcement learning.

This work is also related to the literature on the statistical aspects of time-series prediction [57, 23, 22,
46, 35] and learning (non)linear dynamics [16, 60, 59, 52, 44, 12, 49, 29, 30, 40, 3] among others. Most of
these focus on autoregressive models of order 1 whereas in ICL we allow for arbitrarily long memory/prompt
for predictions. Closer works by [33, 36] identify broad conditions for time-series learning however they still
require finite memory as well as B8/¢-mixing assumptions. We remark that mixing assumptions are not really
applicable to training sequences/prompts in ICL due to the meta-learning nature of the problem as the
sequence elements are coupled through the (stochastic) task functions (see Sec 2). Our algorithm learning
formulation leads to new challenges and insights when verifying the conditions for Azuma-type inequalities
and our results are facilitated through connections to algorithmic stability [5]. We also provide experiments
and theory that justify our stability conditions. Further discussion is under Appendix F.

2 Problem Setup

Notation. Let X be the input feature space, and Y be the output/label space. We use boldface for vector

variables. [n] denotes the set {1,2,...,n}. ¢,C > 0 denote absolute constants and || - ||z, denotes the £,-norm.
In-context learning setting: We denote a length-m prompt containing m — 1 in-context examples and the
m’th input by :zzlg'rno)mpt =(21,29,...»2Zm-1,%m). Here x,, € X is the input to predict and z; € Z is the i’th

in-context example provided within prompt. Let TF(-) denote a transformer (more generally an auto-regressive
model) that admits z™ . as its input and outputs a label g,, = TF(:c(m) . in Y.

promp promp
e Independent (x,y) pairs. Similar to [17], we draw ii.d. samples (z;,y;)"., € Z = X x Y from a data

(m)

distribution. Then a length-m prompt is written as T ompt

predicts ¢, = TF(:céTo)mpt) eYforl<mc<n.
e Dynamical systems. In this setting, the prompt is simply the trajectory generated by a dynamical system,
namely, m}(;rno)mpt = (x1,...Tm-1,Ty) and therefore, Z = X = Y. Specifically, we investigate the state observed
setting that is governed by dynamics f(-) via @41 = f(x,,) + noise. Here, y,, := @41 is the label associated
to x,,, and the model admits wl(jTo)mpt as input and predicts the next state 9, := &1 = TF(a:l(;r"gmpt) € X.
We first consider the training phase of ICL where we wish to learn a good TF(:) model through MTL.
Suppose we have T tasks associated with data distributions {D, thl. Each task independently samples a

training sequence S; = (z;)]., according to its distribution. S,y = {SI}IT=1 denote the set of all training

= (®1,Y1,-- - Tm-1,Ym—1,Tm), and the model

sequences. We use St(m) = (21, ..., zm) to denote a subsequence of S; := St(") for m < n and 8© denotes an
empty subsequence.
ICL can be interpreted as an implicit optimization on the subsequence S = (21, 2o, ..., zy) to make

prediction on «;,+1. To model this, we abstract the transformer model as a learning algorithm that maps a
sequence of data to a prediction function (e.g. gradient descent, empirical risk minimization). Concretely,
let A be a set of algorithm hypotheses such that algorithm Alg € A maps a sequence of form 8™ into a



prediction function fg(lfl) : X — Y. With this, we represent TF via

1 A
TF(z) ) = FAE (). (1)

This abstraction is without losing generality as we have the explicit relation fg(lfl) (z) := TF((S", x)). Given
training sequences, S,y and a loss function €(y, g), the ICL training can be interpreted as searching for the
optimal algorithm Alg € A, and the training objective becomes

Alg = arg min fgan(Alg) = L,(Alg) (ERM)

T
1
Alge A T =1

where .E, (Alg) =

S|

n
D i FLE ().
i=1 ‘

Here, f,(Alg) is the training loss of task ¢ and fsau(Alg) is the task-averaged MTL loss. Let £;(Alg) =
Es [L:(Alg)] and Lyri(Alg) = E[Ls,,(Alg)] = %ZL L;(Alg) be the corresponding population risks.
Observe that, task-specific loss f,(Alg) is an empirical average of n terms, one for each prompt wl()’r)ompt.

To develop generalization bounds, our primary interest is controlling the gap between empirical and

population risks. For problem (ERM), we wish to bound the excess MTL risk
Ry (Blg) = Lyrr(Alg) — min Ly (Alg). (2)
AlgeA

Following the MTL training (ERM), we also evaluate the model on previously-unseen tasks; this can be
thought of as the transfer learning problem. Concretely, let Dy sk be a distribution over tasks and draw a
target task 7 ~ Dyaqr With data distribution Dg and a sequence S5 = {z;}! | ~ Dg. Define the empirical

and population risks on 7~ as ZT(Alg) = % . Z(yi,fgtg_l) (x;)) and Ly (Alg) = EST[ZT(Alg)]. Then the
T

transfer risk of an algorithm Alg is defined as L1pr(Alg) = Eq[ Ly (Alg)]. With this setup, we are ready to
state our main contributions.

3 Generalization in In-context Learning
In this section, we study ICL under the i.i.d. data setting with training sequences S; = (i, yri)1L, i D;.
Section 5 extends our results to dynamical systems.

3.1 Algorithmic Stability

In ICL a training example (x;, y;) in the prompt impacts all future decisions of the algorithm from predictions
i +1 to n. This necessitates us to control the stability to input perturbation of the learning algorithm
emulated by the transformer. Our stability condition is borrowed from the algorithmic stability literature. As
stated in [4, 5], the stability level of an algorithm is typically in the order of 1/m (for realistic generalization
guarantees) where m is the training sample size (in our setting prompt length). This is formalized in the
following assumption that captures the variability of the transformer output.

Assumption 3.1 (Error Stability [5]) Let S = (x;,y;)!", be a sequence in X x Y with m > 1 and S/

i=

be the sequence where the j’th sample of S is replaced by (:c’,.,y’.). Error stability holds for a distribution
(x,y) ~ D if there exists a K > 0 such that for any S, (a:;,y;) €(XxY),j<m, and Alg € A, we have

K
|Blaa [0y 189 (@) -ty £ @D < . (3)
Let p be a distance metric on A. Pairwise error stability holds if for all 4lg, Alg’ € A we have

By [0, 7890 — £y 129 @) — 00y, 721200 + (g, 1217 ()] | < KA ALT)



Here (3) is our primary stability condition borrowed from [5] and ensures that all algorithms Alg € A are
K-stable. We will also use the stronger pairwise stability condition to develop tighter generalization bounds.
The following theorem shows that, under mild assumptions, a multilayer transformer obeys the stability
condition (3). The proof is deferred to Appendix B.1 and Theorem B.4.

Theorem 3.2 Let w;}rfgmpt, :E;f:s?)npt be two prompts that only differ at the inputs z; = (xzj,y;) and z} =
(:B;,y}) where j < m. Assume inputs and labels lie within the unit Euclidean ball in R? '. Shape these

prompts into matrices X prompt, X € REm=1xd respectively. Let TF(-) be a D-layer transformer as

’
prompt

follows: Setting X (o) := X prompt, the i’th layer applies MLPs and self-attention® and outputs
X (i) = Parallel_MLPs(ATTN(X(;_1))) where ATTN(X) := softmar(XW;X ) XV;.

Assume TF is normalized as ||V || £ 1, |W|| £ T'/2 and MLPs obey MLP(x) = ReLU(Mx) with | M| < 1. Let
TF output the last token of the final layer X py that correspond to the query x,,. Then,

|TF(z'™ ) — TR(z'™ )| < ((1+T)eHP.

prompt prompt

2m —1
Thus, assuming loss €(y,-) is L-Lipschitz, the algorithm induced by TF(-) obeys (3) with K = 2L((1+T)e")P.

A few remarks are in place. First, the dependence on depth is exponential. However, this is not as prohibitive
for typical transformer architectures which tend to not be very deep. For example, the different variants
of GPT-2 and BERT have between 12-48 layers [20]. In our theorem, the upper bound on I' helps ensure
that one token cannot have substantial influence on another one. In Appendix B, we provide a more general
version of this result which also covers our stronger stability assumption for dynamical systems (see Theorem
B.4). Importantly, we also show that our theorem is rather tight (see Sec B.2): (1) Stability can fail if I’
is allowed to be logarithmic in m indicating the tightness of our e!'/m bound. (2) It is also critical that
the modified token is not the last one (i.e. j < m condition), otherwise stability can again fail. The key
technicality in our result is establishing the stability of the self-attention layer which is the central component
of a transformer, see Lemma B.2. Finally, Figure 7 provides numerical evidence for multiple ICL problems
and demonstrate that stability of GPT-2 architecture’s predictions with respect to inputs indeed improves
with longer prompts in line with theory.

3.2 Generalization Bounds

We are ready to establish generalization bounds by leveraging our stability conditions. We use covering
numbers (i.e. metric entropy) to control model complexity.

Definition 3.3 (Covering number) Let Q be any hypothesis set and d(q,q’) = 0 be a distance metric
over q,q" € Q. Then, Q ={q1,...,qn} is an e-cover of Q with respect to d(-,-) if for any q € Q, there exists
qi € Q such that d(q,q;) < €. The g-covering number N(Q,d, €) is the cardinality of the minimal &-cover.

To cover the algorithm space A, we need to introduce a distance metric. We formalize this in terms of the
prediction difference between the two algorithms on the worst-case data-sequence.

Definition 3.4 (Algorithm distance) Let A be an algorithm hypothesis set and S = (x;,y;)", be a
sequence that is admissible for some task t € [T]. For any pair Alg, Alg’ € A, define the distance metric

a 1ng
p(41g.41g) = sups 2 T, 129, (@) — FA2, (@)le,-
We note that the distance p is controlled by the Lipschitz constant of the transformer architecture (i.e. the

largest gradient norm with respect to the model weights). Following Definitions 3.3&3.4, the e-covering
number of the hypothesis set A is N (A, p, €). This brings us to our main result on the MTL risk of (ERM).

1Here, we assume X, Y c R4, otherwise, inputs and labels are both embedded into d-dimensional vectors of proper size.
2In self-attention the softmax function is applied to each row.
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Figure 3: The benefit of learning across the full task sequence: Right side: Standard ERM where each task trains
with all n = 40 prompts. Left side: ERM focuses on different parts of the trajectory by fitting n/4 = 10 prompts
per task over i € [1,10] to [31,40] (highlighted as the orange ranges). We train with T = 6.4 million random linear
regression tasks and display the performance on new tasks (i.e. transfer risk). Right side learns to solve linear regression
via ICL whereas left side fails to do so even when restricted to their target ranges.

Theorem 3.5 Suppose A is K-stable per Assumption 3.1 for all T tasks and the loss function €(y,-) is
L-Lipschitz taking values over [0,1]. Let Alg be the empirical solution of (ERM). Then, with probability at
least 1 — 28, the excess MTL test risk obeys,

(4)

Ry, (ATg) < inf {4Ls +2(1+Klog n)\/log(N(ﬂ’Tp’ £)/9) } .
£> cn

Additionally suppose A is K-pairwise-stable and set diameter D := sup 4 igen p(41g,A1g'). Using the
convention x; = max(x, 1), with probability at least 1 — 46,

— L +K]1 b/z 1
RMTL(AZQ) < !1_:1;% {Lg+%('/‘; \/logN(ﬂ,p,u)du+D+ lOg 5) . (5)

The first bound (4) achieves 1/VnT rate by covering the algorithm space with resolution &. For Lipschitz
architectures with dim(A) trainable weights we have log N(A, p, &) ~ dim(A) log(1/g). Thus, up to loga-

rithmic factors, the excess risk is bounded by \[dirz—(Tﬂ) and will vanish as n,T — 0. Note that our bound is
also task-dependent through p in Def. 3.4. For instance, suppose tasks are realizable with labels y = f(x)
and admissible task sequences have the form S = (x;, f(x;)),. Then, p will depend on the function class of
f (e.g. whether f is a linear model, neural net, etc), specifically, as the function class becomes richer, both p
and the covering number becomes larger.

