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Abstract

Learning how to effectively control unknown dynamical systems is crucial for intelligent autonomous
systems. This task becomes a significant challenge when the underlying dynamics are changing with time.
Motivated by this challenge, this paper considers the problem of controlling an unknown Markov jump
linear system (MJS) to optimize a quadratic objective. By taking a model-based perspective, we consider
identification-based adaptive control for MJSs. We first provide a system identification algorithm for MJS
to learn the dynamics in each mode as well as the Markov transition matrix, underlying the evolution of
the mode switches, from a single trajectory of the system states, inputs, and modes. Through mixing-time
arguments, sample complexity of this algorithm is shown to be O(1/ V'T). We then propose an adaptive
control scheme that performs system identification together with certainty equivalent control to adapt the
controllers in an episodic fashion. Combining our sample complexity results with recent perturbation
results for certainty equivalent control, we prove that when the episode lengths are appropriately chosen,
the proposed adaptive control scheme achieves O(+/T') regret, which can be improved to O(polylog(T'))
with partial knowledge of the system. Our proof strategy introduces innovations to handle Markovian
jumps and a weaker notion of stability common in MJSs. Our analysis provides insights into system
theoretic quantities that affect learning accuracy and control performance. Numerical simulations are
presented to further reinforce these insights.

1 Introduction

A canonical problem at the intersection of machine learning and control is that of adaptive control of an
unknown dynamical system. An intelligent autonomous system is likely to encounter such a task; from
an observation of the inputs and outputs, it needs to both learn and effectively control the dynamics. A
commonly used control paradigm is the Linear Quadratic Regulator (LQR), which is theoretically well
understood when system dynamics are linear and known. LQR also provides an interesting benchmark, when
system dynamics are unknown, for reinforcement learning (RL) with continuous state and action spaces and
for adaptive control [2,4,9,16,36,47].

A generalization of linear dynamical systems called Markov jump linear systems (MJSs) models dynamics
that switch between multiple linear systems, called modes, according to an underlying finite Markov chain.
MJS allows for modeling a richer set of problems where the underlying dynamics can abruptly change over
time. One can, similarly, generalize the LQR paradigm to MJS by using mode-dependent cost matrices, which
allow different control goals under different modes. While the MJS-LQR problem is also well understood
when one has perfect knowledge of the system dynamics [12,14], in practice, it is not always possible to have
a perfect knowledge of the system dynamics and the Markov transition matrix. For instance, a Mars rover
optimally exploring an unknown heterogeneous terrain, optimal solar power generation on a cloudy day, or
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Figure 1: State trajectories for a two-modes MJS { with Markov matrix [ ] and xg = 1.

controlling investments in financial markets may be modeled as MJS-LQR problems with unknown system
dynamics [6, 8,46, 60, 64]. Earlier works have aimed at analyzing the asymptotic properties (i.e., stability) of
adaptive controllers for unknown MJSs both in continuous-time [7] and discrete-time [66] settings, however,
despite the practical importance of MJSs, non-asymptotic sample complexity results and regret analysis for
MJSs are lacking. The high-level challenge here is the hybrid nature of the problem that requires consideration
of both the system dynamics and the underlying Markov transition matrix. A related challenge is that,
typically, the stability of MJS is understood only in the mean-square sense. This is in stark contrast to the
deterministic stability (e.g., as in LQR), where the system is guaranteed to converge towards an equilibrium
point in the absence of noise. In contrast, the convergence of MJS trajectories towards an equilibrium depends
heavily on how the switching between modes occurs. Figure 1 shows an example (adapted from [14]) of an
MJS that is stable in the mean-square sense despite having an unstable mode. Clearly, under an unfavorable
mode switching sequence, the system trajectory can still blow up. High-probability light tail bounds are
therefore not applicable without very strong assumptions on the joint spectral radius of different modes
(cf. [56]). Perhaps more surprisingly, there are examples of MJS with all modes individually stable, however
due to switching, the system exhibits an unstable behavior on average, and the MJS is not mean-square
stable (see Example 3.17 of [14]). Therefore, finding controllers to individually stabilize the mode dynamics
does not guarantee that overall system will be stable when mode switches over time. This more relaxed
notion of mean-square stability presents major challenges in learning, controlling, and statistical analysis.
Contributions: In this paper, we provide the first comprehensive system identification and regret guarantees
for learning and controlling Markov jump linear systems using a single trajectory while assuming only
mean-square stability (see Def. 3.1). Importantly, our guarantees are optimal in the trajectory length T
Specifically, our contributions are as follows':

e System identification: For an MJS with s modes, the system dynamics involve a Markov transition
matrix T € R**® and s state-input matrix pairs (A;,B;);_;. We provide an algorithm (Alg. 1) to
estimate these dynamics with an error rate of O((n +p) log(T)\/s/_T ), where n and p are the state and
input dimensions respectively, and the O(1/v/T) dependence on the trajectory length T is optimal.

. O(\/T )-regret bound: We employ our system identification guarantees for the MJS-LQR. When the
system dynamics are unknown, we show that the certainty-equivalent adaptive MJS-LQR, Algorithm
(Alg. 2) achieves a regret bound of O(v/T). Remarkably, this coincides with the optimal regret bound
for the standard LQR problem obtained via certainty equivalence [47].

o O(polylog(T))-regret with partial knowledge: We also consider the practically relevant setting
where the state matrices are unknown but the input matrices are known. We show that the regret bound
can be significantly improved to O(polylog(7')). This bound also coincides with the polylogarithmic
regret bound for the standard LQR with the knowledge of the input matrix B [10].

Lorders of magnitude here are up to polylogarithmic factors



Technical tools: Besides these key contributions to MJS control, our proof strategy introduces multiple
innovations. To address Markovian mode transitions, we introduce a mixing-time argument to jointly track
the approximate-dependence across the states and the modes. This in turn helps ensure each mode has
sufficient samples and these samples are sufficiently informative. Secondly, as clarified further below, due
to mean-square stability and mode transitions, it becomes non-trivial to determine whether the states have
a light-tailed distribution (e.g., sub-gaussian or sub-exponential). To circumvent this, we develop intricate
system identification arguments that allow for heavy-tailed states. Such arguments can potentially benefit
other RL problems with heavy-tailed data.

2 Related Work

Our work is related to several topics in model-based reinforcement learning, system identification, and
adaptive control. A comparison with the related works, in the LQR setting, is provided in Table 1.

e System Identification: Learning dynamical models has a long history in the control community, with
major theoretical results being related to asymptotic properties under strong assumptions on persistence of
excitation [45]. The problem becomes harder for hybrid and switched systems where the initial focus was on
computational complexity as opposed to sample complexity of learning [40,53]. There are some recent results
on asymptotic consistency [30] in the switched system setting, a special case of MJS where the modes change
in an independently and identically distributed manner. Identification of MJS has also attracted attention
from different communities in the case when mode sequence is hidden [25,63].

e Sample Complexity of System Identification: There is a recent surge of interest towards understanding
the sample complexity of learning linear dynamical systems from a single trajectory under mild assumptions [52],
using statistical tools like martingales [55,59,61] or mixing-time arguments [35,50]. Recently, [34] provides
precise rates for the finite-time identification of LTI systems using a single trajectory. The literature gets
scarcer for switched systems. In [38], a novel approach based on Lyapunov equation is proposed for systems
with stochastic switches, but no theory is built. [56] is one of the early works — and it seems to be the only
work not assuming persistence of excitation — to provide finite sample analysis for learning systems with
stochastic switches, yet with additional strong assumptions like independent switches and small joint spectral
radius. The proof techniques developed within our work aim to obviate such assumptions. Our paper tackles
the open problem of learning MJS from finite samples, obtained from a single trajectory, with theoretical
guarantees under mild assumptions.

e Learning-based Control and Regret Analysis: As a direct application of single-trajectory system
identification results, one can provide more sophisticated adaptive control guarantees from regret perspective
[1,2,16,23,29,47]. Specifically, [58] achieves O(\/T) regret lower bound for adaptive LQR. control with
unknown system dynamics, while with partial knowledge of the system [10] or persistence of excitation
assumptions [37], one can achieve logarithmic regret [10,37], as no additional excitation noise is needed
to guarantee learnability of the system. However, in the MJS setting, due to the lack of well established
identification analysis, prior works provide guarantees [7,66] from the stability aspect. The case of input
design without system state dynamics is considered in [5], which can be thought of as a generalization
of linear bandits to have a Markovian structure in the reward function without any continuous dynamic
structure. However, only a regret lower bound is provided in [5]. Finally, we refer the reader to the survey
papers [28,48,54] for a broad overview of the recent developments on non-asymptotic system identification,
adaptive control and reinforcement learning from the perspective of optimization and control.

e Model-free Approaches: Somehow orthogonal to the above developments, but still highly relevant, are
approaches that sidestep system identification and try to learn an optimal controller (policy) directly (among
many others, see e.g., [24,49,68,69]). These works analyze the optimization landscape of LQR and related
optimal control problems and provide polynomial-time algorithms that lead to a globally convergent search
in the space of controllers. Importantly, these optimization algorithms do not require the knowledge of the
system parameters as long as relevant quantities like gradients can be approximated from simulated system
trajectories. More recently, this line of work is extended to MJSs in [33], significantly expanding their utility.
However, these works require multiple trajectories to estimate the gradients as opposed to a controller that



adapts at run-time, therefore, they provide a complementary perspective to the single trajectory adaptation
and regret analysis in our work.

A preliminary version of this work has been submitted to the American Control Conference 2022 [19], where
we provide preliminary guarantees for the data-driven control of MJS. In contrast to this paper, Algorithm 1
in [19] performs a fairly-sophisticated double-subsampling to estimate the unknown MJS dynamics (A;, B;);_;
and T with guarantees. On the other hand, Algorithm 1 in this paper uses all of the bounded samples from
an MJS trajectory to estimate the unknown MJS dynamics. In this paper, we provide new and substantially
improved results for the adaptive control of MJS with unknown state matrices but the input matrices are
known. We also analyze the impact of “mean-square stability” (see Def. 3.1) on our regret bounds by replacing
it with “uniform stability” (see Sec. 5.2). Hence, this paper also provides regret bounds for the adaptive
control of MJS under uniform stability assumption. Furthermore, it also provides the necessary technical
framework and the associated proofs. Lastly, compared to [19], the exposition of this paper is significantly
improved by adding detailed discussions on the design of initial stabilizing controllers for the adaptive control
of MJS and analyzing the sub-optimality gap for the offline control of MJS.

Table 1: Comparison with prior works in the LQR setting.

Model | Reference Regret Computational Cost Stabilizability /
Complexity Controllability
2] VT Exponential Strongly Convex Controllable
[32] VT Exponential Convex Controllable
[3] (one dim. systems) | VT Polynomial Strongly Convex Stabilizable
LTI [15] %3 Polynomial Convex Stabilizable
[47] VT Polynomial Strongly Convex Controllable
[13] VT Polynomial Strongly Convex | Strongly Stabilizable
[22,58] VT Polynomial Strongly Convex Stabilizable
[10] (known A or B) polylog(T") Polynomial Strongly Convex | Strongly Stabilizable
MIS Ours 2T Polynomial Strongly Convex MSS
Ours (known By.;,) s?polylog(T) Polynomial Strongly Convex MSS

3 Preliminaries and Problem Setup

Notations: We use boldface uppercase (lowercase) letters to denote matrices (vectors). For a matrix V,
p(V) denotes its spectral radius. We use | - | to denote the Euclidean norm of vectors as well as the spectral
norm of matrices. Similarly, we use | |1 to denote the £;-norm of a matrix/vector. The Kronecker product
of two matrices M and N is denoted as M ® N. V., denotes a set of s matrices {V;}7_; of same dimensions.
We define [s]:= {1,2,...,s} and |V 1| := max;c,1 | Vi]. The i-th row or column of a matrix M is denoted
by [M];. or [M].; respectively. Orders of magnitude notation O(-) hides log(%) or log2(%) terms.

3.1 Markov Jump Linear Systems

In this paper we consider the identification and adaptive control of MJSs which are governed by the following
state equation,
w(t) ~ Markov Chain(T),

Xti1 = ApXe + Boyug + wy - s.t. (3.1)

where x; € R, u; € RP and w; € R" are the state, input, and process noise of the MJS at time ¢ with

{wi}i2o i N(0,021,). There are s modes in total, and the dynamics of mode i is given by the state matrix
A; and input matrix B;. The active mode at time ¢ is indexed by w(t) € [s]. Throughout, we assume the
state x; and the mode w(t) can be observed at time ¢ > 0. The mode switching sequence {w(t)}:2, follows
a Markov chain with transition matrix T € R$*® such that for all ¢ > 0, the 7j-th element of T denotes the



conditional probability [T];; := P(w(t+1) = j | w(t) = i), ¥ 4,7 € [s]. Throughout, we assume the initial
state xo, the mode switching sequence {w(t)}2,, and the noise {w;};2, are mutually independent. We use
MJS(A1.s,Bi1:s, T) to refer to an MJS with state equation (3.1), parameterized by (A, Bi:s, T).

For mode-dependent state-feedback controller Ky.; that yields the input ut:Kw(t)xt, we use L;:=A; +B;K;
to denote the closed-loop state matrix for mode i. We use X¢+1=Lg,(1)X¢ to denote the noise-free autonomous
MJS, either open-loop (L;=A;) or closed-loop (L;=A; + B;K;). Due to the randomness in {w(t)};2,, it is
common to consider the stability of MJS in the mean-square sense which is defined as follows.

Definition 3.1 (Mean-square stability [14]) We say MJS in (3.1) with us = 0 is mean-square stable
(MSS) if there exists Xeo, oo such that for any initial state xo and mode w(0), as t — co, we have

[E[x¢] = %o = 0, |E[x¢x/] = Zoo| = 0, (3.2)

where the expectation is over the Markovian mode switching sequence {w(t)}2, the noise {w.}io, and the
initial state xo. In the noise-free case (w; =0), we have Xoo =0, Lo = 0. We say MJS in (3.1) with w;=0
is (mean-square) stabilizable if there exists mode-dependent controller Ki.s such that the closed-loop MJS
Xt41 = (Au) + BomKuw))xe is MSS. We call such Ky.s a stabilizing controller.

The MSS of a noise-free autonomous MJS is related to the spectral radius of an augmented state matrix
L e R¥""” with §j-th n2xn? block given by [L];; == [T];L; ® L;. As discussed in [14, Theorem 3.9], L can
be viewed as the mapping from E[x;x/ ] to E[xs+1X/,;], thus a noise-free autonomous MJS is MSS if and
only if p(L) < 1. The analysis of this work highly depends on certain “mixing” of the MJS — the distributions
of both state x; and mode w(t) can converge close enough to some stationary distributions within finite time,
which is guaranteed by the following assumption.

Assumption 1 The MJS in (3.1) has ergodic Markov chain and is stabilizable.

Ergodicity guarantees that the distribution of w(¢) converges to a unique strictly positive stationary distribution
[27, Theorem 4.3.5]. Throughout, we let 7, denote the stationary distribution of T and 7yin:=min; Tte (4).
We further define the mixing time [43] of T as tyci=inf {t € N: max;e(s) |([T']i:)" - oo |1 < 0.5}, to quantify
its convergence rate. In our analysis, ergodicity and ¢yic ensures that the MJS trajectory could have enough
“visits” to every mode i € [s] thus providing us enough data to learn [T];., A; and B;. On the other hand,
stability (or stabilizability) characterized by the spectral radius of L guarantees the convergence/mixing of
x4, which allows us to obtain weakly dependent sub-trajectories from a single trajectory of MJS, upon which
the sample complexity of learning the matrices A1.s and By.; can be established.

3.2 Problem Formulation

In this work we consider two major problems under the MJS setting: System identification and adaptive
control, with identification being the core part of adaptive control.