Under the stronger pairwise-stability, we can obtain a bound in terms of Dudley’s entropy integral which
arises from a chaining argument. This bound is typically in the same order as the Rademacher complexity of
the function class with T x n samples [55]. Note that achieving 1/ VT dependence is rather straightforward as
tasks are sampled independently. Thus, the main feature of Theorem 3.5 is obtaining the multiplicative 1/+/n
term by overcoming temporal dependencies. Figure 3 shows that training with full sequence is indeed critical
for ICL accuracy.

Proof sketch. The main component of the proof is to find a concentration bound on ILMTL(Alg)—fgall (Alg)]

for a fixed algorithm Alg € A. To achieve this bound, we introduce the sequence of variables X;; =

E % ;.‘:1 (Y, 2(11’.371) (x5)) | Stm] for 0 < i < n, which forms a martingale by construction. The critical stage
t

is upper bounding the martingale differences | X; ; —X; ;—1| through our stability assumption, namely, increments

are at most 1+ Z;f:i % < 1+ Klogn. Then, we utilize Azuma-Hoeffding’s inequality to achieve a concentration
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Figure 4: In Figures (a,b,c,), we plot the d € {5, 10, 20}-dimensional results for transfer and MTL risk curves with the
same GPT-2 architecture. Figure (d) overlays (a,b,c) to reveal that transfer risks are aligned for fixed (n/d,T/d?)
choice.

bound on |% Zthl Xio0— X,,,,|7 which is equivalent to | Ly (Alg) — fgau(Alg)I. To conclude, we make use of

covering/chaining arguments to establish a uniform concentration bound on |£yrr,(Alg) — fSall(Alg)| for all
Alg € A. The details are provided in Appendix C.1. [ |

Multiple sequences per task. Finally consider a setting where each task is associated with M independent
sequences with size n. This typically arises in reinforcement learning problems (e.g. dynamical systems in Sec.
5) where we collect data through multiple rollouts each leading to independent sequences. In this setting, the
statistical error rate improves to 1/VuMT as discussed in Appendix C.1. In the next section, we will contrast
MTL vs transfer learning by letting M — oco. This way, even if n and T are fixed, the model will fully learn
the T source tasks during the MTL phase as the excess risk vanishes with M — oo.

4 Generalization and Inductive Bias on Unseen Tasks

In this section, we explore transfer learning to assess the performance of ICL on new tasks: The MTL phase
generates a model Alg trained on T source tasks and we use Alg to predict a target task 7. Consider a
meta-learning setting where T sources are drawn from the distribution Dy,q and we evaluate the transfer
risk on a new 7~ ~ Dyag. We aim to control the transfer risk Lrpg (Alg) = E[L7(A1g)] in terms of the MTL
risk Ly (KI—LE) When the source tasks are i.i.d, one can use a standard generalization analysis to bound
the transfer risk as follows L1pr(A1g) — LyrL(Alg) < VIog(N(A, p,&)/T (see Thm C.3).

Here, an important distinction with MTL is that transfer risk decays as 1/poly(T) because the unseen
tasks induce a distribution shift, which, typically, cannot be mitigated with more samples n or more
sequences-per-task M.

e Inductive Bias in Transfer Risk. Before investigating distribution shift, let us consider the following
question: While 1/poly(7T) behavior may be unavoidable, is it possible that dependence on architectural
complexity dim(A) is avoidable? Perhaps surprisingly, we answer this question affirmatively through
experiments on linear regression. In what follows, during MTL pretraining, we train with M — oo independent
sequences per task to minimize population MTL risk Lyt (-). We then evaluate resulting ITI_LE on different
dimensions d and numbers of MTL tasks T. Figures 4(a,b,c) display the MTL and transfer risks for dimensions
d = 5,10, 20. In each figure, we evaluate the results on T = {1, 2,5} x d? and the x-axis moves from 0 to n = 2d.
Each task has isotropic features, noiseless labels and task vectors 3 ~ N (0, I;). Here, our first observation
is that, the Figures 4(a,b,c) seem (almost perfectly) aligned with each other, that is, each figure exhibits
identical MTL and transfer risk curves. To further elucidate this, Figure 4(d) integrates the transfer risk
curves from d = 5, 10, 20 and overlays them together. This alignment indicates that, for a fixed point @ = n/d
and B8 =T/d?, the transfer risks remain unchanged. Here, n proportional to d can be attributed to linearity,
thus, the more surprising aspect is the dependence on T: This is because rather than dim(A)/T (where
A is fixed to a GPT-2 architecture), the generalization risk behaves like d?/T. Thus, rather than model
complexity, what matters seems to be the task complexity d. In support of this hypothesis, Figure 8 trains
ICL on GPT-2 architectures with up to 64 times different parameter counts and reveals that transfer risk
indeed exhibits little dependence on the model complexity dim(A).



Inductive bias is a natural explanation of this behavior: Intuitively, the MTL pretraining process identifies
a favorable algorithm that lies in the span of the source tasks @y, = (ﬂ,)thl. Specifically, while the
transformer model can potentially fit MTL tasks through a variety of algorithms, we speculate that the
optimization process is implicitly biased to an algorithm Alg(®yrr,) (akin to [47, 38]). Such bias would
explain the lack of dim(A) dependence since Alg(®yrr,) solely depends on the source tasks. While we leave
the theoretical exploration of the empirical d?/T behavior to a future work, below we explain that d2/T
dependence is rather surprising.

To this end, let us first introduce the optimal estimator (in terms of Bayes risk) for linear regression with
Gaussian task prior 3 ~ N(0,X). This estimator can be described explicitly [43, 27] and is given by the
weighted ridge regression solution

B=(X"X+022 )Xy, (6)

Here X = [z1,...,x,]T € R y = [y1,...,y,]" € R" are the concatenated features and labels obtained
from the task sequence and o2 is the label noise variance. With this in mind, what is the ideal algorithm
Alg(®nyrL) based on the (perfect) knowledge of source tasks? Eqn. (6) crucially requires the knowledge of
the task covariance ¥ and variance 0. Thus, even with the hindsight knowledge that our problem is linear,
we have to estimate the task covariance from source tasks. This can be done via the empirical covariance
L= %ZiTzl BiB; . To ensure ﬁ‘.—weighted LS performs O(1)-close to X-weighted LS, we need a spectral norm
control, namely, ||£ - Z[|/Amin(Z) < O(1). When X = I, (as in our experiments) and tasks are isotropic, the
latter condition holds with high probability when T = Q(d). This is also numerically demonstrated in Figure
9 in the appendix. This behavior is in contrast to the stronger T « d? requirement we observe for ICL and
indicates that ICL training may not be sample-optimal in terms of T. For instance, T « d? is sufficient to
ensure the stronger entrywise control ||X — )A:H&,Q < O(1) rather than spectral norm.

¢ Exploring transfer risk via source-target distance. Besides

drawing source and target tasks from the same Dy, we also investigate 1.0 -+ [<0°;0 ol
transfer risk in an instance specific fashion. Specifically, the population 0.8 —— [0.6,1.0]
: —4— >1.0

risk of a new task 7~ can be bounded as Ls(Alg) < LyvrL(Alg) +

* N
dist(7, (D;);). Here, dist(-) assesses the (distributional) distance % °° WK o e
of task 7~ to the source tasks (D,)L, (e.g. [2, 18]). In case of linear ¥ o4 \ ‘\‘\;::_\‘\;
tasks, we can simply use the Euclidean distance between task vectors, o -4
specifically, the distance of target weights B¢ to the nearest source task '
dist (7)) = minsery |87 = Belle,- In Fig. 5 we investigate the distance 0.0 L I P
of specific target tasks from source tasks and how the distance affects # in-context samples

the transfer performance. Here, all source and target tasks have unit Figure 5: Transfer risk as a function
Euclidean norms so that closer distance is equivalent to larger cosine of distance to the MTL tasks.
similarity. We again train each MTL task with multiple sequences

M — o (as in Fig. 4) and use T = 20 source tasks with d = 5 dimensional regression problems. In a nutshell,
Figure 5 shows that Euclidean task similarity is indeed highly predictive of transfer performance across
different distance slices (namely [0,0.2],[0.2,0.6], [0.6,1], [1, 2]).

5 Extension to Stable Dynamical Systems

Until now, we have studied ICL with sequences of i.i.d. (input, label) pairs. In this section, we investigate
the scenario where prompts are obtained from the trajectories of stable dynamical systems, thus, they consist
of dependent data. Let X c¢ R? and ¥ : X — X be a hypothesis class elements of which are dynamical
systems. During MTL phase, suppose that we are given T tasks associated with ( f; IT: 1 Where f; € ¥, and
each contains n in-context samples. Then, the data-sequence of #’th task is denoted by S; = (z;;)!, where
i = fr(@si—1) + Wy, Tyo is the initial state, and w;; € W C R4 are bounded i.i.d. random noise following

@) = (z0, T1,...x;). Let SO =z

prompt prompt? and we can

some distribution. Then, prompts are given by «

make prediction &;; = fﬁfl) (x7,i—1). We consider the similar optimization problem as (ERM).



For generalization analysis, we require the system to be stable (which differs from algorithmic stability!).
In this work, we use an exponential stability condition [16, 45] that controls the distance between two
trajectories initialized from different points.

Definition 5.1 ((C,, p)-stability) Denote the m’th state resulting from the initial state x;o and (w;), by

ft(m)(azto). Let C, > 1 and p € (0,1) be system related constants. We say that the dynamical system for the
task t is (Cp, p)-stable if, for all T, x;, € X, m 2 1, and (wy;)i>1 € W, we have

fz(m)(wtO) - ﬁ(m)($;0)|)f < Cppm ”a’tO - w§o||e2 (7)
2

Assumption 5.2 There exist ép and p < 1 such that all dynamical systems f € F are (C,, p)-stable.

In addition to the stability of the hypothesis set ¥, we also leverage the algorithmic-stability of the set
A similar to Assumption 3.1. Different from Assumption 3.1, we restrict the variability of algorithms with
respect to Euclidean distance metric, similar to the definition of Lipschitz stability.

Assumption 5.3 (Algorithmic-stability for Dynamics) Let S = (xg, €1,...,Tm+1) be a realizable dy-
namical system trajectory and S’ be the trajectory obtained by swapping w; with w;. (j = 0 implies that
xo is swapped with x(). As a result, starting with the j’th index, the sequence S/ has different samples
(@ 2y,,,). Let X = f(mmﬂ,f;lg(a:m)) and X/ = f(m;nﬂ,f;;g(a:;n)). There exists K > 0 such that for
any S, x( € X, w} e W,j € [m], we have

. K <
[Bu (X=X < oy Zj e = ], -

Lemma B.5 fully justifies this assumption for multilayer transformers. To proceed, we state the main
result of this section.