(A) System Identification. This problem seeks to estimate unknown system dynamics from data, i.e.
from input-output trajectory(ies), when one has the flexibility to design the inputs so that the collected
data has nice statistical properties. In the MJS setting, one needs to estimate both the state/input matrices
A, By for every mode i € [s] as well as the Markov transition matrix T. In this work, we seek to estimate
the MJS dynamics from a single trajectory of states, inputs and mode observations {x;,u;,w ()}, and
provide finite sample guarantees. As mentioned earlier, MJS presents unique statistical analysis challenges due
to Markovian jumps and a weaker notion of stability. Section 4 presents our system identification guarantees
overcoming these challenges. These guarantees are further integrated into model-based control for MJS-LQR
in Section 5.

(B) Online Linear Quadratic Regulator. In this paper, we consider the following finite-horizon
Markov jump system linear quadratic regulator (MJS-LQR) problem:

T
l{)lg J(uO:T) = Z E[X;Qw(t)xt+quw(t)ut],
o t=0

s.t. Xt,OJ(t) "‘MJS(AlzsaBllSaT)‘

(3.3)



Algorithm 1: MJS-SYSID
2

Input: A mean square stabilizing controller K.,; process and exploration noise variances o2, and o2;
MJS trajectory {x¢,z;,w(t)}{, generated using input u; = K,,;yx; + z; with

Zt g N(O,JZIP); and data clipping thresholds cx, c;.
1 Estimate A5, By, for all modes i€ [s] do

2 S ={t | w(t) =1, |x¢| €cxow/log(T), |zi| <cao.} // sub-sample data
3 ©1,,0,;=argmin Yhes, [Xk+1 — © 1%y /0w — O2zy[0,|? /] regress with data S;

1,

4 B;-= (:)2,i/O'Za A= ((:)1,1' -B/K,)/ow

T

. < 1 Y=t w(t-1)=j . o

5 Estimate T: [T];; = Zt%T(“{” net=D=3} -/ Jempirical frequency of transitions
t=1 L t-1=5)

Output: ALS, Bl:sa T

Here, the goal is to design control inputs to minimize the expected quadratic cost function composed of
positive semi-definite cost matrices Q1.5 and Ry.s under the MJS dynamics (3.1). The quadratic cost incurred
by the state x; represents the deviation from target values, e.g. desired velocity, position, angle, etc., whereas,
the quadratic term in u; represents the control effort, e.g. energy consumption. The flexibility of having
mode-dependent cost matrices allows one to design different control requirements or trade-offs under different
circumstances. For the MJS-LQR problem (3.3), we assume the following.

Assumption 2 For allie[s], R;>0,Q;>0.

Assumptions 1 and 2 together guarantee the solvability of MJS-LQR when the dynamics are known [14,
Corollary A.21]. In the remaining of the paper, we use MJS-LQR(A 15, B1:s, T, Q1:5, R1:s) to denote MJS-LQR
problem (3.3) composed of MJS(A1.5,B1.s, T) and cost matrices Qq.s, Ri:s-

Recall our assumption that the states x; and the modes w(t) can be observed at time ¢ > 0. With
these observations, instead of a fixed and open-loop input sequence, one can design closed-loop policies that
generate real-time control inputs based on the current observations, e.g. mode-dependent state-feedback
controllers. When the dynamics A1.s, B1.s, T of the MJS are known, one can solve for the optimal controllers
recursively via coupled discrete-time algebraic Riccati equations [14]. In this work, we assume the dynamics
are unknown, and only the design parameters Q1. and Ry.s are known. Control schemes in this scenario are
typically referred to as adaptive control, which usually involves procedures of learning, either the dynamics or
directly the controllers. Adaptive control suffers additional costs as (i) the lack of the exact knowledge of the
system and (ii) the exploration-exploitation trade-off — the necessity to sacrifice short-term input optimality
to boost learning, so that overall long-term optimality can be improved.

Because of this, to evaluate the performance of an adaptive scheme, one is interested in the notion of
regret — how much more cost it will incur if one could have applied the optimal controllers? In our setting,
we compare the resulting cost against the optimal cost T'- J* where J* is the optimal infinite-horizon average
cost, 1

J* :=limsup = inf J(ug.r), (3.4)

T —o00 T uo:T
i.e., if one applies the optimal controller for infinitely long, how much cost one would get on average for each
single time step. Compared to the regret analysis of standard adaptive LQR problem [15], in MJS-LQR
setting, the cost analysis requires additional consideration of Markov chain mixing, which is addressed in this

paper.

4 System Identification for MJS

Our MJS identification procedure is given in Algorithm 1. We assume one has access to an initial stabilizing
controller K., which is a standard assumption in data-driven control [3,13,15,32,58] for LTI systems. For



MJSs, a thorough discussion on the validity of this assumption is provided in Section 6.1. Note that, if the
open-loop MJS is already MSS, then one can simply set Ki.s = 0 and carry out MJS identification. Given
an MJS trajectory {x,z;,w(t)}{_ generated using the input u; = K, 4)x; +z¢ (where z; ~ N'(0,021) is
the exploration noise), we sub-sample it, for each mode i € [s], to obtain s sub-trajectories with bounded
states x; and excitations z;. This sub-sampling is required because of the mean-square stability, which can
at most guarantee that the states are bounded in expectation. As a result of sub-sampling only bounded
states/excitations, we obtain samples with manageable distributional properties. After appropriate scaling,
we regress over these samples to obtain the estimates A, B, for each i ¢ [s]. Lastly, using the empirical
frequency of observed modes, we obtain the estimate T.

The following theorem gives our main results on learning the dynamics of an unknown MJS from finite
samples obtained from a single trajectory. One can refer to Theorems B.1 and B.17 in Appendix B for the
detailed theorem statements and proofs.

Theorem 4.1 (Identification of MJS) Suppose we run Algorithm 1 with cx = O(y/n) and c¢; = O(\/p).

Let p = p(f.;), where L is the augmented state matriz of the closed-loop MJS defined in Sec. 3.1. Suppose the

Vstue log2 (T)

s (n +p)). Then, under Assumption 1, with probability at least 1 -0,

trajectory length obeys T > @(
for all i € [s], we have

(02 + 0w) (0 + p) log(T)
max{|A; - A, |B: - Bi]) < ( e T \f)

1 [log(T) )

(4.1)

d |T-T|w<O
ond [T <0 Ly

Corollary 4.2 Consider the same setting of Theorem j.1. Additionally, when By.s are known, setting o, =0
and solving only for the state matrices leads to the stronger upper bound |A; - A;| < O((Tp)ggg) V%) for
allie[s].

Proof sketch [Theorem 4.1] Our proof strategy addresses the key challenges introduced by MJS and mean-
square stability. We only emphasize the core technical challenges here. The idea is to think of the set .S; as a

union of L subsets SZ-(T) defined as follows:

SZ-(T) ={r+kL | w(T+kL) =i, [Xripr| € cowBiv/n, |ZrinL| < coun/p}, (4.2)

where 0 < 7 < L -1 is a fixed offset and k = 1,2,...,[%]. The spacing of samples by L > 1 in each

subset Si(T) aims to reduce the statistical dependence across the samples belonging to that subset, to obtain
weakly-dependent sub-trajectories. This weak dependence is due to the Markovian mode switching sequence
{w(t) } >0 — unique to the MJS setting — and the system’s memory (contributions from the past states). Thus
L is primarily a function of the mixing-time (ty1c) of the Markov chain and the spectral radius (p(L)) of the

MJS. At a high-level, by choosing sufficiently large L (e.g., O(T')), we can upper/lower bound the empirical
covariance matrix of the concatenated state vector h,, := [ixﬂc g—z ]" for all 7, € S; ),

Unlike related works on system identification and regret analysis [lo, 36,37,52,59], mean-square stability
does not lead to strong high-probability bounds, as one can only bound |x;|| or x;x; in expectation. Therefore,
in Algorithm 1, we sample only bounded state-excitation pairs (x¢,z;) on each mode i € [s]. This boundedness
enables us to control the covariance matrix of h,,, despite MSS and potentially heavy-tailed states, via
non-asymptotic tool-sets (e.g., Thm 5.44 of [65]). However, heavy-tailed empirical covariance lower bounds
require independence, and our sub-sampled data are only “approximately independent” (coupled over modes
and history). To make matters worse, the fact that we sub-sample only bounded states introduces further
dependencies. To resolve this, we introduce a novel strategy to construct (for the purpose of analysis)
an independent subset of processed states from this larger dependent set. The independence is ensured
by conditioning on the mode-sequence and truncating the contribution of earlier states. We then use

perturbation-based techniques (see e.g., [57]) to deal with actual (non-truncated) states. The final ingredient



is showing that, for each mode i € [s], with high probability, this carefully-crafted subset contains enough
samples to ensure a well-conditioned covariance (with excitation provided by z; and w;). With this in place,
after stitching together the estimation error from L sub-trajectories {(Xr,,%s,,w(7k))}rpesr for 0<7< L -1,
least-squares will accurately estimate A; and B; from the data {(x¢,2:,w(t))}tes, with statistical error rate

of O(1/VT). [

Note that, our system identification result achieves near-optimal (O(1/+/T)) dependence on the trajectory
length T. However, the effective sample complexity of our system identification algorithm is O(s(n +
p)?log®(T)/x2,,), that is, the sample complexity grows quadratically in the state dimension n, which can
potentially be improved to linear via a more refined analysis of the state-covariance (see e.g., [16,59] for
standard LTI systems). It also grows with the inverse of the minimum mode frequency as 7 2,. Note
that, Ty, dictates the trajectory fraction of the least-frequent mode, thus, in the result 7} multiplier is
unavoidable. In Corollary 4.2, we show that, when B¢ is assumed to be known, A;.; can be estimated
regardless of the exploration strength o,. This is because the excitation for the state matrix arises from noise
wy. As we will see in Section 5, the distinct o, dependencies in Theorem 4.1 and Corollary 4.2 will lead to
different regret bounds for MJS-LQR (albeit both bounds will be optimal up to polylog(T")).

5 Adaptive Control for MJS-LQR

Our adaptive MJS-LQR control scheme is given in Algorithm 2. It is performed on an epoch-by-epoch basis;
a fixed controller is used for each epoch, and from epoch to epoch, the controller is updated using a newly
collected MJS trajectory. Note that a new epoch is just a continuation of previous epochs instead of restarting
the MJS. Similar to the discussion in Section 4, we assume, at the beginning of epoch 0, that one has access

to a stabilizing controller Ki?s). During epoch i, the controller K%ZZ is used together with additive exploration

noise zii) Hd N(0,02 .I,) to boost learning. At the end of epoch i, the trajectory during that epoch is used

to obtain a new MJS dynamics estimate Aglz, Byg, T using Algorithm 1. Then, we set the controller K?:l)

for epoch i + 1 to be the optimal controller for the infinite-horizon MJS—LQR(A&Q,B%Q,T(”, Qi:s, Ris),
which can be computed as follows:

For a generic infinite-horizon MJS-LQR(A1.5,B1.s, T, Q1:s, R1:s), its optimal controller is given by Kj.;
such that for all j € [s],

-1
K; = -(R; +Bjp;(P1:)B;) Bjy;(P1,)A;, (5.1)

where ¢;(P1.s) = Y51 [T]jxPr and Py is the solution to the following coupled discrete-time algebraic
Riccati equations (cDARE):

-1
Pj:A;(pj(Plzs)Aj + Qj - ;‘pj(Plts)Bj(Rj + B}—(pj(Plts)Bj) B}(pj(Plzs)Aﬁ (52)

for all j € [s]. In practice, cDARE can be solved efficiently via value iteration or LMIs [14]. Note that
cDARE may not be solvable for arbitrary parameters, but our theory guarantees that when epoch lengths
are appropriately chosen, cDARE parameterized by Agf;, ng, T Qi.,, Ry, is solvable for every epoch i.
This control design based on the estimated dynamics is also referred to as certainty equivalent control.

To achieve theoretically guaranteed performance, i.e., sub-linear regret, the key is to have a subtle

scheduling of epoch lengths T; and exploration noise variance aii. We choose T; to increase exponentially

with rate v > 1, and set aii = 02 [\/T;, which collectively guarantee @(\/T ) regret when combined with the
system identification result from Theorem 4.1. Intuitively, this scheduling can be interpreted as follows: (i)
the increase of epoch lengths guarantees we have more accurate MJS estimates thus more optimal controllers;
(ii) as the controller becomes more optimal we can gradually decrease the exploration noise and deploy
(exploit) the controller for a longer time. Note that the scheduling rate + has a similar role to the discount
factor in reinforcement learning: smaller v aims to reduce short-term cost while larger v aims to reduce
long-term cost.



Algorithm 2: Adaptive MJS-LQR

Input: Initial epoch length Tj; initial stabilizing controller K§?s); epoch incremental ratio v > 1; and
data clipping thresholds cy, ¢,
1 fori:=0,1,2,... do
2 Set epoch length T; = | Tov* .

< N

2 _ o
) P

4 Evolve the MJS for T; steps with ugi) = Kggt)(i)xgi) + zgi) with zl(f) b N (0, Uiilp) and record

3 Set exploration noise variance o

ﬁ

the trajectory {Xgi),zgi),w(i)(t)}ﬁo.
5 AQLBLLTO = MISSYSID(KL), 03,07 . {x( 2f” w1} g, a).

l:isy Y wr ¥z

6 Set the controller thl) for the next epoch to be the optimal controller for the infinite-horizon
MJS-LQR(A) B T4 Qy.q, Rys).
7 end

5.1 Regret Analysis

We define filtration F_1, Fo, F1,... such that F_; := o(xg,w(0)) is the sigma-algebra generated by the initial
state and initial mode, and F; := o(x0,w(0), {{w(j)(t)}thj1 }iz0, Wo, {{wij)}zjl}ézo,zo, {{zgj)}tle}j-:O) is the
sigma-algebra generated by the randomness up to epoch i. Note that the initial state X(()i) of epoch i is also
the final state x(Ti:) of epoch i — 1, therefore, x(()i) is F;_i1-measurable, and so is w(i)(()). Suppose time step t

belongs to epoch i, then we define the following conditional expected cost at time ¢ as:
¢ = E[x; Quepyxe + ui Ry,pyuy | Fisa], (5.3)

and cumulative cost as Jp = Zthl ct. We define the total regret and epoch-i regret as

T;
Regret(T) = Jr —TJ*, Regret, = (Z CTo+tTyg+t) — TiJ ™. (5.4)

t=1

Then, we have Regret(T') = O(Zi(llog”(T/TO)) Regret, ), where regret of epoch 0 is ignored as it does not scale

with time 7. Let K7,, denote the optimal controller for the infinite-horizon MJS-LQR(A 1.5, B1:s, T, Q1:s, Ru:s)
problem. L(® and L* denote the closed-loop augmented state matrices under the initial controller KEOS)
and K1, respectively, and we let p:= max{p(L(®)), p(L*)}. With these definitions, we have the following
sub-linear regret guarantee. Please refer to Theorem C.11 in the appendix for the complete version and proof.

Theorem 5.1 (Sub-linear regret) Assume that the initial state xo =0, and Assumptions 1 and 2 hold. In
Algorithm 2, suppose hyper parameters cx = O(\/n), ¢z = O(\/p), and T > @(%(n +p)). Then,
with probability at least 1 -6, Algorithm 2 achieves

Regret(T) < O (W logQ(T)\/T) +0 (\/n_slo(SgB(T)) . (5.5)

min
Proof sketch [Theorem 5.1] For simplicity, we only show the dominant O(-) term here and leave the complete
proof to appendix. Define the estimation error after epoch i as EX)B = MaX je[s] Max{ ||A§z) - A, HB;” -B,|}

and 6,(11;) = [T® - T|w. Analyzing the finite-horizon cost and combining the infinite-horizon perturbation

EX,_I) (i-1)

2
results in [18], we can bound epoch-i regret as Regret, < O (Tiag’i +Ty02 ( B *Er ) ) Plugging in Ug,i =

;—2% and the upper bounds on the estimation errors €X?B <O ( Oz,iCw \/E(M%Og(n)) and e,(ri) <O (\ / %)

i Oz,iTmin 3



from Theorem 4.1, we have Regret, < O (MW\/_log (T, )) Finally, since T; = O(Tp~") from Alg. 2,

min

we have Regret(T') = O(logw( ))R egret; < O(M\/_log( )(f 1) (fylog(%) —ﬁlog(v))) =
o) (Mpolylog(T)\/_) -

3
One can see the interplay between T' and ~ from the term (\}ﬁl) (vlog(Tlo) - \/ﬁlog(fy)) in the proof
sketch. Specifically, when horizon T is smaller, a smaller «v minimizes the upper bound, and vice versa. This
further provides a mathematical justification for + being similar to the discount factor in reinforcement

learning in early discussions.