Theorem 5.4 Suppose {(x, &) = €(x — ) : X x X — [0,1] is L-Lipschitz and Assumptions 5.2645.3 hold.
Assume X and ‘W are bounded by X, w, respectively. Then, with the same probability, the identical bound as

in Theorem 3.5 Eqn. (4) holds after updating K to be K = QK%(W +x/4/n).

The proof of this result is similar in spirit to the proof of Theorem 3.5 and is provided in Appendix D.
The main difference is that we use system’s stability to control the impact of a perturbation on the future
trajectory.

6 Interpreting In-context Learning as a Model Selection Procedure

In Section 3, we study the generalization error of ICL, which can be eliminated by increasing sample size n or
number of sequences M per task. In this section, we will discuss how ICL can be interpreted as an implicit
model selection procedure building on the formalism that transformer is a learning algorithm. Following
Figure 2 and prior works [17, 24, 19|, a plausible assumption is that, transformer can implement ERM
algorithms up to a certain accuracy. Then, model selection can be formalized by the selection of the right
hypothesis class so that running ERM on that hypothesis class can strike a good bias-variance tradeoff during
ICL.

To proceed with our discussion, let us consider the following hypothesis which states that transformer can
implement an algorithm competitive with ERM.

Hypothesis 1 Let F = (?ﬁh)h]rj’:1 be a family of H hypothesis classes. Let S = (x;,y;)", be a data-sequence
with n examples sampled i.i.d. from D and let S = (zi,yi)i2, be the first m examples. Consider the risk?

3Since the loss £ is bounded by 1, 0 < risk(h, m) < 1 for all m including the scenario m = 0 and ERM is vacuous.



associated to ERM with m samples over Fp, € F:
. B A(h) ) _ LN
TZSk(h9 m) - E(m,y’s(m)) [£(y7 fs(m) (CC))] wher@ Sm) - a’rg },Iél;%l m ; g(yh f(ml))v

Let (8?1’,"1) > 0 be approximation errors associated with (ﬂ);’zl. There exists Alg € A such that, for any

m € [n],h € [H], f;(l,i) can approzimate ERM in terms of population risk, i.e.

B,y s0m)[€(Y, f;(l,i)(m))] < risk(h,m) + "™

For model selection purposes, these hypothesis classes can be entirely different ML models, for instance,
1 = {convolutional-nets}, F5 = {fully-connected-nets}, and F3 = {decision-trees}. Alternatively, they can be
a nested family useful for capacity control purposes. For instance, Figures 2(a,b) are learning covariance/noise
priors to implement a constrained-ridge regression. Here F can be indexed by positive-definite matrices X
with linear classes of the form 7z = {f(x) =273 where BTL7!8 <1}.

Under Hypothesis 1, ICL selects the most suitable class that minimizes the excess risk for each m € [n].

Observation 1 Suppose Hypothesis 1 holds for a target distribution Dg. Let .E’,‘r ==minggeq L7 (41g) be
the risk of the optimal algorithm. We have that

1 n—1
<= min {risk(h, m) + ™"}
T~ n n;he[Hj{ (h,m) + &7;

Additionally, denote Rademacher complexity of a class F by Ry (F). Define the minimum achievable risk
over function set ¥, as Ly = mingeq, Ep, [((y, f(x))]. Since risk(h,m) is controlled by Ry (Fn) [37], we
have that

1 n—1
Ly ), min (L] + " + O(R,(Fi)).

n =0 helH

Here, ICL adaptively selects the classes argminge(m{L} + Rn(Fn) + sé’gm} to achieve small risk. This is
in contrast to training over a single large class ¥ = Ugl i, which would result in a less favorable bound
~ minpe g L), + % an_:t R (F). A formal version of this statement is provided in Appendix E. Hypothesis 1
assumes a discrete family for simpler exposition (|F| = H < =), however, our theory in Section 3 allows for
the continuous setting.

We emphasize that, in practice, we need to adapt the hypothesis classes for different sample sizes m
(typically, more complex classes for larger m). With this in mind, while we have H classes in F, in total we
have H™ different ERM algorithms to compete against. This means that VC-dimension of the algorithm class
is as large as nlog H. This highlights an insightful benefit of our main result: Theorem 3.5 would result in

nlogH _

nT —
facilitates the adaptive selection of hypothesis classes for each sample size and avoids requiring unreasonably
large T.

an excess risk oc w/g~ In other words, the additional xn factor achieved through Theorem 3.5

7 Numerical Evaluations

Our experimental setup follows [17]: All ICL experiments are trained and evaluated using the same GPT-2
architecture with 12 layers, 8 attention heads, and 256 dimensional embeddings. We first explain the details
of Fig. 2 and then provide stability experiments.*

e Linear regression (Figures 2(a,b)). We consider a d-dimensional linear regression tasks with in-context
examples of the form z = (x,y) € R? x R. Given #'th task B, we generate n i.i.d. samples via y = Blx+¢&,

40ur code is available at https://github.com/yingcong-1i/transformers-as-algorithms.
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Figure 7: Experiments to assess the algorithmic stability Assumption 3.1. Each figure shows the increase in the risk
for varying ICL sample sizes after an example in the prompt is modified. We swap an input example in the prompt
and assign a flipped label to this new input, e.g., we move from (x, f(x)) to (x’,—f(x")).

where © ~ N (0, 1), ¢ ~ N(0,02) and o is the noise level. Tasks are sampled i.i.d. via 8; ~ N(0,X), t € [T].
Results are displayed in Figures 2(a)&(b). We set d = 20, n = 40 and significantly larger T to make sure
model is sufficiently trained and we display meta learning results (i.e. on unseen tasks) for both experiments.
In Fig. 2(a), o =1 and £ = I. We also solve ridge-regularized linear regression (with sample size from 1
to n) over the grid A = [0.01,0.05,0.1,0.5,1] and display the results of the best A selection as the optimal
ridge curve (Black dotted). Recall from (6) that ridge regression is optimal for isotropic task covariance.
In Fig. 2(b), we set o0 =0 and X = diag([l, 2%, 3% e ﬁ]) Besides ordinary least squares (Green curve),
we also display the optimally-weighted regression according to (6) (dotted curve) as o — 0. In both
figures, ICL (Red) outperforms the least squares solutions (Green) and are perfectly aligned with optimal
ridge/weighted solutions (Black dotted). This in turn provides evidence for the automated model selection
ability of transformers by learning task priors.

e Partially-observed dynamical systems (Figures 2(c) & 6).

We generate in-context examples z; = x; € R”, i € [n] via the partially- 1.0
observed linear dynamics x; = C's;, s; = As;_1 + &; with noise & ~
N(0,0%1,;) and initial state sp = 0. Each task is parameterized by
C e R"™*? and A € R¥*? which are drawn with i.i.d. N(0,1) entries
and A is normalized to have spectral radius 0.9. In Fig. 2(c), we set
d=10,r =4, 0 =0, n = 20 and use sufficiently large T to train 0.4
the transformer. For comparison, we solve least-squares regression

to predict new observations x; via the most recent H observations 02 10 20 30 40
for varying window sizes H. Results show that in-context learning # in-context samples
outperforms the least-squares results of all orders H = 1,2,3,4. In Figure 6: Dynamical system ex-
Figure 6 in appendix, we also solve the dynamical problem using periments. The difference from
optimal ridge regression for different window sizes. This reveals that Fig. 2(c) is that we compare ICL to
ICL can also outperform auto-regressive models with optimal ridge the optimally-tuned ridge regression
tuning, albeit the performance gap is much narrower. It would be with different history windows H.
interesting to compare ICL performance to a broader class of system

identification algorithms (e.g. Hankel nuclear norm, kernel-based, atomic norm [28, 41]) and understand the
extent ICL can inform practical algorithm design.

—4— In-context learning
—4— Optimal ridge (H=1)
Optimal ridge (H=2)
—4— Optimal ridge (H=3)
—4— Optimal ridge (H=4)

0.8

Test risk

e Stability analysis (Figure 7). In Assumption 3.1, we require that transformer-induced algorithms are
stable to input perturbations, specifically, we require predictions to vary by at most O(1/m) where m is the
sample size. This was justified in part by Theorem 3.2. To understand empirical stability, we run additional
experiments where the results are displayed in Fig. 7. We study stability of four function classes: linear models,

11



3-sparse linear models, decision trees with depth 4, and 2-layer ReLLU networks with 100 hidden units, all with
input dimension of 20. For each class ¥, a GPT-2 architecture is trained with large number of random tasks
f € F and evaluate on new tasks. With the exception of Fig. 2(a), we use the pretrained models provided
by [17] and the task sequences are noiseless i.e. sequences obey y; = f(x;). As a coarse approximation of
the worst-case perturbation, we perturb a prompt :cl(;r"gmpt =(x1,y1, " » Tm-1, Ym-1, L) as follows. Draw
a random point (x},y]) ~ (21, y1) and flip its label to obtain (x7,-y}). We obtain the adversarial prompt
via :E]()rrno)mpt = (2}, =y}, " s Tm-1,Ym-1,Tm)’. In Fig. 7, we plot the test risk change between the adversarial
and standard prompts. All figures corroborate that, after a certain sample size, the risk change noticeably
decreases as the in-context sample size increases. This behavior is in line with Assumption 3.1; however,
further investigation and longer context window are required to accurately characterize the stability profile
(e.g. to verify whether stability is O(1/m) or not). Finally, in Figure 12 of the appendix, we show that adding

label noise to regression tasks during MTL training can help improve stability.

8 Conclusions

In this work, we approached in-context learning as an algorithm learning problem with a statistical perspective.
We presented generalization bounds for MTL where the model is trained with T tasks each mapped to a
sequence containing n examples. Our results build on connections to algorithmic stability which we have
verified for transformer architectures empirically as well as theoretically. Our generalization and stability
guarantees are also developed for dynamical systems capturing autoregressive nature of transformers.

There are multiple interesting questions related to our findings: (1) Our bounds are mainly useful for
capturing multitask learning risk, which motivates us to study the question: How can we control generalization
on individual tasks or prompts with specific lengths (rather than average risk)? (2) We provided guarantees
for dynamical systems with full-state observations. Can we extend such results to more general dynamic
settings such as reinforcement/imitation learning or system identification with partial state observations? (3)
Our investigation of transfer learning in Section 4 revealed that transfer risk is governed by the number of
MTL tasks and task complexity however it seems to be independent of the model complexity. It would be
interesting to further demystify this inductive bias during pretraining and characterize exactly what algorithm
is learned by the transformer.
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Figure 8: Following Figure 4, in-
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Figure 9: We display the perfor-
mance of the idealized transfer and
MTL algorithms described in Sec-
tion 4. Unlike ICL experiments,
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Oversampling n/d

Figure 10: The difference form
Fig. 4(d) is that we overlay the
MTL results of dimensions d €
{5, 10, 20} (dashed curves in Fig. 4

tectures and overlay the transfer
results.

these require T < d tasks. (a,b,c)).