5.2 Two Special Cases

5.2.1 Tighter probability bound under uniform stability

Note that the regret upper bound (5.5) in Theorem 5.1 has the second term depending on the failure probability
0 through %. Though this term has a much milder dependency on the time horizon T, when setting ¢ to be
small, it can still easily outweigh the other O(-) term in (5.5), which only has log(%) dependency, and can
result in overly pessimistic regret bounds. The main cause of this % term is that in the regret analysis, one
i) HQ

needs to factor in the cumulative impact of initial state of every epoch, i.e. ¥; HX(() . Since MSS guarantees

the stability and state convergence only in the mean-square sense, we can, at best, only bound E[Hx((f) 1]
and then use the Markov inequality: with probability at least 1 -, ||x((f) I? < E[HX(()Z)HQ] /6. Furthermore,
in Appendix C.4, we construct an MJS example that is MSS but no dependencies better than % can be
established. Fortunately, there exists an easy workaround to get rid of this % dependency if the MJS is
uniformly stable [42,44], which enforces stability under arbitrary switching sequences thus is stronger than
MSS. It allows us to bound X((f) using tail inequalities much tighter than the Markov inequality and obtain
Hx(()z) |2 < O(log(%)). In the end, in the regret bound, % can be improved to log(%).

One type of uniform stability assumption that can help us in this case is regarding the closed-loop
MJS under the optimal controllers. We let K7., denote the optimal controller for the infinite-horizon MJS-
LQR(A1s,B1:s, T, Qus, Ri:s) and define closed-loop state matrices LY = A; + B;K7 for all i € [s]. We let §*
denote the joint spectral radius of Lj,, i.e. 6% :=lim;, 0o max,, (s L, L, | %, and we say L7, is uniformly
stable if and only if % < 1. The resulting regret bound is outhned in the following theorem, with its complete
version and proof provided in Theorem C.12 of Appendix C.4.1.

Theorem 5.2 (Regret Under Uniform Stability) Assume that the initial state xo =0, Assumptions 1
and 2 hold, and L7, s uniformly stable. If hyper-parameters Ty, cx, and c, are chosen as sufficiently large,
with probability at least 1 -6, Algorithm 2 achieves

Regret(T) < O (SP(T;QM logQ(T)\/T) . (5.6)

min

5.2.2 Partial knowledge of dynamics

From Corollary 4.2, we know that when input matrices By.s; are known, no further exploration noise is needed
to identify the state matrices A1.s or Markov matrix T. This can also be applied to the adaptive MJS-LQR
setting, and the resulting regret bound can improve (from O(log?(T)\/T) to O(log*(T))) since exploration
noise incurs additional costs. The result is given by the following corollary, and we omit the proof due to its
similarity to the proofs of Theorems 5.1 and 5.2.

Corollary 5.3 (Poly-logarithmic regret) When By.s are known, it suffices to set the exploration noise
to be 0, = 0 for all i in Algorithm 2. Then, the regret bound in Theorem 5.1 becomes Regret(T) <
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x

9] (%logg(T )

T

@) (M logg(T))+(9 (%S(T)). Additionally, the regret bound in Theorem 5.2 becomes Regret(T') <
)

6 Discussion

In this section, we discuss how one may obtain the initial stabilizing controller for MJS as required in the
input to Algorithms 1 and 2 and the application of our results to offline data-driven control.

6.1 Initial Stabilizing Controllers

Having access to an initial stabilizing controller has become a very common assumption in system identification
(see for instance [41] and references therein) and adaptive control [3,13,15,32,58] for LTI systems. On the
other hand, for work where no initial stabilizing controller is required, there is usually a separate warm-up
phase at the beginning, where coarse dynamics is learned, upon which a stabilizing controller is computed.
Recent non-asymptotic system identification results [21,55] on potentially unstable LTT systems can be used
to obtain coarse dynamics without stabilizing controller. One can use random linear feedback to construct a
confidence set of the dynamics such that any point in this set can produce a stabilizing controller by solving
Riccati equations [20]. In the model-free setting, [39] provides asymptotic results and relies on persistent
excitation assumption. [11] designs subtle scaled one-hot vector input and collects the trajectory to estimate
the dynamics, then a stabilizing controller can be solved via semi-definite programming. For MJS or general
switched systems, to the best of our knowledge, there is no work on stabilizing unknown dynamics using
single trajectory with guarantees. One challenge is, as we discussed in Section 1, the individual mode stability
and overall stability does not imply each other due to mode switching. However, as outlined below, we can
approach this problem leveraging what is recently done for the LTI case in the aforementioned literature
(modulo some additional assumptions).

Similar to the LTT case, suppose we could obtain some coarse dynamics estimate ALS,BLS, 'i‘, then we
can solve for the optimal controller K., of the infinite-horizon MJ S—LQR(ALS, B, T,Qu., R;.s) via Riccati
equations. To investigate when K., can stabilize the MJ S, the key is to obtain sample complexity guarantees
for this coarse dynamics, i.e. dependence of estimation error |A; — A4||, [B; - B, and | T - T on sample size.
Fortunately [18] provides the required estimation accuracy under which K., is guaranteed to be stabilizing.
Thus, combining [18] with the estimation error bounds (in terms of sample size), the required accuracy can
be translated to the required number of samples. Note that learning T is the same as learning a Markov
chain, thus using the mode transition pair frequencies in an arbitrary single MJS trajectory, we can obtain an
estimate T as in Algorithm 1, and its sample complexity is given in Lemma B.1 in Appendix B. The more
challenging part is the identification scheme and corresponding sample complexity for A, and By.,. Here,
we outline two potential schemes.

e Suppose we could generate N i.i.d. MJS rollout trajectories, each with length T' (small T, e.g. T =1, is
preferred to avoid potential unstable behavior and for the ease of the implementation). We can obtain
least squares estimates A1, B.s using only {x1,%x7r-1,ur_1,w(T - 1)} from each trajectory, which is
similar to the scheme in [16] for LTI systems. Since only i.i.d. data is used in the computation, one can
easily obtain the sample complexity in terms of N.

o If each mode in the MJS can run in isolation (i.e. for any ¢ € [s], w(¢) = ¢ for all ¢) so that it acts
as an LTT system, we could use recent advances [21,55] on single-trajectory open-loop LTI system
identification to obtain coarse estimates together with sample complexity for A; and B; for every mode
i.

We also note that while finding an initial stabilizing controller is theoretically very interesting and
challenging, most results we know of are limited to simulated or numerical examples (see for instance [41]
and references therein). This is because, from a practical standpoint, an initial stabilizing controller is almost
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required in model-based approaches since running experiments with open-loop unstable plants can be very
dangerous as the state could explode quickly.

6.2 Offline Data-Driven Control

In many scenarios, we may not be able to perform learning and control in real time due to limited onboard
computing resources or measurement sensors. In this case, the dynamics is usually learned in a one-shot
way at the beginning, and the resulting controller will be deployed forever without any further update. The
controller suboptimality in this non-adaptive setting does not improve over time, thus the regret will increase
linearly over time rather than sublinearly as in our work. The natural performance metric in this case is the
time-averaged regret, which can also be viewed as the slope of the cumulative regret with respect to time.
The system identification scheme and corresponding sample complexity developed in this paper can also help
address this problem.

Suppose we obtain MJS estimate A 97B1 Q,T from a length-Tj rollout trajectory using Algonthm 1
and solve for the controller K1 . that is optlmal for the infinite-horizon MJS- LQR(A1 59 B s T ,Quis, Riis)
via Riccati equations. Let J :=lim SUPT_, o0 TJ (Kw(t)xt) denote the infinite-horizon average cost incurred
when we deploy K. indefinitely. Combining our identification sample complexity result in Theorem 4.1
with the infinite-horizon MJS-LQR perturbation result in [18], we can easily obtain an upper bound on the
suboptimality, J-J <O (10g2(T0) /TO)7 which provides the required rollout trajectory length Ty if certain
suboptimality is desired.

7 Numerical Experiments

We provide experiments to investigate the efficiency and verify the theory of the proposed algorithms on
synthetic datasets. Throughout, we show results from a synthetic experiment where entries of the true system
matrices (A, B1.s) were generated randomly from a standard normal distribution. We further scale each
A, to have |A;| <0.5. Since this guarantees the MJS itself is MSS, as we discussed in Sec 4, we set controller
K5 = 0 in system identification Algorithm 1 and initial stabilizing controller ng) =0 in adaptive MJS-LQR
Algorithm 2. For the cost matrices (Q1:s, R1:5), we set Q; = QJ,Q;, and R; = EjB]T. where Qj e R™"™ and
R, e RP*P were generated from a standard normal distribution. The Markov matrix T € R3*® was sampled
from a Dirichlet distribution Dir((s—1)- I+ 1), where I denotes the identity matrix. We assume that we
had equal probability of starting in any initial mode.

Since for system identification, our main contribution is estimating A 1. and By.s of the MJS, we omit the
plots for estimating T. Let ¥, = [A;,B;] and ¥; = [A;,B;]. We use | ¥ -] /|¥] := Max je[s] |-,/
to investigate the convergence behaviour of MJS-SYSID Algorithm 1. The clipping constants in this algorithm,
i.e., Csupb, Cx, and ¢, are chosen based on their lower bounds provided in Theorem 5.1. In all the aforementioned
algorithms, the depicted results are averaged over 10 independent replications.

7.1 Performance of MJS-SYSID

In this section, we investigate the performance of our MJS-SYSID method, i.e., Algorithm 1. We first
empirically evaluate the effect of the noise variances oy and o,. In particular, we study how the system
errors vary with (i) ow = 0.01,0, € {0.01,0.02,0.1} and (ii) o, = 0.01, 0y € {0.01,0.02,0.1}. The number of
states, inputs, and modes are set to n =5, p =3, and s = 5, respectively. Fig. 2 (a) and (b) demonstrate how
the relative estimation error [ — W||/|¥|| changes as T increases. Each curve on the plot represents a fixed
ow and o,. These empirical results are all consistent with the theoretical bound of MJS-SYSID given in (4.1).
In particular, the estimation errors degrade with increasing oy and decreasing o, respectively.

Now, we fix ow=0,=0.01 and investigate the performance of the MJS-SYSID with varying number of
states, inputs, and modes. Fig. 2 (¢) and (d) show how the estimation error |¥ — | /| ¥| changes with (left)
s=5,n¢{510,20}, p=n-2and (right) n=5, p=n-2, s€{5,10,20}. As we can see, the MJS-SYSID has
better performance with small n, p and s which is consistent with (4.1).
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Figure 2: Performance profiles of MJS-SYSID with varying: (a) process noise oy, (b) exploration
noise o, (c) state dimension n, and (d) number of modes s.
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Figure 3: Performance profiles of Adaptive MJS-LQR with varying: (a) process noise oy, (b)
number of modes s, (c) state dimension n.

7.2 Performance of Adaptive MJS-LQR

In our next series of experiments, we explore the sensitivity of the regret bounds to the system parameters.
In these experiments, we set the initial epoch length Ty = 2000 and incremental ratio v = 2. We select five
epochs to run Algorithm 2. As an intermediate step for computing controller Kgf;l) in Algorithm 2, the
coupled Riccati equations (5.2) are solved via value iteration, and the iteration stops when the parameter
variation between two iterations falls below 1076, or iteration number reaches 10%.

Fig. 3 demonstrates how regret bounds vary with (a) oy € {0.001,0.002,0.01,0.02}, n =10, p = s =5; (b)
ow =0.01,n =10, p=5, s€{4,6,8,10}, and (¢) ow =0.01, s =10, p=5, n € {4,6,8,10}. We see that the
regret degrades as ow,n, and s increase. We also see that when oy, is large (T is small), the regret becomes
worse quickly as n and s grow larger. These results are consistent with the theoretical bounds in Theorem 5.1.

8 Conclusions and Discussion

Markov jump systems are fundamental to a rich class of control problems where the underlying dynamics
are changing with time. Despite its importance, statistical understanding (system identification and regret
bounds) of MJS have been lacking due to the technicalities such as Markovian transitions and weaker notion of
mean-square stability. At a high-level, this work overcomes (much of) these challenges to provide finite sample
system identification and model-based adaptive control guarantees for MJS. Notably, resulting estimation
error and regret bounds are optimal in the trajectory length and coincide with the standard LQR up to
polylogarithmic factors. As a future work, it would be interesting and of practical importance to investigate
the case when mode is not observed, which makes both system identification and adaptive quadratic control
problems non-trivial.

We want to mention possible negative societal impacts. While our work is theoretical and has many
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potential positive impacts in reinforcement learning, robotics, and autonomous systems, there are also
potential negative applications in the military (e.g. with drone control) and for malicious actors (e.g. computer
network hackers), among others. Additionally, all our work was built on stochastic noise assumptions, whereas
in reality intelligent autonomous systems may instead encounter adversarial behavior. There is potential
here for future work to extend our approach to non-stochastic noise or even non-Markovian / non-random
switching among states.
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A Preliminaries

In additional to the notations defined in Section 1, we define a few more here to be used throughout the
appendix. For a matrix V, ¢(V), |V|1, and |V | denote its smallest singular value, ¢; norm and Frobenius
norm, respectively. We use vec(V) to denote the vectorization of a matrix V and define |V|, = | V]| + 1.
We define 0(V1:s) = minge10(V;) and |V = maxe) [Vill.. We use I, to denote the identity matrix
of dimension n. 1, denotes the all 1 vector of dimension n and 1y, denotes the indicator function. Lastly,
we use < and 2 for inequalities that hold up to a constant factor.

To begin, we define the following quantity which will be used throughout to quantify the decay of a square
matrix M.

Definition A.1 For a square matrizx M with p(M) < 1, we have

T(M) := ig,g{HMk |/p(V)*}. (A1)

Note that 7(M) is finite by Gelfand’s formula, and it is easy to see that 7(M) > 1. This quantity measures
the transient response of a non-switching system with state matrix M and can be upper bounded by its Hoo
norm [62]. In this work, we will mainly use this quantity to evaluate the augmented state matrix for an MJS
defined in Section 3.1.

For a Markov chain with transition matrix T, we let 7ty € R® denote the initial state distribution and
7t; denote the transient state distribution, i.e. P(w(t) = i) = m;(i). Then, it is easy to see 7, = 7tjT".
Note that 7t; is essentially a convex combination of rows of matrix T¢, then by triangle inequality, we have
|78 = Moo |1 < maxeps] [([T*]i;:) " = Moo 1. Thus, for an ergodic Markov matrix T, we define the following to
quantify the convergence of |7t; — Ttoo | 1.

Definition A.2 For an ergodic Markov matriz T € R®*®, let Tye > 0 and pyce € [0,1) be two constants [43,
Theorem 4.9] such that

max I(IT"]5) " = Moo 1 < TMCPMIC- (A2)
Furthermore, we define
1
tyme(€) == min {t eN: r_n[a)]c 5 I([T i) " = oo |1 < e} : (A.3)

When parameter € is omitted, it denotes tyc := tMC(%), i.e. the mizing time defined in Section 3.1.