Organization of the Appendix

e Supporting experiments and details are provided under Section A.

e In Section B, we prove and discuss our stability results.

e Section C provides proofs of MTL (Section 3) and transfer learning (Section 4) generalization bounds.
e In Section 6, we discuss the model selection aspect of ICL.

e Section D proves our dynamical generalization bound (Theorem 5.4).

e We introduce more related work in Section F and

A Additional Experiments

Our linear regression experiments are based on the code released by [17], however without curriculum learning.
All the inputs and noise are i.i.d. Gaussian vectors and tasks are i.i.d. sampled from some distribution. The
meta learning results Fig. 2(a,b) are trained with 7' = 32 million random linear tasks and Fig. 2(c) and Fig. 6
are trained with 7 = 6.4 million dynamical trajectories (here, we fix the batch size to 64 and train with
500k/100k iterations). All experiments use learning rate 0.0001 and Adam optimizer.

A.1 Supporting Experiments for Section 4

Architecture dependence of transfer risk: In Figure 8, we verify that the transfer risk is (mostly)
independent of the model complexity dim(A) (in contrast to the dependence on task complexity d). Following
the same setting as in Figure 4, during the MTL phase, we consider 5-dimensional linear regression problem
and train with T = 25/50/125 tasks over three different models: tiny/small/standard GPT-2. The standard
GPT-2 has the same architecture as used in Fig. 4 and Section 7, with 12 layers, 8 attention heads and
256 dimensional embeddings. While, small GPT-2 has 6 layers, 4 attention heads and 128 dimensional
embeddings, and tiny GPT-2 has only 3 layers, 2 attention heads and 64 dimensional embeddings. They
contain 9.5M, 1.2M and 0.15M parameters respectively, which shows that small GPT-2 has around 8x less
parameters than standard GPT-2 and tiny GPT-2 has around 64x less. Overlayed results are displayed in
Figure 8, which demonstrate that although the architectures are substantially different in terms of complexity
and expressive power, the performances under the same data setting (same color with different line styles)
are approximately aligned.

Contrasting ICL to Idealized Algorithms. In Section 4, we discussed how transfer risk seems to require
T « d? source tasks. In contrast, constructing the empirical covariance ¥ = %ZiTzl B:iB;] can make sure
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Figure 11: Comparing MTL and transfer risks  Figure 12: Stability  experiments on
when each task has single trajectory (M =1). noisy /noiseless linear settings, where o is

the label noise level and data is generated by
y ~ N(x7B3,0?%) where x,8 ~ N(0,I). Blue
curve is noiseless regression.

that ﬁl—weighted LS performs O(1)-close to E-weighted LS whenever || — 2/ Amin(Z) < O(1). In Figure 9,
MTL-ridge curves with circle markers are referring to the E-weighted ridge regression. As suspected, T = 3d
is already sufficient to get very close performance to the optimal weighting with true £ (black curve). We
remark that in Figure 9, we set d = 20, noise variance obeys o2 = 0.1, and linear task vectors 3 are uniformly
sampled over the sphere.

For MTL, Section 4 introduces the following simple greedy algorithm to predict a prompt that belong to
one of the T source tasks (aka MTL risk): Evaluate each source task parameter (,6,)IT= , on the prompt and
select the parameter with the minimum risk. Since there are T choices, this greedy algorithm will determine
the optimal task in n < log(T) samples®. The experiments of this algorithm is provided under Greedy MTL
legend (square markers). It can be seen that as T varies (d, 2d, 3d), there is almost no difference in the MTL
risk, likely due to the log(T) dependence. Figure 10 gathers the MTL risk curves from Fig. 4 (a,b,c) and
overlays them together. Same as transfer risks shown in Fig. 4(d), the test risks stay approximately unchanged
for fixed point @ = n/d and B =T/d?. 1t is also aligned with Fig. 9, greedy MTL risk curves, where larger T
requires more samples (although their d-dependence is very different). In short, these experiments highlight
the contrast between ideal/greedy algorithms and ICL algorithm implemented within the transformer model.

In Section 4, we also exclusively focused on the setting M — oo i.e. MTL tasks are thoroughly trained. In
Figure 11 we consider the other extreme where each task is trained with a single trajectory M = 1, which is
closer to the spirit of Theorem 3.5. We set d =5, n =10 and M =1, and vary the number of linear regression
tasks T from 2000 to 50000. Not surprisingly, the results show that increasing T helps in reducing the MTL
risk. The more interesting observation is that transfer risk and MTL risk are almost perfectly aligned. We
believe that this is due to the small M, n choices which would make it difficult to overfit to the MTL tasks.
Thus, when M = 1, the gap between transfer and MTL risk seems to vanish and Theorem 3.5 becomes directly
informative for the transfer risk. In contrast, as M grows, training process can overfit to the MTL tasks
which leads to the split between MTL and transfer risks as in Figure 4.

A.2 Additional Stability Experiments

In Section 7 and Figure 7, we run adversarial experiments demonstrating that our stability assumption
(Assumption 3.1) is indeed realistic. In addition, we find that adding noise to the labels can help improve
stability. As depicted in Figure 12, Red curve is much more stable compared to the Blue curve which is
trained with noiseless linear regression tasks. One interpretation is that solving noiseless problems might
result in an overfitted algorithm (towards noiseless tasks) and a small perturbation/distribution-shift leads to
significant error. The peaks in Figure 12 occurs around n = d and (most likely) arise from the double-descent

6Note that, this dependence can be even better if the problem is noiseless, in fact, that is why we added label noise in these
experiments.
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phenomena: When there is no label noise, an interpolating linear model (without ridge regularization) is
optimal (recall (6)). However such an interpolating model is susceptible to adversarial perturbations especially
when the condition number is poor (which occurs at n = d). Here, the key takeaway is that noise has a
stabilitizing effect, because under label-noise, optimal model learned by TF is the solution of a weighted ridge
regression thus regularizes the transformer’s algorithm.

B Stability of Transformer-based I1CL

Lemma B.1 Let x,e € R" be vectors obeying ||x|le.,, ||x + €lle, < c. Then, there exists a constant C = C(c),
such that
|softmaz(x)||e. < e*/n and | softmax(x) — softmax(x +€)|ls, < e*|l€lls, /n.

Proof. Without losing generality, assume tth first coordinate is the largest. Using monotonicity of softmax,

we obtain ||softmax(x)|ls, < ng’ﬁ < % For vectors € and x, infitesimal softmax perturbation is
i=2

bounded via

(lsin})[softmax(:c + 6¢) — softmax(x)]/6 = [diag(softmax(x)) — softmax(x)softmax(x)"]e.

We use ||[diag(softmax(x)) — softmax(x)softmax(x) e, < e*|lell¢, /n. Integrating the derivative along
0 =0 to 1, we obtain the result. [ |
For a matrix A, let ||All2,, denote the £, norm of the vector obtained by the ¢, norms of its rows.

Lemma B.2 Let X = [x1 ... ©,]T and E = [e1 ... €,]" be the input and perturbation matrices respectively.
Assume that the tokens (z;,x; +€;) lie in unit ball i.e. || X||2.00,|X + Ell2.0 < 1. Let V,W € R4
be the weights of the self-attention layer obeying ||V|| < 1 and ||W|| < T'. Define the attention outputs
A = softmar( XWXT)XV and A = softmax(XWXT)XV. Define E=A—-A:=[&, ... £,]7. Let Cy be
an upper bound on || E||2,1. We have that

All2,00 1 All2,c0 < 1, | Ell2,1 < (2T + 1)e? Co.

Additionally, for any i € [n] such that ||&;lle, < Co/n, we have ||&;|l¢, < %(2F+ 1)e?r'cy.

Proof. First observe that V preserves normsi.e. XV obeys | X V|2, < || X|l2.0 < 1 and [|[EV |21 < || E||2.1-

Next, set X = X+F and define attention outputs A = softmax(XWXT) XV, A = softmax(XWXT)XV.
Observe that, since softmax applies row-wise to the similarities (e.g. X W X)), we preserve the feature norms
ie. | Allz.c00 | All2.00 < 1 as advertised.

Now, consider the attention output difference P = A - A
P = [softmax(X W XT) — softmax(XWX ") XV +softmax(XWXT)EV . (8)

P1 P2
For any pairs of tokens, we have |z Wx;| <T. Using Lemma B.1
1 P2l2.1 = lIsoftmax(XW X T)EV |21 < nlsoftmax(XW X ) [|wl|Ell21 < €| Ell2.1. (9)
Secondly, set Py = [softmax(XW XT) — softmax(X W XT)] X V. We have that

| Py]l2.1 < ||softmax(XW X ") — softmax(XW X ) |l¢, | X V2.0
< |lsoftmax(X WX T) — softmax(X WX )|, .

To proceed, define the d-scaled perturbation E’ = 6E = X’ — X for some 0 < § < 1. We will bound the
derivative via 6 — 0 and then integrate this derivative bound along E (i.e. from § =0 to § = 1). Clearly, as
§ — 0, the quadratic-terms involving 62 E disappear and [|softmax(X’'W X'T) — softmax(XW X 7)|l,,

< |Isoftmax(X’W X T) — softmax(XW X 7)||,, + ||softmax(X W X'T) — softmax(XW X "), .
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To bound the latter, consider each row individually, namely pick a row from X, X + E’ each denoted by
the pair (x,x +¢’). Note that for any cross-product, we are guaranteed to have [(x +¢&’) " Wx;|, |z " Wx;| <
[ [e "W X |lg, <Tnlle|le,, laTWE'T||g, < T||E’||2,1. Applying perturbation bound of Lemma B.1, we get
[|lsoftmax((x + &) TWXT) - softmax(z" WX )|, <Te? |||, (10)
l|lsoftmax(x" W (X + E')T) — softmax(z" WX ")|l¢, < Te? || E||o.1/n. (11)

Adding up all n rows, we obtain

(lsir% ||lsoftmax((X + SE)YW X ) — softmax(XW X )|, /6 < 2Fe2r||E||2’1.

Integrating the derivative along § = 0 to § = 1, we obtain ||P||2,; < 2Te?"||E||s,;. Together with (9), we
obtain the main claim ||P]|s,; < (2T + 1)e?'||E||2,; < (2T + 1)e?' Cy. To proceed, we control the individual
output i for which the input perturbation is small i.e. ||&;||, < Co/n. To this end, let us repeat the identical
argument focusing on ith token. Suppose i’th token inputs are (dropping subscripts i) «, Z,& = T — « and
outputs are a, @, € = a — a. Similar to (8), we write (after transposing)

€= VT X [softmax(XW'Z) — softmax(XW )]+ V' E softmax(XW'z) .

P1 P2
Using |&] W;| < T for all i, j and using Lemma B.1, similar to (9), we bound
B 20
||p2||52 < ||ETsoftmax(XWTa_c)||52 < THE”QJ

To proceed, we will again study the p;

lp1lle, < [1X T [softmax(X W) — softmax(X W z)]||,
< |1 X ||2.00 l|sOftmax (X W T Z) — softmax(X W T z)||¢,
< |Isoftmax(X W' &) — softmax(XW 'x)||¢, .

Now, considering perturbation E’ = § E, letting § — 0, and from triangle inequality, we obtain

}SiLHO 67! ||softmax((X + SE)W T (z + 6¢)) — softmax(X W T x)||,, <

llsig% 67! ||softmax((X + 6 E)W T x) — softmax(X W' x)|l¢, + 6 *||softmax(X W (x + 6¢)) — softmax(X W ) ||,
<Te®™||E|y1/n+Te? |e|le, < 20e* Cy/n.