Note that 7(M) and myc have similar roles except (M) is usually used to study state matrices while my¢ is for
Markov matrices. For M, we have |[MF¥| < 7(M)p(M)¥, and for a Markov matrix | T? - 1,7t |1 < Tmcplse-

In this section, we define a few notations to ease the exposition in the appendix. Note that, for notations
under parameterized form, i.e., notations which are functions of (9, p, 7) etc., one can choose these parameters
freely to get different deterministic quantities.

Table 2 introduces notations and constants related to the choice of tuning parameter ¢y, ¢, and the
shortest trajectory (initial epoch) length such that theoretical performance guarantees can be achieved. Recall
that Kgog is the stabilizing controller for epoch 0 in Algorithm 2. We let LZ(.O) =A;+ BZ-KZ(.O)7 for all i € [s],
denote the closed-loop state matrix, and L(®) ¢ Re"**sn” denotes the augmented closed-loop state matrix
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Table 2: Notations — Tuning Parameters and Trajectory Length

0, (depending on context) 0z OF Oy OF \/m
ow (depending on context) ow or /| Zw]

Cy 02/0w

o’ IB1:s[?07 + 0%

n~\/5T02
ex(p,7) W\ st
c, max{(\/§+\/6)\/57\/310g(m§m)}

T max{7(L®), r(L*)}
p max{p(L), ¥4}
Cuc tyme - max{3,3 — 3log(mmax log(s))}
Tyr04(C.0) (68CTmaxmmzn log(2))
T(C,0) (612C a2, log(2))
Ty (p,7) e
Tn(C,0,p,7) maX{IMc(Ca %)Icz,l(p, 7)}
T,4(C.8,T.p,7) r 5 los(1) ((, /3Tog(nT') + /2o (2]0))*+
C7 I Buss[[?) log (P B ) (n 4 p)
Iid,N(L>6’Ta psT) max {Iid(ﬁ7 %7T7P7T)7IN(ﬁ> %»Pﬂ')}
T (6T 0L iy plog(})logh(T))
Trahen O(%EXB’Tlog(%) log?(T)) (when By, is known)
L, (0) vlogl(l/ﬁ) maX{IO;(V)’lOg( WQ\B/;E% )}
T, (6,T) max {Ty (8),Tygy (8, T), Ty 1 (8), Tig n (L: 6, T, 7) |

with ij-th n?xn? block given by [L(®];; = [T]jiLgo) ® LE-O). 7(+) is as in Definition A.1 and p(-) denotes the
spectral radius. For the infinite-horizon MJS-LQR(A 1.5, B1:s, T, Q1:s, R1:5) problem, we let PJ., denote the
solution to cDARE given by (5.2) and K7., denotes the optimal controller which can be computed via (5.1)
with P7.,. Similarly, we define L], and L* to be the corresponding closed-loop state matrix and augmented
closed-loop state matrix respectively and p* := p(ﬂ*). Tmax and 7Ty, are the largest and smallest elements
in the stationary distribution of the ergodic Markov matrix T. For the definition of T’ , -(4,7"), notation
€a,B,T is defined in Table 3. As a slight abuse of notation, T'in T, , -(3,T") (as well as Table 4) and C are
merely arguments to be replaced with specific quantities depending on the context.

Table 3 lists the notations related to infinite-horizon MJS perturbation results closely following the
notations in [18]. It provides several sensitivity parameters, e.g., how the optimal controller Kj., varies
with perturbations in the MJS parameters Aj.s,B1.5, and T and how the MJS-LQR cost J varies with the
controller Ky.5. It also provides certain upper bounds on the variations in A1.5, B1.s, T, and K. such that
the perturbation theory holds. In this table, Ryl = {R;!}s_, and recall |||, = || + 1.

A.1 MJS Covariance Dynamics Under MSS

Consider MJS(A 1., B1.s, T) with process noise wy ~ N'(0,X,,) and input u; = K,,(4)X; +2; under a stabilizing
controller Kj.; and excitation for exploration z; ~ N(0,%,). Let L; := A; + B;K; be the closed-loop
state matrix. Let L € R"***"” be the augmented closed-loop state matrix with ij-th n?xn? block given by
[L]i; = [T];iL;®L;. Let 75, >0 and pg, € [0,1) be two constants such that |LF| < Ttp]E. By definitions of 7(L)
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Table 3: Notations — MJS-LQR Perturbation

3 min{||Bu|:? [Riy [ LT, 132, a(PL)}
¢ | AL 2B [P IR 2

L. max{ [ As [+, [Buis |, [PLl+, KL+ }
CRBT 28\/nsT(L*)(1-p*) ™" (a(Ruis) ™! + T30 (Rais) ™) T3
Cik 250\ /mmin{n, p}(|Ru| + 1) 5E2

_ . * l—p*
€K min {HKl:s H? 2\/ET(£*)(1+2”L1:5 ”)HBlzs H) }

FLQR (1-p*) min{l', o (R1:s) K} g1

ABT 28/nsT (L )T (0 (R )+12)

. 1-p* —_LQR

EaBT min { ;£ B, o(Qus), S}

and p(L), one can choose them for 73 and pg, respectively. Let 3;(t) := E[xex{ 1o (t)=iy ), (t) = E[xx{ ],

vec(Z(t))| Yis1m-1(J)Tj(B; © By) .
S¢ i= : , By = : , and II; =7 ®1,:2. (A.4)
vec(Xs(t)) i1 () Ti(B; @ Bj)

The following lemma shows how s; depends on sg, X, and X, which will be used to upper bound E[|x;||?]
in Lemma A 4.

Lemma A.3 The vectorized covariance s; has the following dynamics,
s; = L'sg + (f}t + LB+ + I~Jt’1]§1)vec(2z) + (fIt +LI0, g+ + I:t’lfll)vec(Ew).

Proof To begin, we evaluate 3;(t), from the equivalent MJS dynamics x;41 = Ly Xt + By1)z: + Wy, as
follows,

Mm

E[Xt+1xt+11{w(t+1) z}] E[L XtXtL Lo (t41)=4,w(t)= ]}]

1

J

. (A.5)
+ 3 E[Byzez BI 1 (u(te1)=iw(t)=i} ) + E[WeW; Liw(en)=i} ]-
j=1
Since w; ~ N'(0,2y) and z; ~ N (0,X,), we get
Si(t+1) = Z T;iL;3;(t)L; + ZT[t(j)TﬂB 2B + 71 (1) e (A.6)
J=1 J=1
Vectorizing both sides of the above equation, we have
vec(X;(t+1)) = Z T;;(L; ® L;)vec(X;(t))
j=1
+ > m(5)T;:(B; ® Bj)vec(E,) + My (i) vec(Sw).
j=1
Stacking this for every i € [s], we obtain
vec(Xi(t+1))]  [vec(Zu(t))]| .
: =L : +Bivec(X,) + I vee(Zyw ). (A7)
vec(X;(t+1)) vec(X;(t))
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Propagating this dynamics from ¢ to 0 gives the desired result. [ ]

We next provide a key lemma that upper bounds E[|x;]?] and | ()|, which are later used extensively
in system identification analysis.

Lemma A.4 For E[|x.|?] and |Z(t)|r, under MSS given in Definition 3.1, we have

Ellx]*] < v/ns - .o, - Ell%0[*] + /(| Bues * [ Sa ] + |2 (A.8a)
IS(®)|r < Vs - 70y, - Ellx0l*]+ Vis(IBuis * [ Sal + [ (A.8b)

Proof First we derive an upper bound for E[|x;|?]. The upper bound for |X(t)|r follows similarly. For
state x;, we have

S

Ellx:”1= X Ellxe*Liwey=ip 1= D b1 (E[xex{ Liw(ry=iy]) = . tr(Zi (1))
i1 i=1

i=1

iliuz(t)w— >3 (1)

i=1j=1
s

Z ()%

I/\

Then, by definition of s; in (A.4), we have
E[xe]] < V/ns|s:|. (A.9)

Now, applying the dynamics of s; from Lemma A.3, we have

Ef][*] < \/nS(IIthI Isoll + Z [L|Bevee(S,)] + E |L L vee(Sw )I)

t/
< Tl o 3 o Bevec(S] + X 4 Tvee(2w) ). (A.10
t'=1 t'=1

where the second line follows from |L| < 7¢ P -

Now, we evaluate |so, |Byvec(E,)|, and |IIyvec(Eyw )| separately. For the first term, we have

Elxo0x0] ] 7 < E[[x0[*]. (A.11)

i=1

Isoll = Z 1Z:(0)[% = \J Zs:m(O)QHE[XoXS]H% <

Let [By]; denote the ith block of By, i.e., [By]; = -1 7-1(7) Tj:(B; © By), then

®

|Bvec(E,)| = \} Z;I [Belivec(E,)[% < 3 [[By]ivec(,)|

~
Il
[

™
M"\I)
4

I -1(7)T5i(B; @ Bj)vec(X,)|

i=1 j=1
~ s s , ) ) v T
- 21 -1 () T8, 2. (A12)

< B[ Zal - D013 1 () Tyl
i=1 j=1

= HBI:S H2”2z H : Z H“t’(i)InHF

=1

< \/EHBI:S HQHEZH
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Lastly, we have

[Ty vec(Sw)| = i [ (i)vee(Zw)[? < [vec(Bw)| = [Bwlr = vVn|Ew]. (A.13)

i=1

Plugging (A.11)-(A.13) into (A.10), we obtain

t , t ,
Ellx]*] < \/nSTt(p%E[HXoIz] VB P[] Y ot +ValSwl Y pp )
=1 #=1
i
1-pg’

(A.14)

< Vs pf - Ellxo*]+ n/s([Bus 12 + [Swl)

which gives the bound for E[||x,]?] in (A.8a).

To obtain the bound for |X(¢)|r in (A.8b), note that |[X(t)|r = |25 Zi(t)|lr < Vs i |2 ()% <
V'5|s¢]|. We then follow a similar line of reasoning as above to get the statement of the lemma. This completes
the proof. [ |

A.2 Supporting Lemmas
In this section, we provide a list of lemmas that will be useful for the subsequent proofs.
Lemma A.5 Suppose z ~ N(0,X,) with X, € RP*P. For any t > (3 +2v/2)p, we have
P(lz]? > 3], [t) <™.
Proof From [31, Proposition 1], we have for any ¢ > 0,
P(|lz]? > tr(,) + 2\/tr(Z2)t + 2|2, |t) < e,

which implies
P(Iz]* 2 p s | + 2u/BI Za | VE + 2], ) < 7"

We can sec that when ¢ 2 (3+2v2)p, we have p+ 2BV < 1, which implies p|Sy | + 2/p|2s |V < |24
Therefore, we have
P(|z]? 2 3| Z,]t) <e™".

Lemma A.6 Let x; be the MJS state and define the noise-removed state X; = Xy — wWy—1 which is independent
of wi_1. Let %; be zero mean with E[|%;|] < B and w; has i.i.d. entries with variance o2, bounded in absolute
value by cwow for some cy > 0. Consider the conditional random vector

e~ {x | |x:] <3B}.
If cwow/n < B, then Cov[y:y;] > 02 1,/2.
Proof Observe that |w¢| < cwowy/n < B. Define the events
By ={|x <3B}, Bz = {[%:] <2B}.
Clearly Ep c Ey as |w| < B. Now, observe that

Cov[yiy;] = Cov[y:y; | E2]P(E: | E1)
> Covly:y; | E2]P(Es).
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Note that P(E3) > 0.5 from Markov bound as E[|%|] < B. Additionally, on the event E3, X, and w;_; are
independent. Thus, we further have

Cov[yty;] > Cov[yry, | Ey]P(E?)
> Cov[wi_1w/_; | E2] P(E>)
>0.5- Cov[w_1w, 4]
> 02 1,/2.

Lemma A.7 Letz~N(0,021,). Consider the conditional random vector y ~ {z | || < co,/p}, where ¢ > 6
is a fived constant. Then Cov[yy']>021,/2.

Proof This proof gives a lower bound on the covariance of truncated Gaussian vector z | |z < coz\/p. Note
that, z’ = z/o, is N'(0,1,,). Set variable X = |z’|?. We have the following Lipschitz Gaussian tail bound (we
use Lipschitzness of the ¢3 norm and use minor calculus and relaxations)

1 if t<1
P(|2'|? > 4tp) < N
(21" > p)_{etp/Q if t>1.
This implies the following tail bound for X
1 if t<dp
t)y=P(X >t)<
Q) ( ) {6‘”8 if t>4p.

Fix k > 4. Using integration-by-parts, this implies that

ELX | X 2 p]P(X 2 p) = - [~ 2dQe) = -[rQ@)]7+ [ " Qa)dr,
< (kp+8)e"P/5, (A.15)

The final line as a function of kp is decreasing when kp > 36. Specifically it is upper bounded by 1/2 when
k> 36 (as p > 1). Now define the event

E. ={|z] < 02V/5\/D}-

For \/k > 6, \/k will map to the c in the statement of the lemma. Observe that this is also the event X < kp.
Following (A.15), this implies

E[llz|* | EZ]P(ES) < E[oz X | EZ]P(E.)
<o, E[X | EZ]P(EY)
<oZ/2.
This also yields the covariance bound of the tail event
E[zz" | BS)P(ES) = E[|2] I, | ESIP(ES) < o212
Finally, from the conditional decomposition, observe that
Elzz'] =E[zz" | ES]P(ES) +E[zz" | E.]P(E.) = E[zz' | E.]P(E.) > 0.1,/2.

To conclude, observe that E[zz" | E.] =E[yy"], where y is the conditional vector defined by truncating z.
Thus, we found

Elyy']P(E.) > 0.1,/2 = E[yy'] > 0.1,/2.
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Theorem A.8 [65, Theorem 5.41 (Isotropic)] Let X be an N x d matriz whose rows x; € R? are independent
isotropic. Let m be such that |x;| < /m almost surely for all i € [N]. Then, for every t >0, with probability

1-2d-et", we have

VN - ty/m < o(X) < |X] < VN +t/m.

Corollary A.9 (Non-isotropic) Let X be an N x d matriz whose rows x; € R? are independent with
covariance X;. Suppose each covariance obeys

mm - 0’(2 ) < ||2 H < O’III‘IX

Let m be such that |x;|| < /m almost surely for all i € [N]. Then, for everyt >0, with probability 1—2d'6_0t2,
we have

Tmin VN = t/m < 0(X) < [ X € omax VN + 2225/,

min

Proof Let x| = E;l/ ®x;. Observe that x; are independent isotropic. Define the matrix X' with rows x’.
Note that |x}| < ||xi]|/0min < oqiy/m- Thus, applying Theorem A.8 on X', for every ¢ > 0, with probability
1-2d- e‘Ct2, we have

VN —toh /m<o(X') < |X'| < VN +tok, (A.16)

Next, observing that X'X = ¥, x;x] = ¥V, VZx!x!"\/3;, we find that

N
1T~r1 %! /T T
02 XX =02, <X'X = Z\/ xx! /3,

i=1
= max Z : ,T - maxXITX,7
which implies that
Tming(X) € a(X) < [X] € omax | X']-
Plugging this into (A.16) completes the proof. ]

B Sys ID Analysis

We first list in Table 4 a few shorthand notations to be used in this appendix. They are mainly used in the
fictional sub-trajectories analysis in Appendices B.2 and B.4. Notations on the inside the parentheses are
arguments to be replaced with context-depending variables.

B.1 Estimating T

The following theorem adapted from [67, Lemma 7] provides the sample complexity result for estimating
Markov matrix T, which is a corresponds to the sample complexity on |T — T| in Theorem 4.1.

Theorem B.1 Suppose we have an ergodic Markov chain T € R®*® with mizing time ty o and stationary
distribution oo € R®.  Let Tyax = MaX;e[s] Too (1) aNd Tmin = Minge[s] oo (i). Given a state sequence

w(0),w(1),...,w(T) of the Markov chain, define the empirical estimator T of the Markov matriz as follows,

(1., - Yot (- sho(t1)=i}
>0 Lw)=iy
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Table 4: Notations — Sampling Periods

cw(T'0)

6+(p7 T7 Cw)

B-Ik(/% T, Cws Kl:s)
qub,x(ffh 57 T, p, T)

—sub X (6 T p’T)
—sub,N (.To, 67 T, P T)

Lid,to (f()v P, T, CW)

V/2log(nT) ++/21log(2/4)
2V/5(c2,+C2|Bu1:s|?)T
1-p
ew + B1(p, T, ew) (| Avis | + | Buas | [Kiss|) + Con/p/n|Bus|

2 2 24n/sT max{z2,5%}
o) * g oy 108 5-0) n)

1 ns T
Tog(p 1) T Tog(p™ l)log(T) IOg( )
max {CMC’ ~=sub, x(.’l?o, 27T p7T)’qub,5c (67 T7 paT)}
log ((1-p)a3/(c2,5 W+U2HBIS\|))

1=p
2log 802B+(vava)51(P7T,CW,K1;5)n e
L'Ld,cov(p7 7, CW7K1:S) + ( h )
2log (2/nsTT B (p,mcw,Ki:s )/ (B+(p,Tycw )6)
Lid,trl(évTap;’rv CW;KLS) + ( = )
2 ’
Lid’tT.Q(é,T,p,T, CWaKl:s) 1+ ( 2 )lo (1926 TB+(p,‘r’(;w’Kl:slr(i?'nﬁé+(pv7',cw))n s(n+p)T)

+ oy log ( o B (T Cor Ko )T/ T
) 5(1+ﬁ+(pTCW))\/W(CUW\/W+CO\/1Og(Tﬁ;))
max {de to ((E(), P T, CW) de cov(pa T, Cw, Kl s)a
*Zdvt”(%’L’T’ Py T Cws KLS)ade,tTZ(?)GL’T’ P T, Cw, Kiis),
Lz’d,tr3(36%7 T, P Ty Cws Kl:s)7 qub,N (i‘o, %, 717 P, 7—) IOg(T)}

Lz’d,tr?)((sv T7 P, T, Cw, Kl:s)

Lid (‘%Oa 57 T7 P, T, Cw, K1157 L)

Assume for some § >0, T > Thse, 1(Cumc, 4) = (680Mc7rnnx7rmm 1og( ))2, where Cyre is defined in Table
2. Then, we have with probability at least 1 -4,

- T < 4 mmIITI\J 177rmaxcgfc log(T) 10g(480]wc('$ log(T)). E.1)

Proof We first consider the estimators computed using a sub-trajectory of w(0),w(1),...,w(7"), then combine

them together to show the error bound for T in the claim. For CMC deﬁned in Table 2, let L = Cprelog(T).

Then, for [ =0,1,...,L -1, define T®) € R*** such that [T®];; = _ =i Z:té‘j(“l”) LekE1#D=} Tp other words,
k=1 {w(kL+l)=i}

T® is the estimator computed using data with subsampling period L. Following the proof of [67, Lemma 7],

we know for any € < mpin/2, suppose L > 6tyrc log(e™?).

T 2
P (IO - T < 4n2k, |T]e) > 1 - sexp () (B.2)

177 max L

one can also interpret the above result as: for all § > 0, suppose

By setting § = 4sexp (—%),

T

L>3tyclog| —— |, B.3
Me g(wwmaxmog(‘{;)) (B-3)

then when A
T > 68 Lo T2, 1og(§), (B.4)

we have with probability at least 1 -6
17T maxCrc log(T) log (42

7O - 1) < g i T Cove (D o) (®.5)
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One can verify (B.3) holds by plugging in L = Cp¢log(T) and using definition Chre := tye - max{3,3 -
3log(mmax log(s))}; (B.4) holds under the premise condition 7" > T/ , (Cumc, %) = (68C'Mc77maxﬂ';12in log(%))

Note that by definition, T can be viewed as a convex combination of T® for all I = 0,1,...,L, thus by
triangle inequality and union bound, we have with probability 1 — Ld,

. 17T maxCarc log(T') log (4

- T < gy T Cose s 0e(E),
T

Finally, by replacing Lé with d, we could show (B.1) and conclude the proof. [ ]

(B.6)

B.2 Estimation of A, and By, from a Single Trajectory (Main SYSID Analysis)

In this section, we estimate the MJS dynamics A1 and Bj.s from finite samples obtained from a single
trajectory of (3.1). To estimate a coarse model of the unknown system dynamics, we use the method of linear
least squares. By running experiments in which the system starts at state xg and the dynamics evolve with
a given input, we can record the resulting state, excitation and mode observations. Let K;.; stabilizes the
system (3.1) in the mean square sense according to Def. 3.1. Then, choosing the input to be u; = Ky, )xs + 2,
the state updates as follows,

Xt+1 = (Aw(t) + Bw(t)Kw(t))Xt + Bw(t)zt + W = Lw(t)xt + Bw(t)zt + Wy, (B?)
where {z;}72, g N(0,021,) is the i.i.d. excitation for exploration and we let Ly, sy := Ay + Bu) Kur) -
Observe that the closed-loop state update (B.7) can be expanded as follows,

X0 if t= O,
Lw(O)XO + Bw(O)ZO + Wy if t= 1,
H;Z(l) Lo yxo + i H;—;%fﬂ Loh)yBo)ze + By-1)2¢-1

+ Y i Lugywe + Wiy if 22,

Xt =

B.2.1 Estimation from Bounded States

To estimate the unknown system dynamics, we run the system for 7' time-steps and collect the samples
(w(t), ¢, %X¢,X441) 1" Then, we run Alg. 1 to get the estimates (A;, B;) for all i € [s]. Our learning method
is described in Alg. 1. For the ease of analysis, we first derive the estimation error bounds with the following
assumption on the noise.

Assumption 3 (subGaussian noise) Let {w;} ! "t Dw. There exists ow > 0 and cw > 1 such that,

each entry of w; is i.i.d. zero-mean subGaussian with variance o2, and we have |[W¢| oo < CowOw-

Later on, we will relax this assumption to get the estimation error bounds with the Gaussian noise. To
proceed, we first show that the Euclidean norm of the states x; in (B.7) can be upper bounded in expectation.
The following result, which is a corollary of Lemma A.4, accomplishes this.

Corollary B.2 (Bounded states) Let x; be the state at time t of the MJS (B.7), with initial state xo ~ D,

such that E[x¢] = 0, E[|x0]*] < B3n for some By > 0. Suppose Assumption 1 on the system and the Markov
chain and Assumption 3 on the process noise hold. Suppose {z:}:2, vhd N(0,021,). Let C, := 2= be a
1

constant, hy := [Z=x] Lz[]" be the concatenated state and define

o log (1= pp)Bin/ (o, + o7 [Bus )

0 ) (B.9)
L-pg,
2/5(c2 + 2By |?)rs
BE = \/g(cw + z H 1: H )TL . (B.IO)

L-pg,
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Then, for all t > ty, we have
E[lx:[*] <og8in and  E[|h|*] < (1+6)(n+p). (B.11)

Proof Recall from Lemma A.4 that the states x; can be bounded in expectation as follows,

2 2 2 2 2 2 2 2
CaOw T 0, B :s 2O—w\/§ Cw +Cz Bl:S n
E[|Xt2]STﬂ\/§(p£ﬂg\/ﬁ+ 1_p|~ L] )ng ( 1_p~| Pren gy
L L

where we get the last inequality by choosing the timestep ¢ to satisfy the following lower bound,

CaOu + 04| Bus? log ((1- pg)B3n/ (o5 + 07| Bus|))
<— t > t =

(1-pg)B3V/n - 1-pg, '

This gives the advertised upper bound on E[|x;|?] for ¢ > ty. Using Jensen’s inequality, this further implies

<

(B.13)

e

p

251/2(c2 + C2|B1..12) 7+
E[|xt|]gow\‘ i (CW+1 alBusl)min o sy (B.14)
~ PL

Next, using standard results on the distribution of squared Euclidean norm of a Gaussian vector, we have
E[||z¢]|*] = o2p for all ¢ > 0. Combining this with (B.12) , we get the following upper bound on the expected

squared norm of hy := [-=x; —=z/]", that is, for all ¢ > to, we have

Oz

)

| 1 2V/3(ch + C2|Buc )i
E[[e|*] = = ElIx|?] + — ElJz]*] < TR
wW z L
< (1 + 2\/3(63‘/ +Oz2HB1:s ”2)7_1:,

I-pg

)(n +p). (B.15)

This gives the advertised upper bound on E[||h;|?] for ¢ > ¢o. Using Jensen’s inequality, this further implies

251/2(c2 + O2||By..|2) 7
E[||ht|]s\’(1+ i (CWI 2|Bus| )TL)(n+p) for t> to. (B.16)
~PL

This completes the proof. [ |

Suppose the MJS in (B.7) is run for T' timesteps and we have access to the trajectory (x¢,z¢,w(t))L,. Our
proof strategy is based on the observation that a single MJS trajectory can be split into multiple weakly
dependent sub-trajectories, defined as follows.

Definition B.3 (Sub-trajectories of bounded states) Let sampling period L > 1 be an integer. Let

T, = T+ kL be the sub-sampling indices, where 0 < 7 < L -1 is a fized offset and k = 1,2,...,[%J. We

sub-sample the trajectory (xq, 2, w(t))L, at time indices T, € Si(T), where

STV = {m, | w(m) =i, [Xn | < cowBi/n, |2 < coun/B), (B.17)

to obtain the 1, sub-trajectory {(x7k+1,x7k,sz,w(Tk))}TkESST).
Note that, S; = UL} Si(T), where S; is as defined in Alg. 1. This shows that a single trajectory with
bounded states and excitations {(x¢41,X¢,Zs,w(t)) }res, can be split into L weakly dependent sub-trajectories
{(Krp41s Xy 27y s w(Tk))}Tkeng) for 0 <7 < L-1. To proceed, we first show that the covariance of the bounded

states has the following properties.
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Lemma B.4 (Covariance of bounded states) Consider the same setup of Corollary B.2. Let tg and B,
be as in (B.9) and (B.10) respectively. Let ¢ > 6 be a fized constant. For allt >y, we have

(09 /2Ly sB[x¢ | x| < cowpar/n, |ze] < cop/p] < Pog,Bin,, (B.
(1/2) Ly <B[hy | [ x¢] < cowBin/n, |2¢] < cou/D) < (1 + 2)(n+p) sy (B

Proof Let x; be the state at time ¢ of the MJS given by (B.7), with initial state xo ~ D, such that E[x¢] =0
and define the noise-removed state X; = x; — wy_; which is independent of w;_;. Observe that E[X;] = 0
because both x; and w;_; are zero-mean. Next, from Corollary B.2, we know that, for all ¢t > ¢y, we have

E[||x¢]|]] € owB+y/n. Combining this with E[|w;_1|] < cwow /1, we have

E[l1%:1] < E[lx¢[] + E[|wi-1]] < 2008, /n. (B.20)

To proceed, consider the conditional random variable y; ~ {x; | x| < cowBs++/n}. To lower bound the
covariance matrix X[y:], observe that |[wi_1| < cwowv/n < owBiv/n and E[|X¢||] € 20w B++/1, where 3, is
given by (B.10). Therefore, using Lemma A.6 from Section A.2 with B = 20 (,1/n, we can lower bound
Y [y+] as follows,

8
9

e

)
)

Slyt] = 2[x¢ | x| € cowBiv/n] = (05,/2) I, (B.21)
where we use ¢ > 6 to get the last inequality. Next, we upper bound the covariance matrix X[y;] as follows,
I=y:]l = 1ELyeyi 1l < Ellye|] = E[lxc | | Ix¢] < cowBarn/n] < g, B3n, (B.22)

Combining (B.21) and (B.22), we get the first statement of the lemma. Next, using a similar argument with
Lemma A.7, we can show that, when ¢ > 6, we also have

(02/2)I, < X[z | |z¢] < coun/D] < (202p)1,. (B.23)

Finally, combing the derived bounds on 3[x; | x| < cowf+/n] and X[z, | |z| < co,+/P], we get the second
statement of the lemma,

(1/2)1,1p < Bhy | |x¢] € cowBiv/n, |2:] < copn/D] < (1 + B2) (0 + p) L. (B.24)
This completes the proof. [ ]

To proceed, let hy := [-=x] Lz;]" be the concatenated state and ©; := [owL; 0,B;] for all i € [s]. Then

Ow z

the output of each sample in {(x¢4+1,X¢, Zs,w(t)) }es, can be related to the inputs as follows,
Xig1 = @;(t)ht +w; forall tesS;. (B.25)

Next, to carry out finite sample identification of ®; using the method of linear least squares, we define the
following concatenated matrices,

T T T

th +1 El_frl Wl_frl
X W

_ t2+1 _ to _ to

Y= | e == |, wi=| T, (B.26)
T T T
X h w
ts;+1 ts;| ts;)

that is, Y; has {x/,; }tes, on its rows, H; has {h{ };cs, on its rows and W, has {w] }cs, on its rows. Similarly,
we also construct YET), HZ(T and WZ(-T) by (row-wise) stacking {x7, 1} _ ¢, {hy } o and {w } oo

respectively. Then, we have Y; = H;©;" + W,. Our goal in this paper is to solve the following least squares
problems,

1

©] = argmin AL H,0] 7. (B.27)
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The least squares estimator of ©;" is ©] = H!Y, = (Hl-TH,»)_lHlTYi and its estimation error is given by
| Wi

Amin (HTH; )’

W T HW

B L-1 (M) Ty (M)’
o £ HOHO)

T [HDTW|
50 Anin(HOTH )

16 - ©; = |(H]H;) H]W,| < |(H]H;) " ||[H] W] =

(B.28)

where we obtain (a) from the fact that S; = UL} SZ.(T) and (b) follows from using triangular inequality and
Weyl’s inequality for Hermitian matrices. If we upper bound the terms HHgT)TWET) | and lower bound the
terms )\min(HET)THgT)), for all 0 < 7 < L-1, we can use (B.28) to upper bound the estimation error |©; — ©%|.
However, because HET) has non-i.i.d. rows, it is not straightforward to bound the terms HHET)TWl(T) | and

)\min(HET)THgT)) directly. To resolve this issue, we rely on the notion of stability and use perturbation based
techniques to indirectly bound these terms in the following sub-sections.

B.2.2 Estimation from Truncated States

Definition B.5 (Truncated state vector [51]) Consider the state equation (B.7). Given t > L >0, the
L-truncation of x; is denoted by x; 1, and is obtained by driving the system with excitation z.. and additive
noise w,. until time t, where

,:{0 if T<t-L (B.29)

vT
v, else
In words, the L-truncated state vector xq 1, is obtained by unrolling x; until time t — L and setting xq_r, to 0.