For the last line, we re-used (10) and (11). To conclude, combining with ps bound, we obtained the desired
result. [ |

Lemma B.3 (Single-layer transformer stability) Consider the setup of Lemma B.2. Let ¢ be a 1-
Lipschitz activation function with $(0) =0 (e.g. ReLU or Identity). Let (M;)!, € R4 be weights of the
parallel MLPs following self-attention. Suppose ||[M;|| <1 and denote the MLP outputs associated to A, A by

B, B. We have that ~ ~
| Bll2,cos | Bll2,c0 <1, |IB = Bll2,1 < (2T + 1)e* || E|l2,1.

Additionally, for any i € [n] such that ||&;||e, < Co/n, we have | B; — B¢, < %(2F+1)eer0 where B; denotes
the ith row of B.

Proof. First note that each row of B is_given by b; = ¢(M;a;) thus ||b;|ls, < [|¢(M;a;)lle, < |M;aille, <
llaille, < 1. Secondly, we can write ||b; — bille, < [[¢(M;a;) — p(M;a;)l|le, < |M;(a; — ai)lle, < lla; — aille, -
Thus, we conclude via Lemma B.2 because all row perturbations of B are dominated by those of A and
1B - Bll2, < [|A - All2,1. ]
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Theorem B.4 Consider an L-layer transformer TF that maps n tokens into n tokens with (1) self-attention
weights: combined key-query weights (VVI-)I.L=1 € R4 and value weights (Vi)iL=1 e R4 (3) MLP weights
(M;l))iLz’f,jzl € R with 1-Lipschitz activations ¢V obeying ¢ (0) = 0. For some I' > 0, assume
Vil <1, ||M;i)|| < L ||Wy|l < T/2. Suppose input space is S = [z1 z2 ... z,]" with ||zi|le, < 1. The model

prediction is given as follows

o S =S. Layer i outputs Sy = Parallel_MLPn;o) (Attw, v;(Si-1)))). Here the self-attention layer
is given by Attw, v.(S) = softmax(SW;ST)SV and Parallel_MLP applies f(x) = ¢(i)(M;')w) on jth
token of the Att output.

o TF(S) =Sy and denote the i’th token output by TF;)(S).
The following statements hold

1. Assume activations are ¢'') € {ReLU, Identity} with final layer ') = Identity. This model is prop-
erly normalized in the sense that TF;)(S) can output any vector ||v|le, < 1 despite no residual/skip
connections.

2. Let 8’ be a perturbation on S where all tokens are allowed to change however the change over the last
token obeys ||z, — z,lle, < Co/n where Cy is also an upper bound on ||S —S’||2,1. This model obeys the
stability guarantee

|TF(n) (S) = TF(n) (S| < %((1 +DeHEc,. (12)

Proof. To see the first claim, let us set V; = M l(l) = I (except for M (L)) and set all tokens z; to be identical
ie. S =1,2z". Additionally choose a z with ||z||z, = 1 and nonnegative entries. Observe that, thanks to the
softmax structure, regardless of W;, we have that S = Attw, v;(S) = softmax(SW;S7)S. After attention,
MLPs again preserves the tokens i.e. ¢(M; ;z;) = z for ¢ € {ReLU, Identity}. Thus, after proceeding L layers
of this, right before the final MLP, the model outputs S = 1,,z7. Then, given a target vector ||v|l,, < 1,
choose the final MLP to M) = v2T to output an all v’s sequence.

Note that, in general S can be arbitrary (they don’t have to be all same tokens): We can let W — oo (by
allowing a larger I'). This way the attention matrix implements softmax(SWST) — I and we end up with
the same argument of S being (almost perfectly) transmitted across the layers so that we obtain any target
sequence in R4,

Main claim (12): To show the stability guarantee, we use Lemmas B.2 and B.3. Set Cy = ||S — 8’||2.1 and
recall the last token is not modified. Recall that Lemma B.3 guarantees that

o After each layer we are guaranteed to have [|S;)ll2.c0, [IS;) 12,00 < 1.
o After each layer we are guaranteed to have ||S(;) — S('i)||2,1 < (1+D)e"|Sq-1) - S(’i_1)||2,1.
The latter implies that, for all layers, we have
ISy = Sipyllzn < (L + D)e') Co. (13)

What remains is running induction on the last tokens z,(li) - z,'1<i). We claim that, at all layers ||z,(f) - z;(i) lle, <

L((1+T)e") Cy. This claim is true at i = 0 due to the change over last token being at most [|S —S'[l2,1/n.
Assuming true at i and since (13) holds, for i+1, we apply Lemma B.3’s last line to obtain ||z,(f+1) - z;,(Hl) lle, <

%((1 +T)e")*1Cy. Consequently, induction holds and we conclude with the proof by setting i = L. [ |
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B.1 Proof of Theorem 3.2

Proof. We need to specialize Theorem B.4 to obtain the result where the model outputs the last token thus we
would like to apply (12). Observe that when prompts differ only at the inputs z; = (x;,y;) with z;. = (m;., y})7
we have that | Xprompt =X, ompt|l2,1 < 2. This implies that |TF(Xprompt)=TF (X opp0) | < 2,,?—71((1+I“)(2F)D for
a depth D transformer. Finally, since the loss function € is L-Lipschitz, we obtain the result K = 2L((1+T")e")P.
|

The next lemma verifies our stability Assumption 5.3 for dynamical systems. In this below, we will assume
that trajectories have bounded states almost surely (i.e. ¥ < 1) so that Thm B.4 is directly applicable. This
can be guaranteed by choosing noise and initial state upper bounds (respectively [|wjll¢, < W, ||Zolle, < Xo)
appropriately. We have the relation” X < C,(xo + ﬁw).

Lemma B.5 (Transformer Stability for Dynamical Systems) Consider the stable dynamical system
setting of Section 5 and suppose that Assumption 5.3 holds. Let £(x, &) = {(x — &) be L-Lipschitz in x — &.
Let :L';':_())mpt =(xg 1 ... ®,) be a realizable (C,, p < 1)-stable dynamical system trajectory and w;(;)mpt be the
trajectory obtained by swapping w; with fw;. (j = 0 implies that o is swapped with x{ ). As a result, starting

;(:;)mpt has different samples (:c;, oo, xy). Assume x < 1 i.e. all trajectory

(x;, T})i>0 lie within the unit Buclidean ball in R9. Shape these prompts into matrices X prompts Xz’”_ompt e Rxd
respectively. Let TF(-) be a D-layer transformer as described in Theorem B.4. Let TF output the last token of
the final layer X (p) that correspond to the query x,,. Then Assumption 5.3 holds with K = ((1 +F)eF)DCpL.

with the j’th index, the prompt x

Proof. We again specialize Theorem B.4 to obtain the result. Observe that when w; is modified to
w’;, then all the subsequent tokens will change. Also recall that due to unit ball assumption w, Xy, X < 1.
Set By = ||w; —w}”t’2 if j > 0 and By = ||zo — z{|l¢, otherwise. Either way By < 2. Additionally, set
B = |z — w}+i||g2 for n—j > i > 0. From stability, we know that B; < CppkB,-,k. This means that

’ 1 = | ’ C ’
e, - lle, < Pa— Z Cop'lln-i =, _lle, < ?f)*_l”Xprompt = X romptll2.1- (14)
i=0
Set © = || Xprompt — X[,)rompt||2a1' To proceed, we choose
Con Con
max (0, —>—0) = —2—0 := C,
n—j+1 n—j+1

which satisfies the requirement of Theorem B.4. Now applying Theorem B.4, we find that, n’th output token
perturbation obeys

- Co((1+ F)eF)DG

, 1
ITF () () = TF ) (T 122 < —( +D)e")PCy <

promp

n—j+1

Consequently, for any excitation wy,+; and using L-Lipschitzness of the loss, we find

LC,((1+T)e")P &
(n) (n) 4
|£(wm+1, TF(") (mpzompt)) - f(w;rﬂl’ TF(") (w;)r’Z)mpt)H < n— ] +1 ; ”wl - w;”t’z .

This means that stability holds with K = ((1+T)e")PC,L. [ ]

B.2 TUnderstanding when transformer-based ICL becomes unstable

Instability when attention weights are large. We have the following lemma that complements our
stability theorem and shows that instability can indeed arise when I' is large.

7Observe that each point in the trajectory is trivially bounded as lzille, < X <Cp (p' X0 + ﬁw} < Cp(Xo + ﬁw).
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Lemma B.6 Consider a length-n input sequence X = [z, -+ x,]7 and a single self-attention layer with
W =T1,V =1. Suppose all tokens are unit norm and the tokens from 2 to n—1 are uncorrelated with the
last token. Thus, Y = X X7 has all ones diagonal, Y1 ,, Y, 1 = p, and all remaining entries of the last row
are zero. Suppose 1 is changed into x) = yx1 for some 1 >y > —1. Let A = softma( XWX T)XV and a,
denotes the last token. When p =1, we have that

21 — 2 lle,

’
a, —a > — .
|| n n”fz 2 + (n _ 2)6_1—*

Thus, as soon as I' > log(n — 2), instability Nan-anlley ocomes O(1) (specifically > 1/3). Proof. Let

lle: -] lle,

m = Z:.:Ql x;. Let p’ =yp. The self-attention outputs are given by

’
ele,+ePlei+m , elx, +eP F:B’l +m
a, = a, = - .
el +erl +(n-2)" " el+ePT+(n-2)

Suppose p = 1. By construction m'x, =0, €, = x,. Also note that ||z — x}ll,, = 1 —y. With these, by only
studying the change along the x, direction (thanks to orthogonality) and setting p = 1, we find that

llan —ajlle, 2 1+yer-10

lZall, ~ 2+(—-2)e T 1+eDr 4+ (n—2)e T
. 2 14y 1+~ DT
T2+ (n-2)e T 2 140Uy (n—-2)e T
N 2 1ty 2
T2+ (n-2)e T 2 2+(n-2)eT
T2+ (n-2)e

The final line is the advertised result. [ ]

Stability fails if we modify the last token (rather than earlier tokens). Consider the setting
of Theorem B.4 and the statement (12). Below we show that, the requirement that last token should not
be perturbed too much is indeed tight. This follows from the fact that, each token has a large say on their
respective self-attention output, thus, perturbing them significantly perturbs their respective output (even if
it cannot perturb other outputs too much).

Lemma B.7 Consider a single self-attention layer with W,V = I so that it outputs A = softmar(X X T)X.
The last token outputs a = X 7 softmar(Xx,). Suppose n is odd (for simplicity). There exists X with unit
tokens/rows such that, for any perturbation amount 0 < &€ < 1, changing x, to x, with ||z, — z,ll¢, = € can
result in an output perturbation of

lla—a'lle, 2 1z, — e, /5.

Setting € = 1, perturbing x, results in > 0.2 perturbation regardless of n.