Using a truncation argument, we can obtain independent samples from a single trajectory which will be used
to capture the effect of learning from a single trajectory. With high probability over the mode observation,
truncated states can be made very close to the original states with sufficiently large truncation length. From
(B.8), we have

t—1

Xt —X¢,L = H Lw(j)xt,[/. (B?)O)
j=t-L

As a corollary of Lemma A.4, observe that for a closed loop autonomous system x;.1 = Ly, ()X, mean-square
stability implies that, for any initial conditions xo and wo, we have E[[x,[*] < \/ns7g pt [%o[*. Combining
this argument with (B.30), we have

Jj=t=

t—1
Ellxe - x0,0 1?1 = | [T Léyxi-rl®] € Vismg ol o],
L

— Elx: —xr.2 ] < \/(ns) 2 pE x| < Vs pp e, (B.31)

where the expectation is over the Markov modes {w(j) ;;%_ ; and we get the last relation by using Jensen’s
inequality. Moreover, if we also have x| < cowSB+/n, then we can make E[||x; — x;, 1 |] arbitrarily small
by picking a sufficiently large truncation length L > 1,

2

Ellx: = x0,r | | Ixi-r] € cowBiv/n] < mppflxir] < cowpn/sTopg’. (B.32)

To proceed, we carry out the truncation of the sub-trajectories introduced in Def. B.3 to get the truncated
sub-trajectories defined as follows.
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Definition B.6 (Truncated sub-trajectories) Let sampling period L > 1 be an integer. Let 7, = 7+ kL
be the sub-sampling indices, where 0 <7 < L -1 is a fixed offset and k=1,2,..., [%J Let Si(T) be as in

Def. B.3. For each 1y € Si(T), let 7}, € Si(T) denotes the largest time index smaller than 1. Given the Ty,
sub-trajectory {(kaJrl,ka,zTMw(Tk))}TkES(T) from Def. B.3, we truncate each state x,, by 1, — 7, — 1 to get

the 1y, truncated sub-trajectory {()’(Twl,)’(ﬁ;,zm,w(m))} where

TkESET) ’

)_(Tk = X‘Fkﬂ'k—T,'c—l and )_(Tk+1 = Lw(,,.k))_(.,—k + Bw(Tk)sz +tWr.. (B33)

If 1, is the smallest time index in SZ-(T), we set 77, = 0.

Note that 7, — 75, > L by definition. Hence, the truncation lengths used to obtain {X,, }TkE g are always larger
than L —1. Next, we show that when L > 1 is sufficiently large enough, then the truncated states {X,, }Tke S
as well as the Euclidean distance between the truncated and non-truncated states can be bounded with hilgh
probability over the modes.

Lemma B.7 (Bounded states (truncated)) Consider the same setup of Corollary B.2. Let {x7, } g
be the bounded states and {X,, }TkGS(T) be the truncated states from Def. B.3 and B.6 respectively. Let

B, 5= cu + B4 | Ll + Car/pl B, (B.34)
21 2 T3 6
Lir1(pg,0) =1+ ol \/n_lsTL i )), (B.35)
~PL
and L >max{to, Li1(pf,,0)}. (B.36)

Then, with probability at least 1 — 9 over the modes, for all Ty € Si(T) and all i € [s], we have

7, = %r | € (1/2)cowBor/i and  [%y,] < (3/2)cowBv/m. (B.37)

Proof To begin, using Assumption 1 and (B.31), the impact of truncation can be bounded in expectation
over the modes as follows,

_ k-k'YL-1)/2
ELI%r, = %n, [1= EXranr ~ Xrsnr, ooy |1 € Vs ol D2 x o,

< Vst p P x ], (B.38)

where we get the last inequality from the fact that k- &’ > 1, and the expectation is over the Markov modes
at timesteps 7+ k'L +1,7+k'L+2,...7+ kL - 1. To proceed, observe that, for all 7 € Si(T), we have

ristl = Mmoo, + BuroyZme + wr | < maxc Ll [ | + max [ Bif[|zr, | + [

< CUWB+\/HHL1:SH + CUZ\/Z_7|‘B1:S I+ Cwaw\/ﬁa
< Caw(cw + ﬁ+ ”Ll:s H + Cz V p/n”Blts H)\/ﬁa
= Co—wﬁi\/ﬁv (B39)

where we set 3} := cw + 0+ |L1:s| + Ca/p/n|Bi:s| and C, := 0,/0w. Combining (B.39) with (B.38), for all

Tk € Si(T) and all i € [s], we have

Elllxr, —%r ] < CUWﬂin\/ngJPEL_l)/Q» (B.40)
cowBin~/sTi ng_l)/QT
= P(|xr, —%r | < . féL L )>1-34, (B.41)
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where we get the high probability bound by using Markov inequality and union bounding over all bounded

states. This further implies that, with probability at least 1 —¢ over the modes, for all 73 € Si(T) and all ¢ € [s],
we have

cow5+n\/_TLp(L D2

5 < (3/2)cowBi/n, (B.42)

[%r, | < x| + %7, = %7, || < cowBiv/n+
where we get the last inequality by choosing L > 1 via

cowBiny/sti, p(L Di2p
)

(L-1)/2 e
< COw 2 <
cowfi/nf2 < py 2 /nsre T,

2log (2/nsti T8 /(:9))
1-pg '

— L>1+ (B.43)

This also implies that, with probability at least 1 —d over the modes, for all 73 € Si(T) and all i € [s], we have
%7, = Xr || < (1/2)cowB++/n. This completes the proof. [

By construction, conditioned on the modes, %X, = Xy mp—1l-1 only depends on the excitation and noise

{2z, w}72FL21 . Note that the dependence ranges [7 + k'L + 1,7 + kL — 1] are disjoint intervals for each

(k, k") pairs. Hence, {X,, }me g should all be independent of each other. However, this is not the case

because {X, }TkE 4(n are obtained by truncating only bounded states {x, } Therefore, we will look for

Th ESET) '

a subset of independent truncated states within {X,, } as follows.

Th ESY) ’

Definition B.8 (Subset of bounded states) Let sampling period L > 1 be an integer. Let 7, =7 + kL be

the sub-sampling indices, where 0 < 7 < L -1 is a fived offset and k =1,2,..., [%J We sub-sample the

trajectory (X¢,z¢,w(t)) L, at time indices Ty € SZ-(T), where

S = {m | w(mk) =i, [, | € cowBav/n, [Rr | € (1/2)cowBin/R, |22, < cou/B}, (B.44)

to obtain a subset of the 1y, sub-trajectory, denoted by {(XTR_H,XTk,sz,w(Tk))}Tkesm,

Next, we show that, conditioned on the modes, the samples in {(Xr, +1, X+, , Z7, , w(Tk))}meggf) are independent.

Lemma B.9 (Conditional independence) Consider the MJS (B.7). Suppose {z:}52, i N(0,021,)
and {w}32, i D, satisfies Assumption 3. Suppose the sampling period L > 1 satisfies (B.36). Let Si(T) and

S’(T) be as in Def. B.3 and B.8 respectively. Then, with probability at least 1 - § over the mode, we have, (a)

{x Tk}‘r 5 is a subset of {Xr, }7- s (b) conditioned on the modes, {ka}T 5 are all independent, (c)

conditioned on the modes, {ka}T €57 {sz}T €5 and {w, }T c5(m) are all mdependent of each other.

Proof The first statement is a direct implication of Def. B.3 and B.8. To prove the second statement,
consider {x;, }TkES(T) which contains states bounded by cow8:++/n. From (B.8), observe that, each state can

be decomposed into x,, =X, +X,,, where X,, is the truncated state and %X, captures the impact of the past
states at time index 7+ k'L + 1. When the sampling period L satisfies (B.36), then from Lemma B.7, with

probability at least 1 —§ over the modes, for all 73 € Si(T) and all i € [s], we have |X,, || < (1/2)cowB+v/n.
Furthermore, from Def. B.8, for all 7 € S’Z.(T) and all i € [s], we have %X, | < (1/2)cowSB+/n. Combining these
results, with probability at least 1 — ¢ over the modes, for all 7, € S Z.(T) and all ¢ € [s], we have,

lxr | < [%r ]| + 1%z, | < cowBar/n. (B.45)

Secondly, by construction conditioned on the modes, X-, =X, r,_,/_1 only depends on the excitation and
noise {z;, w;}7-*L>1 . Note that the dependence ranges [T + k'L + 1,7 + kL — 1] are disjoint intervals for
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each (k, k") pairs. Hence, conditioned on the modes, the samples in the set {X,, }TkE 5(» are all independent

of each other.

To show the independence of {X;, } observe that z,, = z,.x; have timestamps
Le5() Identical

argument shows the independence of {)"(Tk}megm and {w, }Tkeg(T)' Lastly, {sz}Tkegm and {w, }Tkég(T) are

-rkeS;T) and {Z'rk }TkESET)’
7+ kL; which is not covered by [+ k'L + 1,7+ kL -1] — the dependence ranges of {X, }_

independent of each other by definition. Hence, {X,, }Tkeﬁff)’ {2, }Tkgggf) and {w,, }rke§ff) are all independent
of each other. This completes the proof. ' ' ' [ |

Next, we state a lemma similar to Lemma B.4 to show that the truncated states have nice covariance
properties.

y) Consider the setup of Corollary B.2. Let

Lemma B.10 (Covariance of truncated states {x,, }TkeSV
to, B+ and B, be as in (B.9), (B.10) and (B.34) respectively. Let ¢ > 6 be a fized constant and {)’(Tk}meg(f) be
as in Lemma B.9. Define '
21og (8¢%B, Bin~/nsTy
Leow(pg) =1+ g( adit: L) , (B.46)
L-pg,
and suppose, the sampling period L > 1 obeys,
L > max{to, Lcov(pf,)}- (B.47)
Then, for all T € gi(T), we have
(02 /DI, <B[X,, ] < 202 (7nl,,. (B.48)
(1/4) L1y <B[h,, ] < 27 (1 + 62) (0 + p) L s (B.49)

Proof To begin, for all 7 € SZ(T), we upper bound the difference between the covariance of truncated and
non-truncated states as follows,

| Elxr %7, = xn %7 1 = | E[Rr, X7, - %, %, + %0, X7, =X %7 ]

<E[%r M%r, = % 1+ Bl [1x%7, = %7, [,
< (1/2)cowBa/nE[[%r, = Xn ] + cowBev/nE[[[ %7, = %7, [],
< 20203\,ﬁ+,@;n\/nsri‘pgfl)/z, (B.50)

where we used Def. B.8 to obtain the second last inequality and (B.40) to obtain the last inequality. Combining
this with Lemma B.4, for all 7 € 5’2-(7)7 assuming ¢ > 6, we have

Amin (B[%r, 1) 2 Amin (B[x7,]) = | E[%r, %7, —x7,x7 ][
>02 /2 - 20203‘,,6’+ﬁin\/n571~1p](f4)/2 > 02 /4, (B.51)

where we get the last inequality by choosing L > 1 via

2 2 2 / _(L-1)/2 (L-1)/2 1
owld2 20w B B sty e oy S g e
2log (8¢% B, BLn/nsTi
Lo 2ol f*6+ i) (B.52)
- PL

This also implies that we have the following upper bound on the covariance spectral norm, that is, for all
Ty € S’Z-(T), assuming ¢ > 6, we have

IS[%n 1 < 1B0xn ] + [ E[%n X7, = xn,x7, 1] < Pog,Bin + 05, /4 < 2¢%03, B2n. (B.53)
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Combining (B.51) and (B.53), we get the first statement of the lemma, which is combined with (B.23) to
obtain the second statement of the lemma. This completes the proof. [ ]

To proceed, consider the 7, truncated sub-trajectory {()’(T“l,)’cm,sz,w(Tk))}TkGS(T) given by Def. B.6.

Let h,, := [-2x] Lz ]". Similar to (B.26), we construct Y HT and W by (row-wise) stack-

Ow Tk Oz
ing {’_(le}mes@’ {h], } s and {w], }r.eg(m Tespectively. As an intermediate step, we lower bound
)\min(ﬂz(.T)TI:IgT)) and upper bound HFIET)TWZ(T) |- This will, in turn, allow us to lower and upper bound the
non-truncated terms /\min(HgT)THET)) and HHZ(-T)TWET) | respectively via,

Amin(HOTHT) 2 M (B THT) - [HOTHD -BOTHT, (B.54)
IHOTWO | < [ HOWO |+ HOTW - HO W), (B.55)

For this purpose, our next lemma lower bounds the eigenvalues of the matrix I:IET)TI:IET) and upper bounds

the error term HI:IZ(T)TWET) [

Theorem B.11 (Bounding Anlin(I:IET)TI:IET)) and HI:Il(T)TWET)H) Consider the setup of Corollary B.2.
Let to, B+, B, Liri(pg,0) and Leoy(pg,) be as in (B.9), (B.10), (B.34), (B.35) and (B.46), respectively.
Let C,Co >0 and c > 6 be fived constants. Let I:I§T), I:IET) and WET) be constructed by (row-wise) stacking
{hr}, css {hr b, g and {wp }_ o respectively. Suppose the sampling period L > 1 and the number

of independent samples |§ET)| satisfy the following lower bounds,

L > max{to, Lir1(p5,,0)s Leov(Pi) s (B.56)
_(r )
15 )|21602(1+ﬂ3)10g(w)(n+p). (B.57)
Then, with probability at least 1 - 30, for all i€ [s], we have
H(OTE( STy 5 150
A (BT THT) > A (B THD) > 2, (B.58)

IED™W | < 20(1+ 8)V157|(n +p)(Cwa /n+p+Coy[log (?)). (B.59)

Proof To begin, recall that not all the rows of fIET) are independent. Therefore, to lower bound

)\min(I:IET)TI:IET))7 we first consider the matrix I:IZ(-T) which is constructed by (row-wise) stacking {h] }roego-

Observe that, conditioned on the modes, the matrix I:IZ(T), which is a sub-matrix of I:IET), has independent
rows from Lemma B.9.
e Lower bounding Q(HZ(-T)): Using Lemma B.9, we observe that, conditioned on the modes, the rows of

I:IgT) are all independent. Secondly, by definition, each row of I:IZ(T) can be deterministically bounded as

follows: for all 7, € 5'1.(7), we have

- 1, 1
Ihy,[* < po 1+ —lzn I* < (1/4)?Bin + p < (1 + B2) (n + p). (B.60)

Thirdly, from Lemma B.10, when ¢ > 6 and L > max{to, Lcov(pf,)}, then for all 7, € SET), we have
(1/4)I,.p <Z[h,, ] <22 (1+ B2 (n+p) Lnip- (B.61)

Therefore, we can use Corollary A.9 to lower bound g(I:IET)). Specifically, using Corollary A.9 with oyyin = 1/2
and m = (1 + 32)(n + p), with probability at least 1 -6, for all 4 € [s], we have

N V157
o(H) > % —c\/(1+63

a(m)

2s(n +p) 1S; "]
> B.62
)y, VIS (B.62)

)(n+p)log (
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as long as \5’1-(7)| satisfies the following lower bound,

5 s(n
VI '20\/<1+5z)(n+p)10g(2<+p>)

1 5
— 57| 216¢*(1 + B2) (n + p) log(w)- (B.63)

¢ Lower bounding )\min(I:IZ(T)TI:Il(-T)): Using Lemma B.9, we have, {Bﬂe}meg?*) is a subset of {h,, I

As a result, (B.62) also implies that, with probability at least 1 -4, for all i € [s], we have

kesgf).

_ i Vi PN 5(™)
o(H) > o(H) > VST Amin (ATHT)) > 5] (B.64)
= 1 = 1 4 1 ) ].6 ?

as long as \S'i(T)| satisfies the lower bound in (B.63).

e Upper bounding \|I_{ET)TW§T) [: Using Lemma B.7, when L > max{to, L1 (pf,,9)}, with probability at
least 1 —§ over the modes, for all 7 € S’i(f) and all i € [s], we have, |h,, |? < (1 +(9/4)5%)(n +p). This
implies that, with probability at least 1 - over the modes, for all i € [s], we have

IHD | < [HD |2 < e(1+ 280157 1(n + p) < 2¢(1 + BV IS (n +p).

To proceed, let I:IZ(.T) have singular value decomposition USVT with || < 2¢(1 + 8, )/ |SZ(T)\(n +p). Since

Wl(.T) has i.i.d. ow-subGaussian entries (Assumption 3), UTWET) e RUP)*" hag iid. oy-subGaussian columns.
As a result, applying Theorem 5.39 of [65], with probability at least 1 -4, for all i € [s], we have

2
[UTW | < Cogr/n+p + Coy [ log (f). (B.65)

This implies that, with probability at least 1 — 24, for all i € [s], we have

[ TWE < [BIUTW ] < 261+ 8V 1571 +p>(cow\/—n 1+ Cy /log(?>)~ (B.66)

This completes the proof.