Proof. If n =1, the model outputs @ = x, thus ||a —a’ll;, = &. Now let n’ = (n—1)/2 and v € R¢ with
|lvlle, = 1. Consider a toy setting where x, = 0, the first n” tokens are equal to v and the next n’ tokens are
equal to —v. Original attention output is @ = 0 due to symmetry. Now change the last token to ev and using
llv]le, =1 and all tokens being aligned with v observe that, for all 0 <e <1

Fol ’ 82 _ - & _ E _ —-& — —
N/l = X WmDee” —e ? n-lefze® -l ey ggn =1
ef+e ¢+ (1/n)e® 2n e® 2n 2n

e >¢g/b.
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C Proofs and Supplementary Results for Sections 3 and 4

C.1 Proof of Theorem 3.5

Theorem C.1 (Theorem 3.5 restated) Suppose Assumption 3.1 holds and assume loss function €(y,q)
is L-Lipschitz for all y € Y and takes values in [0, B]. Let m be the empirical solution of (ERM) and
N(A, p,u) be the covering number of the algorithm space A following Definition 3.363.4. Then with
probability at least 1 — 268, the excess MTL risk in (2) obeys

logw(ﬂ,p,s)/a)}_

Ryrr(4lg) < inf {4L.9 +2(B+Klog n)\/
£>0 cnT

Additionally, set D :=sup,;4 nigen p(41g, Alg') and assume D < co. With probability at least 1 — 46,

. D/2 [log (log 2 - N(A, p,u)/6 loo(1
Rurri(ATg) < inf 8Lg+8(2L+Klogn)/ \/ gllog g - N(A.p.0[0) +2(B+K10gn)1/&T/5).
e> & cn

c’'nT

Proof. Recall the MTL problem setting of independent (input, label) pairs in Section 2: There are T
tasks each with n in-context training samples denoted by (SI)I‘T:1 M (1),)?:1 where S; = {(Tsi, yri)}1
and let Sy = Uthl S;. We use A to denote the algorithm set. For a Alg € A, we define the training risk

Zsa“(Alg) = an Z,T:I RACTA ‘:t.g_l) (x4;)), and the test risk Lyr (Alg) = E[Zsau (Alg)]. Define empirical

risk minima Kl\g = argminggea fsau(Alg) and population minima Alg* = arg mingge s Ly (Alg). For
cleaner exposition, in the following discussion, we drop the subscripts MTL and S,);. The excess MTL risk is
decomposed as follows:
Ry (Alg) = L(Alg) — L(Alg")
= L(hlg) - L(Alg) + L(Alg) - L(Alg") + L(Alg") - L(Alg").

a b c

Since lrl\g is the minimizer of empirical risk, we have b < 0. To proceed, we consider the concentration
problem of upper bounding sup,;,c # | £(Alg) — L(Alg)|.

Step 1: We start with a concentration bound |£(Alg) - f(Alg)| for a fixed Alg € A. Recall that we
define the test/train risks of each task as follows:

—~ 1<
Li(n1g) = - ;Z(yﬁ,f;;in (). and
—~ 1 &
L£i(81g) = Es, | L (a1g)| =B, 2 2w i @) | Vil

Define the random variables X; ; = E[ft(Alg)|St(i)] fori € [n] and r € [T], that is, X; ; is the expectation over
L;(Alg) given training sequence St(l) = {(z4}, ytj)}l;':l (which are the filtrations). With this, we have that
Xin = E[ft(Alg)|S,(")] = ft(Alg) and X, o = E[ft(Alg)] = L;(Alg). More generally, (X;.0, X¢.15.--, X¢.n) 18
a martingale sequence since, for every ¢ in [T], we have that E[X,,i|8t(l_1)] =X i-1-

For notational simplicitly, in the following discussion, we omit the subscript ¢ from x,y and S as they
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will be clear from left hand-side variable X; ;. We have that

1< n i
X i=E [; Zlg(yj’fs(il)(xj)) S )}
0=

Ly n N n ;
=~ ;ayj,fs(fn @)+~ > E [f(yj,fsfn ()" >]

j=i+l

Next, we wish to upper bound the martingale increments i.e. the difference of neighbors. Let S =
S — 8- denote the i’th element.

1< n i 1< n i
|Xe.i = Xpioa| = [E [; ;f(yj,fsfl) (@))|S' >} B [; ;f(yj, Fol, (@)|S" “]
1 S Al i Al i—
< - Z E [f(yj,fs<_§_l)<:cf)> S >] -E [f(yj,fs(_,?g_l)(wj))S( ”]

n

@B 1
< —+-
"t

j=i+l

E

S(i—l)]

f(y,-,fgifn(wj))‘sm] —E|l(y;, fori, (x)))

Here, (a) follows from the fact that loss function £(-,-) is bounded by B. To proceed, call the right side
terms D := |E[€(yj,f§(1jgfl) (azj))|S(i)] - E[é’(yj,fﬁﬁl) (wj))|S(i’1)]|. Denote z; to be the realized values of
the variables z; = (y¢, x¢) given SO, Let S := (21,20, ziv1, .. zj) and 8" == (21, ..., 2]_{, Zis .- .5 Zj).
Observe that, S’ and S differs in only at ith index and i < j, thus, utilizing Assumption 3.1,

K
D; = |E[t(y). f§ 5 (x))] - E[€(y;. fg5(x)]| < 5 (15)
Combining above, for any n > i > 1, we obtain

B - K B+Klogn
| X0 = Xeizal < — + Z — < gy 2osn .
n J

J=i+l n

Recall that | £;(Alg) — f,(Alg)| =|X;.0 — X;.n| and for every t € [T], we have 211 |X;; — Xpi-1]° < M.
As a result, applying Azuma-Hoeffding’s inequality, we obtain

nT2
P(|.L;(Alg) — L;(Alg)| > 7) < 2¢ 2B+Klosm? V¢t e [T]. (16)

Let us consider Y; := £, (Alg) — f,(Alg) for t € [T]. Then, (Y,)IT=1 are i.i.d. zero mean sub-Gaussian random
variables. There exists an absolute constant ¢; > 0 such that, the subgaussian norm, denoted by ||-||y,, obeys

||Yt||2¢2 < M via Proposition 2.5.2 of [53]. Applying Hoeffding’s inequality, we derive

t

cnTr?

_ cnT72 —~ _
> T) < 2e BKlgm? = P(|L(Alg) — L(Alg)| = T) < 2e (B+Klogn)? (17)

where ¢ > 0 is an absolute constant. Therefore, we have that for any Alg € A, with probability at least 1 — 24,

|L(Alg) — L(Alg)]| < (B+Klogn)\/10gc(n#. (18)

Step 2: Next, we turn to bound sup,;,c 5 |£(Alg) —.Z(Alg)| where A is assumed to be a continuous
search space. To start with, set g(Alg) := L(Alg) — E(Alg) and we aim to bound supy e |8(Alg)l-

24



Following Definition 3.4, for € > 0, let A, be a minimal e-cover of A in terms of distance metric p. Therefore,
A, is a discrete set with cardinality |Ag| := N (A, p, €). Then, we have

sup |£(Alg) — L(Alg)| < sup mln lg(Alg) — g(Alg')| + max |g(Alg)].
Alge A AgeAAlg €A, Alge A,

e We start by bounding supj;zc # minaigea, [g(Alg) — g(Alg’)|. We will utilize that loss function £(-,-) is
L-Lipschitz. For any Alg € A, let Alg’ € A, be its neighbor following Definition 3.4. We have that

Ly (f(y,,,f“tglxmu)) f(y,,,f“%,gl>(mzi>>)|

t—lll

Al
f (,g 1) (33n)

S 1) (wtl)

s('

[2)

Since the same bound applies to all data-sequences, we also obtain that for any Alg € A,
|L(Alg) — L(Alg))| < Le.

Therefore,

sup mln |g(A1g) g(Alg’)| < sup mln |£(Alg) +|L(Alg) — L(Alg)| < 2Le. (19)

ngeAhlg'e MgeA Mg EeA

e Next, we turn to bound the second term maxyizc 7, |g(Alg)|. Applying union bound directly on A, and
combining it with (18), then we will have that with probability at least 1 — 2§,

)\/bg(N(ﬂ,p, €)/6) (20)

Alg)| < (B+K1
jnax lg(Alg)| < ( ogn T

Proof of Eq. (4): Combining the upper bound above with the perturbation bound (19), we obtain that

log(N(A. p.£) /)

cnT (21)

max |g(Alg)| < 2Le + (B + K log n)\/
Alge A

This in turn concludes the proof of (4) since Ryrry,(Alg) < 2supyigen | L(Alg) — L(alg)|.
Proof of Eq. (5): To conclude, we aim to establish (5). Specifically, the precise statement we will establish
is stated below

- D/2
RyvTL(Alg) < ér;% {8Ls+ %’;gn(/ Viog N (A, p, u)du +D+\/log(1og(D/8)/5))} (22)

where we use the convention x; = max(x,1). To this end, we will bound maxyigec 4, |g(Alg)| via successive
g-covers which is the chaining argument. Following Definition 3.4, let D := supyg s, 0(Alg, Alg'). Define
M := min{m : 2™e > D}, and for any m € [M], let U,, denote the minimal 2"e-cover of U,,_1, where
Uy == Ag. Since Uy € Up—1--- € Uy € A, we have | Uy, = N(Un-1,p,2™e) < N(A, p,2"e) and
|Up| < N(A,p, D) =1. Let AlgM € Uy, denote the unique algorithm hypothesis in Uy,;. We have that

max |g(Alg)| < max |g(Alg) — g(Alg™)|+|g(A1g™)|
Alge A, AlgelUy

M-1

IA

i Alg) — g(Alg))| + |g(a1g™)]. 23
=OA1r;137>1<mAlngl}erM|g( g) — g(Alg))| +|g(a1g™)] (23)
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In what follows, we will prove that for any Alg, Alg’ satisfying p(Alg,Alg’) < u (u > 0), with high

probability, |g(Alg) — g(Alg’)| is bounded by ‘/% up to logarithmic terms.

Apply similar martingale sequence analysis as in Step 1. This time, we set X; ; = E[ft (Alg)—ft(Alg’)|St(i)]
where we assume p(Alg, Alg’) < u. Similarly, we have that X; , = f,(Alg) - ~Z,(Alg’)7 and X; o = E[f,(Alg) -
ft(Alg’)] = L,;(Alg) — L,(Alg’). Therefore, the sequences {X;.0,...,X;.n},t € [T] are Martingale sequences
with respect to E[X,,ilSt(i_l)] = X;.i—1. We again omit the subscript ¢ for x,y and S in the following and try
to bound the difference of neighbors.

X0 = Xpi1] = ’E [E,(Alg,) - Li(a1g)|SP | -E [E(Alg) - L (a1g) S“-”]
1 <& , ) , .
< E |:€(yj»f§:([jgl) (x))) - f(yj,fﬁfﬂ) (x)) 3(1)] -E [f(yj,fﬁfgl) (x))) - f(y;,fé}f,l) (z;))|SY 1)]
Jj=i
) 2Lu 1 v , : , -
D) E[f(yj,fét-gn(mj))—f(yj,fﬁ?n(m,->>s“>] —E[f(yj,féiflxw,-)) = Uy fot o @)|SC ”]
J=i+l
(e 2Lu 1 ~~ Ku 2Lu+Kulogn
< —+ - —_— < —.
n n &~ j n
Jj=i+l

for i < n. Here, (d) is from the facts that loss function €(-,-) is L-Lipschitzness and p(Alg,Alg’) < u by
following the same analysis in deriving (19), and (e) follows Assumption 3.1. Then we have

2Lu  2Lu+ Kulogn
| Xtn = Xin-1] < e < -,

Note that |£;(Alg) — £, (Alg’) — (L;(Alg) — L,(Alg'))| = |X;.0 — Xi.n| and for every ¢ € [T], we have

2 2
Y Xei = Xeical? < M. As a result of applying Azuma-Hoeffding’s inequality, we obtain

P(1L,(Alg) — £, (Alg’) — (£, (Alg) — L (Alg))| = 7) < 2 mZGLekian®, Vi € [T].

Now let us instead consider Y; := g(Alg) — g(Alg’) for t € [T]. Then following proof as in Step 1, we derive

1 T
P(‘?ZY,

t=1

_ /nT72 _ /nT72
> T) < 26 u2 (2L+K logn)?2 - P(lg(Alg) — g(Alg,)| > T) < 26 u2(2L+K logn)?2

where ¢’ > 0 is an absolute constant. Consider the discrete set U, with cardinality |U,,| = N(Um, p,2™e) <
N(A, p,2Me) and its 2" e-cover Upy1. Applying union bound over U,,, we have that with probability at
least 1 — 26,

log(N (A, p,2Mme)[6)

max min |g(Alg) — g(Alg))| < 2"e(2L + K log n)\/ T
c'n

AMge Uy, Alg' € Ui

Now by again applying union bound, with probability at least 1 — 2§, the first term in (23) is bounded by

M-1 M-1
) log(M - N(A, p,2™e)/5)
Alg) — g(Alg))| < 2L+ K1 2"”1\/
2, 15 o 18(418) ~ g(A18)] < (2L + Klogn) mZO ¢ o
D2 Nog(M - 5
< 4(2L+K10gn)/ \/og( N,(ﬂ,p,u)/ )du. (24)
£/2 c’'nT

Now combining the results of (18), (23) and (24), and following the evidence that Alg™ € Uy, is unique,
we bound supy,e 4, |§(Alg)| as follows, that with probability at least 1 — 46
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/ .
sup |g(Alg)| < 4(2L + K logn) /D : \/log(M N(A p.0)/0) du+ (B + K log n)‘llogc(n#' (25)
&g/2

Alge A, c’'nT

Here D :=supyg a1gc s 0(Alg, Alg') and M := min{m : 2"e > D}.
e Combining (19) and (25), we obtain that with probability at least 1 — 46,

- D/2 } [
sup |L(Alg) — £(A1g)| < irilf) {4L8 +4(2L + K log n) / \/log(M N(A p.0)/0) du+ (B + K logn) 105;(”#}’

AlgeA c’'nT

where D := Supy, a1gre 1 £(Alg, Alg’) and M := min{m : 2mtle > D} < log %.
Applying Ryrr(Alg) < 2 SUPj1ge A )L(Alg) - .Z(Alg)| completes the proof. ]
Till now, we consider the setting where each task is trained with only one trajectory. In the following, we

also consider the case where each task contains multiple trajectories. To start with, we define the following
objective function as an extension of (ERM) to the multi-trajectory setting.

T M

— —~ 1 —~
Alg = i Alg) .= — Al 26
g=arg min L, (Alg) TM;M L, m(hlg) (26)
- 1 &
where Lo (A1) = = > E(yimir FA2 ) (@omi)-
n i=1 Si

M T

Here, we assume each task t € [T] contains M trajectories, and San = {{Sim}m_1}/—1

{(@mi> Yrmi) Yoy and (Tomi> Yemi) Hd D;. Then the following theorem states a more general version of
Theorem 3.5.

where S;,, =

Theorem C.2 Suppose the same assumptions as in Theorem 3.5 hold and let Zl\g be the empirical solution
of (26). Then, with the same probability, we obtain identical bounds to Theorem 3.5 by updating T with TM
in Equations (4) and (5).

Choosing M =1 results in the exactly same bound as in Theorem 3.5.
Proof. Following the same proof steps, and then we derive similar result as (16):

n‘r2
P(|Lsm(Alg) — Lrm(Alg)| > 7) < 2 2BK1zm? | Vte [T],me [M]. (27)

Let Yy = L m(Alg) — Z,,m (Alg). Since in-context samples are independent, ((Y,,m)f‘n’lzl)th1 are independent

zero mean sub-Gaussian random variables, with norm (¥} nlly, < M. Applying Hoeffding’s
inequality, we derive
—_ _ cnMT72
P(Z(ALg) - L(Alg)| > 7) < 2 Bokiin? (28)

where ¢ > 0 is an absolute constant. Therefore, we have that for any Alg € A, with probability at least 1 — 24,

If(Alg) - L(Alg)| < (B+Klog n)ﬂloci(%. (29)

The result is simply replacing T with MT in (18). It is from the fact that trajectories are all independent no
matter they are from the same task or not. By applying the similar analysis, the proof is competed. [ ]
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C.2 Transfer Learning Bound with i.i.d. Tasks

Following training with (ERM), suppose source tasks are i.i.d. sampled from a task distribution Dy.gx, and
let Alg be the empirical MTL solution. We consider the following transfer learning problem. Concretely,
assume a target task 7~ with a distribution 7~ ~ Diask and training sequence Sy = (2;)[L; ~ Dg. Define the

empirical and population risks on 7 as fq—(Alg) = % " €(yi,fSA?§1) (x;)) and Ly (Alg) = ]EST[ET(Alg)].

i
Then the expected excess transfer risk following (ERM) is defined as
Er[Ry(Alg)] = Er[Lr(Alg)] - arg min Ey{Lr(Alg)]. (30)

Theorem C.3 Consider the setting of Theorem 3.5 and assume the source tasks are independently drawn
from task distribution Dygsr. Let Alg be the empirical solution of (ERM) and T ~ Diask. Then with
probability at least 1 — 26, the expected excess transfer learning risk (30) obeys

2log(N (A, ,0,8)/5)}

(31)

Er[Rr(41g)] < min {4L8 + B\/ T

Proof. Recap the problem setting in Section 2 and let Alg'’ = arg mingge 7 BE7[L7(Alg)]. The expected
transfer learning excess test risk of given algorithm ATl\g € A is formulated as

Eq[Rs(Alg)] = Ex[ L7 (Alg)] - Er[ Ly (Algh)] (32)
=Eq[Lr(Alg)] - Ls,, (Alg) + Ls,, (Alg) - Ls,, (Algh) + Ls,, (Alg") —Es[Lr(Algh]. (33)

a b c

Here since jﬁé is the minimizer of training risk, » < 0. Then we obtain

T
— 1 —~
Er[Ry(A1g)] <2 sup [Er[Lr(Alg)] -7 > Li(Alg)|. (34)
AlgeA =1
For any Alg € A, let X; = f,(Alg) and we observe that
Er-Dyu [Xi] = Brop,n [ L (Alg)] = Erop,,., [ £:(Alg)] = E7[ L (A1g)].
Since X;, t € [T] are independent, and 0 < X; < B, applying Hoeffding’s inequality obeys
]_ r e~ 2’1“1‘2
P ( Er[Lsr(Alg)] - T Z L:(Alg)| > T) < 2e” BZ . (35)
=1

Then with probability at least 1 — 28§, we have that for any Alg € A,

log(1/6)
< Bw/T. (36)

Next, let A, be the minimal e-cover of A following Definition 3.3, which implies that for any task 7 ~ Diag,
and any Alg € A, there exists Alg’ € A,

| L7 (Alg) — L7 (A1g)|, | Ly (Alg) — L(Alg))| < Le.

T
B Lr(hg)] - 5 ) L (M)
t=1

Since the distance metric following Definition 3.4 is defined by the worst-case datasets, then there exists
Alg’ € A, such that

<2Le. (37)

S

Er[Lr(Alg)] -

T —
> Ling)
t=1

28



Let N(A, p,e) = |A| be the e-covering number. Combining the above inequalities ((34), (36) and (37)),
and applying union bound, we have that with probability at least 1 — 26,

2log(N (A, p,£)/0) }

Er[Rs(Alg)] < min {4L£ + B\/ T

|
Understanding the MTL performance in Figure 4: Following transfer learning discussion in Sec
4, let us ask the same question for the MTL algorithm: If the transformer perfectly learns the MTL tasks
Oy = (,Bt)thl, it does not actually need n = Q(d) samples to perform well on new prompts drawn from
source tasks. To see this, consider the following algorithm: Given a prompt, Alg(®yrrr,) conducts a discrete
search over (ﬁ,)th , and returns the source task that best fits to the prompt. Thanks to the discrete search
space, it is not hard to see that, we need n « log(T) samples rather than n « d (also see Figure 9). In
contrast, based on Figures 4(a,b,c), MTL behaves closer to n o d empirically. On the other hand, Alg(@nr)
implemented by the transformer is rather intelligent: This is because MTL risks for d € {5, 10,20} are all
strictly better than implementing least-squares® and the performance improves as T gets smaller. We leave
the thorough exploration of the inductive bias of the MTL training and characterization of Alg(®yrr,) as an
intriguing future direction.

C.3 Transfer Learning from the Lens of Task Diversity

In Section 4, we motivated the fact that transfer risk is controlled in terms of MTL risk and an additive
term that captures the distributional distance i.e. Lq(Alg) < Ly (Alg) + dist(7T, (D th 1)- The following
definition is a generalization of this relation which can be used to formally control the transfer risk in terms
of MTL risk.

Definition C.4 (Task diversity) Following Section 2, we say that task T is (v, €)-diverse over the T source
tasks if for any Alg, Alg € A,

T
Lrtng - L) < |1 35 (£(419) - Li41g) | v+ e

Now let us discuss transferability in light of this assumption and Thm 3.5. Consider the scenario where n
is small and T — oo. The excess MTL risk will be small thanks to infinitely many tasks. The transfer risk
would also be small because larger T results in higher diversity covering the task space. However, if the
target task uses a different/longer prompt length, transfer may fail since the model never saw prompts longer
than n. Conversely, if we let n — oo and T to be small, although the MTL risk is again zero, due to lack
of diversity, it may not benefit transfer learning strongly. Task diversity assumption leads to the following
lemma that bounds transfer learning in terms of MTL risk.

Lemma C.5 Consider the setting of Theorem 3.5. Let Tl\g be the solution of (ERM) and assume that target
task T is (v, €)-diverse over T source tasks. Then with the same probability as in Theorem 3.5, the excess

transfer learning risk R-(41g) = Lo(41g) — minggeqn L7(41g) obeys Rr(41lg) < RM+@ + 2€.

Here we emphasize that the statement holds for arbitrary source and target tasks; however the challenge is
verifying the assumption which is left as an interesting and challenging future direction. On the bright side,
as illustrated in Figures 4&5, we indeed observe that, transfer learning can work with reasonably small 7" and
it works better if the target task is closer to the source tasks.

Proof. Let Alg, Alg* be the empirical and population solutions of (ERM) and let Alg’ := arg min£s(Alg).
Alge A

Then the transfer learning excess test risk of given algorithm Alg € A is formulated as
Ry (Rlg) = L7(Alg) - Ly (Alg')
= L7(Alg) - L7(Alg") + L7(Alg") - Lr(Alg).