B.2.3 Estimation from Non-truncated States
Coming back to the original problem of estimating the unknown dynamics from dependent samples, observe
that the estimation error (B.28) in the case of single trajectory can be upper bounded as follows,
i [HD W
720 Amin (HTHT)
Sroo (I ™W7 |+ B "W B TWIT)
~ 25 O (BOTHD) - [HOTHY - HOTHD|)

|©;-©;]] <

(B.67)

Therefore, to upper bound the estimation error H(:)Z - ©7| with dependent samples, we need to upper bound
the impact of truncation, captured by HHl(.T)TWgT) - I:IET)TWZ(T) | and ||H§T)TH§T) - I:IET)TI:IET) | for all i € [s]
and all 0 <7 < L -1. This is done in the following theorem.
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Theorem B.12 (Small impact of truncation) Consider the same setup of Corollary B.2. Let ty, By,
B4 and L1 (pg,,9) be as in (B.9), (B.10), (B.34) and (B.35), respectively. Suppose the sampling period L

obeys L > max{to, Li;1(pg,,9)}. Let fIET) and WET) be constructed by (row-wise) stacking {h] }Tkesgr) and

{wlk }Tkesf—r) respectively. Then, with probability at least 1 -0 over the modes, for all i€ [s], we have

3287 (1 + B+)Ttp£L_1)/2n\/s(n + p)|Si(T)|T

[HTHT - BHOTH| < 5 (B.68)
_ cewow B pl D Pny/ms| ST
HHET)TWET) _ HET)TWl(T) ” < +'LFY, : | | . (BGQ)
Proof We begin by simplifying the the term ||H§T)TH§T) - I:I§T)TI:I§T) | as follows,
D -HPTHTD = | Y (hehl -he bl ),
‘rkGSY)
(7) L T T
< |Sz ‘ Tknelg?) Hth th h‘rk h‘rk Hﬂ
=187 max B by, ~Be by, + BBy, By b,
TKES,
<187) ma (1ol b |+ [ o, <Bo ). (B70)
TKE i

We will upper bound each of these terms separately and combine them together in (B.70) to get the desired
upper bound. First of all, observe that, for all i € [s], each row of HET) is deterministically bounded as follows,

1 1
Ihq,|* < po 1+ —lzn |* < Bin+c?p <P (1+ ) (n+p). (B.71)

Similarly, from Lemma B.7, when L > max{¢o, Ly1(pf,,0), we observe that, with probability at least 1 - 4§
over the modes, for all ¢ € [s], each row of I:IET) can be bounded as follows,

= 1 _ 1
[, |2 € - [5r, I2 + —5 Ja, | < 29140820 + 2 < 421+ 52) (n 4 ). (B.72)

w

To proceed, recall from (B.41) that, with probability at least 1 — ¢ over the modes, for all 7 € SZ.(T) and all

i € [s], we have
1 1z
o XTh o TR
r, |71 X,
op 2y op LT

Combining (B.71), (B.72) and (B.73) into (B.70), with probability at least 1 -4 over the modes, for all 7 € [s],
we have

R T,
:7HXT1¢,_XT1¢,H < :
Y2 w 5

by, T = ‘ (B.73)

3287 (1 + B+)Tf‘p%L_1)/2n\/s(n +p)\Si(T)|T
5 .

Using a similar line of reasoning, with probability at least 1 - over the modes, for all i € [s], we also have

[HTH - BHDTH| < (B.74)

IHO"WO _HOTWO 2| S (b, wl, -h,,wl ),
TkESET)
<[ST) max_|hs, ~hy, ||w(;, |,
TkGSET)
ccwawﬂiﬁpg_l)ﬂn\/n8|5’i(7) T
. .

<

(B.75)
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This completes the proof. [ ]
Combining Theorems B.11 and B.12, we obtain our result on the estimation of MJS in (B.7) from finite
samples obtained from a single trajectory.

Theorem B.13 (Learning with bounded noise) Consider the same setup of Corollary B.2. Let to, B+,
BL, Lir1(pg,,0) and Leow(ps,) be as in (B.9), (B.10), (B.34), (B.35) and (B.46), respectively. Let S(T)

S'ET) be as in Def. B.3 and B.8 respectively and assume |§§T)| > %, for all i € [s], with probability at least
1-4. Suppose |Ki.s| < Cx for some constant Cx > 0. Let C,Cy >0, and ¢ > 6 be fived constants. Define

2 192¢%7¢ B7(1+ By )n/s(n +p)T

L T i,0)=1 1 L B.76
t 2(pL? ) + (1_pI:) Og( ﬂ_min(s )’ ( )

2 CwOw B Te n/nsT?
Liry(pg,:0) =1+ og ( Y, ) (B.77)

(1- Pf,) 5(1+ Bi)\/ (n+p)(Cowy/m+p+ Coy/log(2s/6))
Suppose the sampling period L and the trajectory length T satisfy
) o )
L> max{to, Lcov(pﬂ)7 Ltrl(pﬂa 187[4)7 LtTZ(pfn 187[1)7 LtrS(p]:; 187[/)} (B78)
L L
T> CQ(1+53)1og(M)(n+p). (B.79)
Tmin

Then, solving the least-squares problem (B.27), with probability at least 1 -45/2, for all i€ [s], we have

192¢(1 + 34) (0 + Crcow) (n +p) (

min Oz

A 36sL
[A; — A;] < C\/n+p+(Colow) log( 5 )),

1B, - By < 192¢(1 + B+) ow L(n+p)(

min Oz

Cy/n+p+(Colow) log(36§L)).

Proof To begin, using Theorem B.11 along-with the assumption made in the statement of the theorem
regarding |5’i(T)|, with probability at least 1 — 46, for all i € [s], we have

-~ S(T)| Tmind’
Amin (HOTHD)Y > 15i 1 Tmin B.80
( )2 2 (B.80)
as long as the trajectory length T satisfies the following lower bound,
L 2
753 02(1+,33)1og(@)(n+p). (B.81)
Tmin
Combining this with Theorem B.12, with probability at least 1 — 54, for all i € [s], we have
Amin(HOTHT) 2 A EOTHT) - [HOTHT -BOTHD),
N Tminl 3c¢230 (1 + ﬂ+)TLp(L 1)/271\/8(71 +p)T?
- 32 oL ’
inT’
> MminZ (B.82)
64L
where we get the last inequality by choosing L > 1 via,
manT 301 (L+ B)rpp /5o + p)T°
64L oL ’
(L-1)/2 Tmind
< pL ; y
©192¢273 BL(1+ By )ny/s(n+p)T
21o 192027" (1+ n/s(n+p)T 7Tmin§
Ly 2oe (1928 (1 B0 DT (Raind)) B

(1-pg)
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Similarly, combing Theorems B.11 and B.12, with probability at least 1 — 44, for all i € [s], we also have
B TWI < [ETWE D TW D TW),

(L-1)/2 2
CCwOwBLT n\/nsT
<2¢e(1+ B/ T(n+p) (Cow\/n +p+Cy log(268))+ - Lpg‘L ,

S3C(1+ﬂ+)\/T(n+p)(00w\/n_+p+00 1og(2;)) (B.84)

where we get the last inequality by choosing L > 1 via,

(L-1)/2 2
CCw O B0 T n\/nsTl’
B Lng <e(1+5,) /T(n+P)(CJW T p+Co log(Q;))

(L-1/2 S(1+ B4)/TL(n +p) (OUW\/H_er+C’o\/log(23/5))

L CwOw B Tin/nsT?
2 CwOw g n/nsT?
— L>1 1 . (B.85
= (1-pg,) Og(5(1+ﬁ+)\/(n+p)(00'w\/n+p+CO\/log(23/5))) ( )

Finally combining (B.82) and (B.84) into (B.28) and union bounding over all 0 < 7 < L — 1, with probability
at least 1 - 9L4, for all i € [s], we have

. S [HOTWE|
i ZL—_Ol /\min(H(T)TH(T))v

< 192¢(1+ 8+) [L(n+p)
N Tmin T

(Caw\/n_er+Co log(ég)). (B.86)

To proceed, using standard result from linear algebra that the spectral norm of a sub-matrix is upper bounded
by the norm of the original matrix, with probability at least 1 - 9L4d, for all i € [s], we have

||IAJ2 -L;| < 1926751'+ 5+)\/ L(n+p) (C’\/n +p+(Colow) log( 3 ))

192¢(1 + B4) 0w L(n +p) (

min Oz

|B; - B < Cyn+p+(Colow) 10%(28))

— [A; - A <|L; - L] + | K] | B: —BiH,
< 1920(?* B:) (02 + Crcow) | f L("T+ ) (c\/m+ (Coforw) log(2;)) (B.87)

7Tl’l’lll’l UZ

Finally replacing § with §/(18L) we get the statement of the theorem. This completes the proof. [ ]

Next, we use the following lemma to relax the Assumption 3 on the noise.

Lemma B.14 (From Bounded to Unbounded Noise) Let g i N(0,621,7) and a be two indepen-
dent vectors. Let g’ be the truncated Gaussian distribution g’ ~{g | |g]e. < cwow}. Let Sga be the indicator
function of an event defined on vectors g,a s.t.

E[Sga]>1-5/2.

That is, the event holds, on the bounded variable g', with probability at least 1 — /2. Then, if the bound above
holds for cw > Cs :=\/2log(nT) ++/2log(2/6), we also have that

E[Sgal21-0.

That is, the probability that event holds on the unbounded variable g is at least 1 - 6.
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Proof Let E be the event {g | [g]e. < cwow}. If cw > /2log(nT') ++/2log(2/5), using Gaussian tail bound

(ewow-Ellgle,, D2

and the fact that E[|g|le.. ] < ow/21log(nT'), observe that P(E) >1-e” z >1-6/2. Therefore,
we have

E[Sg.al > E[Sg.alE]P(E) =E[Sg o] P(E) > (1-6/2)*>1-4.
This completes the proof. [ |

Combining Theorem B.13 and Lemma B.14, we get the following result on learning the MJS dynamics when
the process noise is Gaussian.

Corollary B.15 (Learning with un-bounded noise) Consider the same setup of Theorem B.13 except
that Assumption 3 is replaced with {w}3:2, o N (0,02 1,,) and the threshold for bounding the noise satisfies,

cw 2 \/2log(nT) ++/2log(2/9). (B.88)

Suppose |B1.s| < Cp for some Cp >0 and the trajectory length T satisfies,

T> TL\/EL
~ Tmin (1 = pf,)

36sL(n+p)

5 )(n+p). (B.89)

((\/2 log(nT) + \/2 log(2/5))2 + CEC%) log (

Then, solving the least-squares problem (B.27), with probability at least 1 -4, for all i€ [s], we have

&, - A, < (02t Cicow) ToV/E(V2I0B(nT) + V2105 C]5) + CaCi1) | L(”T+ ) (B.90)

Oy 7Tmin(l_pﬂ)

x (C\/n +p+ (Colow) 10g(36§L)),

HE -Bi| < Ow 7-IZ\/E(\/Q log(nT") + \/2 log(2/0) + C,Cp H) [L(n+p)
(] 3 ~ T

Oz Tmin ( 1- Pi, )

x (C\/n_+p+ (Colow) 10g(36§L)). (B.91)

At this point, we are only left with verifying the assumption that, for all i € [s], with probability at least
1-4, we have |5Z.(T)| > % for some choice of L and T'. In the following, we will state a lemma to show
that the above assumption indeed holds for certain choice of L and T'. The detailed analysis for obtaining
a lower bound on |51-(T)| is given in Sec. B.4. Specifically, the following result can be obtained by applying
union bound to Lemma B.21 over 7=0,1,..., L - 1.

Lemma B.16 Let S’Z-(T) be as in Def. B.8 and consider the setup of Alg. 1. Assume cx > ¢, (pi,sT§,)s Cz 2 C,)
L> qub)N (ﬁoﬁa %7T7 p]:an‘) 1Og(T)7 and T > IN(%7 %a Pi,ﬂ'f,): where Qx(/)ﬂ'); Cy and IN(Cv 6a P77')
are defined in Table 2, and Csyp. N (Z0,90,T,p,T) is defined in Table 4. Then with probability at least 1 -6, for
allie[s] and all 7=0,1,...,L -1 we have

minT

§(M)| 5 MminZ B.92
5] T (8.92)

B.2.4 Finalizing the SYSID: Proof of Theorem 4.1

To finalize, we combine Corollary B.15 and Lemma B.16 to get our main result on learning the unknown
MJS dynamics. The following theorem is a more refined and precise version of our main system identification
result in Theorem 4.1.
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Theorem B.17 (Main result) Consider the MJS (B.7), with initial state xo ~ D, such that E[xq] = 0,
E[|Ixo[?] < B2n for some By > 0. Suppose Assumption 1 on the system and the Markov chain holds. Suppose

{z+}52 hd N(0,02L,), {wi}52 5 N(0,021,,) and the threshold for bounding the noise satisfies,

cw 2\/2log(nT) ++/21og(2/6). (B.93)

Suppose |Bis| < Cp and |Ki:s| < Ck for some Cp,Cx > 0. Letty, B+, B4, Lir1(pf,,9), Leov(pt,), Lira(pf,,0)
and Ly3(pg,,0) be as in (B.9), (B.10), (B.34), (B.35), (B.46), (B.76) and (B.77), respectively. Suppose
cx > ¢ (Pis i), €z 2 ¢, where ¢, (p,T) and ¢, are defined in Table 2. Let C,Cy > 0, and ¢ > 6 be fized
constants. Suppose the trajectory length T satisfies

STLEL(\/2log(nT) +/210g(2]8))? + C2C% ) log (2L ) (1 1 p),

T 2 max { Tmin(1-P1) } (B.94)

b
IN(ﬁy f?pf,aTI:)

) 0 )
where L > max {t07 Lcov(pﬂ)a Ltrl(pfn ﬁ)7 Ltr2(pfn ﬁ)> Ltr3(pfn M)’} : (B95)

Coun N (Bov/n, %, T, pg,, 71,) Log(T')

where T n(C,6,p,7) and Csyp n (Zo,9, T, p,7) are defined in Table 2 and 4 respectively. Then, solving the
least-squares problem (B.27), with probability at least 1 -6, for all i € [s], we have

&, - A, < (02t Crcow) ToV/E(V2I0B(nT) + V2105 C05) + CaCi) L(”T+ ) (B.96)

Oy 7Tmin(l_pf,)

x (C’\/n +p+ (Colow)\/ log(36§L)),

HE _ B|| < Jinf‘\/g(\/2 log(nT) + \/2 log(2/0) + C,Cg H) [L(n+p)
K2 K2 ~ T

Oz 71'min(l - pf,)

‘ (cvww (Cofow) log(36;L)). (B.97)

Remark B.3 Note that in Theorem B.17, with the shorthand notations defined in Tables 2 and 4, the
premise conditions (B.93), (B.94), and (B.95) can also be interpreted as the following.

Cw = Qw(Ta 6) (B98)
T>T;yN(L,0,T,py,,7,) (B.99)
L> Lid (60\/57 6a Ta Pi.s TL:QW(Ta 6), Kl:sa L) . (BlOO)

From the definition of L,;, one can see there exists L = O(log(T)) such that (B.100) holds by choosing
L = L. Define shorthand notation T, x (6, T,p,7) = T4 n(L,5,T, pg,,71,), then the premise conditions
(B.93), (B.94), and (B.95) can be implied by by the single condition T 2T, n (6, p,T), under which the
main results in Theorem B.17 still hold.