80rdinary least-squares achieves the minimum risk for transfer learning (T = c0) however it is not optimal for finite 7.
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Since target task 7~ is (v, &)-diverse over source tasks, following Definition C.4, we derive that

Alg) — Alg* R Alg
LyvrL(Alg) — LyrL(Alg )+e= ML ( g)+8
v v
Alg*) — Mgt
Lyrn(Alg®) — LyTL(Alg') te<e
)4

L7 (Alg) — L7 (Alg*) <

Ly (Alg*) - L7 (Alg') <

Here, since Alg* is the minimizer of Lyr7r,(Alg), Ly (Alg*) — Ly (Algh) < 0. Then, Lemma C.5 is easily
proved by combining the above two inequalities. [ ]

D Proof of Theorem 5.4

Lemma D.1 Suppose Assumptions 5.2 and 5.3 hold. Assume input and noise spaces X,W are bounded
by x,w. Let W = (w1,...,w;,Wj41,...,Wy) and W = (wy,... ,wj_l,w},wj+]_, .o, W) be two arbitrary
sequences and the only difference between W and W' is the j’th term of the sequence. Allow the final excitation
term W4 to be stochastic (and so are Ty, x),,,). Then, for any f € F, Alge A, W, W, m, and j <m,
we have the following:

K 2C,w

s m—-j+11-p°

B [(@mers S8 @n)] = B, [f(w:m,f“g) <a::n>>} ' <

Additionally, for the sequences that differ only at their initial states, for any xo, zy € X, we have

UEprs [12 (2, ))] '

n
Ewm+1 [Z(mm+1a fS(;fL) (xm))] - Ewm+1 S(m)
Proof. First, let us bound ||z; — ||, for every i = j,...,n. For i = j, since W is bounded by w, we have
lz; —2ille, = 1 f(zj-1) +w; — f(xj-1) —wille, < 2w < 2C,w.
For i > j, we have the following from Assumption 5.2:

l: = zflle, < Cop ™ la; — ajlle, < 2Cpp" W

Finally, using Assumption 5.3, we obtain

E(wm+1) I:f(a:m+1’ fg:(l.y%]) (wm))] _E(wm+1) [f(w;n.'.l’ 2}5)(‘3 ))] '

To prove the second part of the lemma, similarly we have

lzo — xplle, < 2% and then, |[l@; — z/|ls, < 2C,p'x.
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Again using Assumption 5.3, we obtain

E(wm+1) [Z(wm*'l’féii) (xm)):l _E(wm-H) [f(w:'n+1’ Alg ( ))] ‘

S(m)
K m
m_ﬁl;nml z;le,
K - < K 2C,x
<———2Cx Y pf <« —— . 38
m—j+ 1 px;p m—j+11-p (38)

Theorem D.2 (Theorem 5.4 restated) Suppose Assug_@gtions 5.2 and 5.3 hold and assume loss function
{(x, &) : X x X — [0, B] is L-Lipschitz for all ® € X. Let Alg be the solution of (ERM) under the dynamical
setting as described in Section 5. Then with probability at least 1 — 28, the excess MTL test risk (2) obeys

log(N (A, p, £)/6) }

Ry (4lg) < inf {4Ls +2(B+Klog n)\/
£>0 cnT

where K = 2K - (w +x/4n).

Proof. We follow the similar strategy as in the proof of Theorem 3.5. The main difference is that we
need to consider the dynamical system setting. Therefore, let us recall the dynamical problem setting in
Sections 2&5. Suppose there are T independent trajectories generated by T dynamical systems, denoted

by 8 = (@10, @1, s &Tin), t € [T] where x;; = fi(2;,-1) + wy. Here, we consider the prediction function
fgtg) : X — X, and denote the previously observed sequences with S,(l) = (@0, -+ ,®;). The objective

function in (ERM) can be rewritten as follows:

T
_ . 14 -
Rlg =arg min L, (Alg) = 7 ; L,(Alg) (39)

. 1 n
where  Z;(Alg) = ~ lef(m,i,f;;in (0.i-1)).
=

Following the same argument as in the proof of Theorem 3.5, the excess MTL risk is bounded by:

R (Rlg) < 2 sup |L£(Alg) — L(Alg)l.
Alge A

Step 1: We start with the concentration bound |£(Alg)- L(Alg)| for any Alg € A. Define the random
variables X, ; = ]E[L,(Alg)|wt0, ('w,k)k ] fori € [n] and 1 € [T], that is, X;; is the expectation over L,(Alg)
given the filtration of x;o and ('w,k)k:l. Then, we have that X; , = E[ft(Alg)mf:,O, (we)p_ ] = ft(Alg). Let

X0 = E[ft(Alg)]. Then, for every ¢ in [T], the sequences {X; 0, X;.1,...,Xs,n} are Martingale sequences.
Here we emphasize that X; o = E[X;.1|2:0, ws1]. For the sake of simplicity, in the following notation, we omit
the subscript ¢ for x,w and S, and look at the difference of neighbors for 1 <i < n. Here, observe that “given
Fi = {xo, (wk)iﬂ}” implies {xg, - ,x;} are known with respect to this filtration.

[ Zf(%, é%,gl)(%—l))
1 n
<52

(@B 1 -«

< Z4+Z

" n n Z

J=i+l

|Xt,i - Xt,i—1| = o, (wk)

mO’(wk);;l] [ Zf(m]’ S(J 1)(33] 1)

[£<w,, FoE ) (@j1))|ao, (wi)i 1} [f(x,-,fgif_l)(w,_u) aso,(wm;;;i]

20, <wk>;;;1]

[f(w], R (2m0))

wo,<wk>;;:1] [f(w], M ()
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Here, (a) follows from the fact that loss function £(-,-) is bounded over [0, B]. To proceed7 call the right side
terms Dj; = |E[€(acj,fs<j (- 1))|:L'0, (wk)k = E[f(wj,fsw (@) 1))|SE0, (wi)iZ ]|. We now use the fact

that D; is an expectation over the sequence pairs that differ exactly at w;. For any realization x(, (w}()izl,
we use the first part of Lemma D.1 to obtain

E[f(mj’fsu y (- 1))|m0’(wk)k 1o (Wil

~BleCay. £ (@p-)foh, iz (w0 = =

Now taking expectation over (wy);_;, we obtain

K 2C,w
Djiﬁf —.
J—il-p

Combining above, for any n > i > 1, we obtain
B 1< K 2C,w B Klogn2Cyw
|Xti_Xt11|<_+_Z <2280 —.
1]—11 p n n 1-p

n
J=i+

If we use the same argument as above and apply the second part of Lemma D.1, we obtain the following
bound for |X; 1 — X; 0l

X1 Xo|<B Klogn?C(w+x)
11— Xy —

n 1-p
Moreover, as the loss function is bounded by B, we have
B B Klogn2Cyw

|Xt,n _Xt,n—ll <=—<-=+ —
n n n 1-p

Note that | L, (Alg) — f,(Alg)l =|X:,0 — X¢.n| and for every t € [T], we obtain

n (n—1)(B+1< 2% Jog n) (B+KM1 ) (B+2Kv§—10g”

izzl |Xt,i - Xt,i—1|2 2 < p

Armed with this bound on increments, we can now apply Azuma-Hoeffding and obtain the result equivalent
to Eq. (16) in the proof of Theorem 3.5 by swapping K with K = QK%(W +Xx//n).

Step 2: Next, we turn to bound sup,;,c 5 |£(Alg) —.Z(Alg)| where A is assumed to be a continuous
search space. We follow the analysis in Step 2 of the proof of Theorem 3.5 verbatim: By applying an
g-covering argument in an identical fashion (e.g. until obtaining (21)), we conclude with the result. ]

E Model Selection and Approximation Error Analysis

To proceed with our analysis, we need to make assumptions about what kind of algorithms are realizable by
transformers. Given ERM is the work-horse of modern machine learning with general hypothesis classes, we
assume that transformers can approximately perform in-context ERM. Hypothesis 1 states that the algorithms
induced by the transformer can compete with empirical risk minimization over a family of hypothesis classes.

With this hypothesis, instead of searching over the entire hypothesis space ¥,y := Ugl ¥Fi, given prompt
length m we search over the hypothesis space 7, only, and comp(%;,) < comp(Fan) where comp(-) captures
the complexity of a hypothesis class.

In Hypothesis 1, we assume that F is a family of countable hypothesis classes with |F'| = H. As stated in
Section 6, F is not necessary to be discrete. The following provides some examples of F, where the first three
correspond to discrete model selection whereas the left are continuous.
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[Fsparse = {F . s-sparse linear model},

= {¥; : 2-layer neural net with width s},

o FRF = {7 : Random forest with s trees},

e Fridee = {7, : Linear model with parameter bounded by |3, < A} (akin to ridge regression)
o Fweighted — (= - Tinear model with covariance-prior £, 372713 < 1} (akin to weighted ridge).

To proceed, let us introduce the following classical result that controls the test risk of an ERM solution in
terms of the Rademacher complexity [37, 31].

Theorem E.1 Let ¥ : X — Y be a hypothesis set and let S = (x;,y;)IL, € X XY be a dataset sampled i.i.d.
from distribution D. Let €(y,q) be a loss function takes values in [0, B]. Here €(y,-) is L-Lipschitz in terms
of Euclidean norm for all y € Y. Consider a learning problem that

A 1%
f = arg min - ; C(yi, f(i)). (40)

Let £* = mingeg L(f) where L(f) = E[t(y, f(x))]. Then we have that with probability at least 1 — 25, the
excess test risk obeys

oql»—'

lo
L(f) = L* < 8LR(F) + 4By —2

where R, (F) = Es By, [supfegc% i 0] f(x;)] is the Rademacher complexity of F [37] and o7;’s are vectors
with Rademacher random variable in each entry.

Lemma E.2 (Formal version of Observation 1) Let L7 := minizeca L7(41g) be the optimal target risk
as stated in Section 2. Assume that Hypothesis 1 holds, then the approximation error obeys

%Z min {Lh + LRy (F7) + &1 }+\/—§ (41)

where R, (F) is the Rademacher complexity over data distribution Dy, and L) = minges, E[{(y, f(2))].

Proof. Let us assume Hypothesis 1 holds for algorithm Iﬁé € A. Since L;. is the minimal test loss, we
have that

L} < Ly(hlg) =Es,

Zf(y,, f88 (@i ))l iEm,y,sw) ey 152, @)
i:l

Then by directly applying Hypothesis 1 we have that

1
L3 < By [0, 55 )]+ § B sy | €U, FA8 (@) (42)
B 1 n-1
< —+- min {risk(h, m) + sggm} . (43)
n n = he[H|

Here the first term in (43) comes from the fact that loss function is bounded by B, and we assume
S =0, and the second term follows the Hypothesis 1. Next, we turn to bound risk(h, m). To proceed, let

33



Xhm .= E(z.y) [t’(y, féﬁl) (sc))] be the random variables, where we have |X»™| < B. Following Theorem E.1,
we have that for any m € [n], h € [H]

mT2
P (X’“” — L} = SLRu(Fi) 2 ‘r) < e Tem?

The upper-tail bound of the last line implies that there exists an absolute constant ¢ > 0 such that

risk(h, m) = Egom [Xh’m] < L +8LRyu(Fn) + \C/—%

Combining it with (43) and following the evidence .7 _; ﬁ < 24/n complete the proof.

F  Further Related Work on Multitask/Meta learning

In order for ICL to work well, the transformer model needs to train with large amounts of related prompt
instances. This makes it inherently connected to meta learning [15]. However, a key distinction is that, in
ICL, adaptation to a new task happens implicitly through input prompt. Our analysis has some parallels
with recent literature on multitask representation learning [32, 13, 51, 8, 26, 21, 42, 50, 10, 34, 14, 58] since
we develop excess MTL risk bounds by training the model with T tasks and quantify these bounds in terms
of complexity of the hypothesis space (i.e. transformer architecture), the number of tasks 7, and the number
of samples per task. In relation to [48, 7], our experiments on linear regression with covariance-prior (Figure
2(b)) demonstrate ICL’s ability to implicitly implement optimally-weighted linear representations.
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