Discussion

e Sample complexity: Here, a few remarks are in place. First, the result appears to be convoluted
however most of the dependencies are logarithmic (specifically dependency on the failure probability J and
log(T') terms). Besides these, the dominant term (when estimating A) reduces to

(Uz + CKUW) 7-ﬂ\/g (n +p)
Oz 7Tmin(l_pf,) \/T .

which is identical to our statement in Theorem 4.1. Note that the overall sample complexity grows as
T 2 s(n+p)?/n2,,. We remark that, this quadratic growth is somewhat undesirable. A degrees-of-freedom

min"*
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counting argument would lead to an ideal dependency of T 2 s(n + p)/mmin. The reason is that, each vector
state equation we fit has n scalar equations. The total degrees of freedom for each dynamics pair (A;, B;) is
nx (n+p). Additionally, for the least-frequent mode, in steady-state, we should observe mminT equations.
Putting these together, we would minimally need nxmpninT > nx (n+p), which means we need T' > s(n+p)/Tmin
samples to estimate s dynamic pairs (Aq:s, B1.s). Our analysis indicates that this sub-optimality (at least the
quadratic growth in n) can be addressed to achieve optimal dependence by establishing a stronger control on
the state covariance (e.g. refining (B.18)) as well as a better control on the degree of independence across
sampled states (this issue arises during the proof of Theorem B.11).

e To what extent subsampling is necessary? We recall that our argument is based on mixing-time
arguments which are well-studied in the literature. In Alg. 1, we sub-sample the trajectory for bounded
samples and use them to estimate the unknown MJS dynamics. Unfortunately, such a sub-sampling seems
unavoidable as long as we don’t have a good tail control on the distribution of the state vectors. Specifically,
as long as the feature vectors (in our case state vectors) are allowed to be heavy-tailed, existing — to the
best of our knowledge — minimum singular value concentration guarantees for the empirical covariance apply
under the assumption of boundedness [65]. More recently, self-normalized martingale arguments are employed
to address temporal dependencies [55,59]. We remark that, using martingale-based arguments, it is possible
to mitigate the spectral radius dependency by shaving a factor of 1/(1 - pf,) (e.g. martingale based arguments
have milder p; dependence [55,59]).

B.4 Lower Bounding |5

To begin, we define sub-sampling period L = Cguplog(T), sub-sampling indices 7, = 7 + kL for k =
1,2,...,|T/L], and the time index set

ST ={m | wlm) =i, x| < cxV/[Zwllog(T), |2+,] < o/ 120l }

by bounding ||x;| and |z|, which is used to estimate A, and Bj. through least squares (Here we
generalize isotropic noise wy ~ N'(0,021,,) and z; ~ N'(0,021,) to N'(0,Ey) and N (0, 3,), respectively.). A
fundamental question is: Is |SZ.(T) | big enough such that there will be enough data available when applying
least squares? We provide answer to this question in this section. Lemma B.18 acts as a building block for
the later result; Lemma B.19 provides the lower bound on |S¢(T)|? Corollary B.20 gives a more interpretable
lower bound on |S Z-(T)| when c¢x and ¢, are large enough; and finally, Lemma B.21 shows how many samples in

S’Z-(T) are “weakly” independent, which is the quantity that essentially determines the sample complexity of
estimating A1.s and By..

For clarity, we reiterate some definitions and define a few new ones here. We are given an MJS(A 1.5, B1.5, T)
with process noise w; ~ N(0, Xy, ) and ergodic Markov matrix T. With some stabilizing controller K., the
input is given by u; = K,,(;yX; + z; where z;, ~ N(0,3,). Let 6 := [ B[ ?[|2,] + [Sw]. Let L; := A; + B;K;.
Let L € R*"**"” denote the augmented closed-loop state matrix with ij-th n?xn? block given by [INJ]” =
[T];;L; ® L;. Let p;, € [0,1) and 73, > 0 be two constants such that |L*| < Tﬂp’E. By definition, one available
choice for 73, and py, are 73, and p(L), respectively. Let tyc () and tye denote the mixing time of T as in
Definition A.2. Let 7t denote the stationary distribution of T, iy = min; e (), and Tpax = Max; Moo (7).
Assume the initial state xo satisfies E[|xo]?] < #3 for some Zo > 0. Lastly, without loss of generality, we
consider the sub-trajectory with zero shift, that is, 7 = 0, which is identical to any 0 <7< L - 1.

Lemma B.18 Suppose the Markov chain trajectory {w(0),w(1),...} and a sequence of events {Ag, A1,...}
are both adapted to filtration {Fo, F1,...}, i.e. w(t) and 1g4,; are both Fi-measurable. We assume E[1y,)-j} |
Fir] =P(w(t) =5 |w(t—7r)) for all j €[s],t, and r <t. For allie€ [s], let

|T/L]
N; = kz Lwrny=t LA} (B.101)
=1
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and suppose
E[liay | F-r]21-p; (B.102)

for some py € [0,1) and L = Cgyplog(T). Assume Cgyp > Crrc, and for some 6 >0, T > IA4C71(Csub,5),
where Cyro and IMCJ(C,S) are defined in Tables 2 and 4, respectively. Then we have

- T'rees (i) s 17Csub7rmaxlog(T [7/L)
P(Q{Niz sub]og(T)( Tloo (i )\/ T ) Z pkL}) - 4. (B.103)

Proof For some € < Tpyi,/2, we temporarily let L > 6tp7¢ log(e™!). From the proof for [17, Lemma 13 (47)], we
know this guarantees L > tyrc(e/2). By definition of tprc(-), we know max; [([T]:.)" = 7o |1 < € € Tmin/2,
and since ([TF];.)1 =7l 1 =1, we further have

< Tmin (B.104)

masx | ([T4))" - oo < § < 72

[N

For simplicity, we assume |T//L| = T/L =: T. To ease the notation, we let w(k) := w(kL), Ay, = Ayr, and
Fi == Frr. Then, one can see w(k) and Ay are both Fy-measurable. Define 85, Ay € R® such that

8;(1) = Lia(=in 14,1 ~ Ella(=n 114, | Fiml, (B.105)
k

Ap(i) =) 8;(1i). (B.106)
i=1

Note that for all i € [s], {Ax(7), Fr} forms a martingale as
N k+1 B
E[Ak1(d) | Fil =E[ Y] 8;(i) | Fi]
j=1
(1) + E[L g o)=L 4,0y — E[ oo =iy Ldp,ny | Fid | Fi] (B.107)

k
4
k
z:: (1) = Ax(9),

thus 84(7) = A(i) — Ag-1(i) can be viewed as the martingale difference sequence. Since E[Sk( ) | }'k 1]=0,
we have E[8;(i)? | Fp_1] = Var(8x(i) | Fr_1) = Var(1g(;)- alia,y | Fro1) < E[l{w(k) iyl {A ) | Fr1] <
E[1oa)=iy | Fr1] = P(@(k) =i | ©(k-1)) = [T*],(x-1)1),;- By the choice of L, using (B.104), we know
[T5 (1)) < oo (i) + max; | ([TF];.)7 = Moo | oo < 2Manax. Thus,

T
Z ék ) |-7:k 1] < 27TmaxT (BlOS)

With this, and the fact that [8;(¢)| < 1, we have

A ~ ~e ) G N
P (Ni - 2 Ell@w=i 14, | Fral2 T2) P(A(i) 2 Te/2)

D exp(-—L /8 ) (B.109)
2T max + €/6
(iii) Te?
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where (i) follows from the definition of N; and A4 (7); (ii) follows from Freedman’s inequality [26, Theorem
1.6], and (iii) follows since € < Tyin/2. Note that

Mﬂz

E[L (@)= 14,y | Fr1] = T7eo (i)

i
A

Mﬂ'

. T B B
E[L{o(k)=i} | For] - T + |2 E[L@@y=iy | Fr-1] = E[Lary=iy 14, | Fri]
k=1

B
I
=

(B.110)

T
sTm]ax|[TL]j,¢ - Mo (D) + D] E[1 ey | Fra]
k=1

Then, combining this with (B.109) and applying union bound, we have with probability at least 1 -

2
Sexp(_173|—:;xl,)a
s T T/L
ﬂ{ Ttoo( i)-ge- me} (B.111)

when € < mpin/2 and L > 6tyclog(e™t). Then, similar to the proof of Lemma B.1, we know if we pick
L = Cyyuplog(T) with Cyyp > tve - max{3,3 - 3log(mmax log(s))}, and for some 6 > 0, we pick the trajectory

length T' > (GSCsubﬂ-maxﬂ-;?in 10g(§))2, with probability at least 1 — ¢, we have

- Trees (i) s 17cwb7rmax log(T)\ E
N {N" * Couplog(T) ( )\/ T ) - kZl pkL}- (B.112)

Lemma B.19 For some § > 0, we assume c; > (\/3 + \/6)\/]_9, Csup 2 max{Cnc, Cp (70,0, T, py,, 71,) }

and T > max{T y;c,1 (Csubs §), Loy 1 (pg,75) s where Crre, Ty (C,6) and Ty 4 (p,7) are defined in Table 2,
and C.p. «(Z0,6,T,p,T) is defined in Table 4. Then, with probability at least 1 - ¢, the following intersected
events occur

S - TT[OO(Z) 1 25, 17CsupTmax IOg(T)
S( ) > 1-— \/ =
Q {| il Csup log(T) ( Too (%) ( ) T
271\/57'1:62 1

Moo (D)2 [ S [log(T) (1~ pg)  7ea()
Proof TFor simplicity, we assume |T/L| = T/L. We let F; denote the sigma algebra generated by
Hw(r) Yy, Wout, Zo:t, X0}, and let Ay = {||x4] < cx/ | 2w log(T), |2¢] < czv/|X2]}, then by Lemma B.18,

when Cyup > Crro = tyo: max{3 3-3log(Tmax log(s))} and T'2 Ty 1 (Csup, g) = (68C.sub TmaxTmon 1og(27f))2,
with probability at least 1 — 5, we have

S (1) TTIOQ(Z) . Zj 17Csub7rmax10g(T)
Q{'SZ‘ 'chublog(T)( e ()\/ T )

W‘N N

}. (B.113)

T/L
- Z P (Af | X(k-1yL+1,w((k - 1)L)) } (B.114)
k=1

=P
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For term P, we have

P- zp(nmuwxwzwulogw Ulzsel 2 e/ 13l | X(eoyzen, (k= 1)L))
Y P (2] 2 o/ [al | X(k1yper, w((k - 1)L))
k=1

(B.115)
=P
T/L
+ 3P (Ixkrl 2 e/ TEwl108(T) [ X(eony o, w((k - L))
k=1

=Py

For term P;, we know from Lemma A.5 that when ¢, > (v/3+1/6),/p, we have P; = ZT/L (szL | 2 can/ |2 H) <

2

% . Now we consider term P,. From Lemma A.4, we know
_ /575,02
El el | X(k-1)L+1,w((k - 1)L)] < vnsripé 1HX(k—1)L+1H2 + ﬁ’ (B.116)
i

thus by Markov inequality, we have

T/L 1 n\/s15,0°

P < Z SN T (vﬂST£P€_1||X(k—1)L+1|2 + L)
o1 [ Xw | log(T) 1-pg, (B.117)

1 T n/s73,0> 1 E 9
- + VNSTE, Py HX k-1)L 1|| .
c,%mwuog(T)(L 1-pg, LIL Z (=D

Now, we seek to upper bound pé‘l Zf:/ 1L |X(k-1yr+1]* with high probability. Note that the assumption
Csub 2 C gy, x (70,6, T, pg,, 7,) implies the following

22
L = Cysuplog(T) 2 1_1max{10g(2),210g(8nsﬁ'x()),210g(4Tn\/_ L7 )+2 } (B.118)
loa () ; 51 rp)

Then, we have

T (1-pg)
P|pt ! L
( Z HX(k 1)L+1H = L4Tn\/_7' 02)

V=

T/L i
P( Z Hx(k 1)L+1H )

2. °%
> ( {Hx(kq)LuH <pg })

k=1
T/L . L
21-3 P (Hx(kfl)L+1H 2 p;° )
k=1
w L k-1)L+1 -2 | NW/STEO” (B.119)
>1_ZPL(\/_TLP( )+=Tg 1_;
L

o 7+1\/%T£x0 T Ln\/_TLa
R I_Pé L gt 1-pg

(iii) 0
> 1- 2pL\/ STy Zg — 1L

(& 6_ 98



(-pp) . (ii) follows from Lemma A.4 and Markov

where (i) follows from (B.118) which gives pé_l S Tnders®
Nn~\/8Ty,0

inequality; (iii) follows from (B.118) which gives p% < % and pé < 4;&}%{?2 and (iv) follows from (B.118)
L

L
which gives pi < S Therefore, we have with probability at least 1 — g
ns‘erO
_ =2 _ e
< ! Tnsrgo” | 1=py (B.120)
ASwlogM\L 1-py  iLyno?
and thus,
=2 oA &2
P<P +Py< L Tnsrgo” | 1opg |\ T -4
SullogM\L 1-p; "aLyne?) " L _—
. 1 (T2n\/§TE&2)+T g '
< - —e 3,
ASulogM\L 1-p, )T

where the second inequality follows from 7" > T, , (pg,, 71,)- Plugging this into (B.114), we have with probability
at least 1 -6,

s =) Tt () 28 17CsupTmax 1log(T')
A {isr (1 g2 G

Osublog(T)
Moo ()2 [ S [ 1og(T) (1 - p1)  Tool(i) )] (B.122)

which concludes the proof. [ |

Note that when T, ¢y, and ¢, are sufficiently large enough, we could obtain a more interpretable version
of Lemma B.19 which is presented as follows.

Corollary B.20 For some d >0, assume cx > 3 e (PisTi)s ¢z 2 ¢y Csup 2 max{Cnrrc,Cup < (Z0,0, T, p5,, 71,) }
and T > TnN(Csup,y 20, p1,,75,) = max{L y;o(Csup, 0), Ly, 1(pL,TL)} where ¢, (p,7), ¢,, Cymc, Tre(C,0),
T.1(p,7) are defined in Table 2, and C,,, (0,6, T, p,7) is defined in Table 4. Then, with probability at

least 1 —6/2, the following intersected events occur

3 T i
S|y S lmin | B.123
Q {| i 2Csub log(T)} (3:123)

Now we provide a result on how many data in Si(T) are “weakly” independent, which is the quantity that
essentially determines the sample complexity of estimating A1 and By.s in Algorithm 1. We first define a

few notations. Let 7; 1,. .. ) denote the elements in S( ™) , and let 7; o = 0. Define X, , such that

Ti st

Ti k-1 -1
)_(Ti,k = Z (]1_11 Lw(tk)) (Bw(t,j)zt_j + Wt_j) + Bw(ﬂ,kfl)zn,k—l + Wr, p—1- (B124)

j=1

One can view X, , as follows: set x., , , =0, then propagate the dynamics to time 7; ; following the same
. . . 7 Tiykfl
noise and mode switching sequences, Wr. o, -1, Zr, \yer -1, {W(E)}025

the contribution of noise x; and z; that propagate x,, ,_, to X, ,. And it is easy to see that

Or, one can also view X, , as

Ti k-1
X7k _)_(7—7, k ( H Lw(t k:))xn k—1* (B125)
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Define Si(T) c Si(T) such that

g <\/ || 2w | log(T'
S§”::{Tk|wm>:z', It </ TERTIOBT). 27, 00/ [, |« 2V Z 108 )}.

The next lemma provides a lower bound on |5’Z-(T)|.

Lemma B.21 Assume cx > ¢, (pg,,Tg,)s €z 2 ¢, Coub 2 Copy v (70,0, T, py,, 71,) = max{Chrc, Cp x (To, g,
Ta P, TI:)7qub,§< (67 Ta pfan,)}} and T > IN(CSuba(Sa Pi77ﬁ): where gx(p?T)? C,s qub,x(j076a Ta ;0’7'), and
Counx (0,T,p,7) are defined in Table 4, and Cys and Ty (C,0,p,7) are defined in Table 2. Then with

probability at least 1 -0, the following intersected events occur

Tﬂ-min }

N 150 s B.126
g{u ey (B.126)

Proof We define sets RET) c SZ-(T) and RET) c §Z-(T) such that

. o ee/TSulog(T)
R >::{Tk|wm)=z, [ < Nr e/

3
. L e/ToWlos®) 11 o/ TEullog(T)
Rz( ). {Tk‘w(’rk):la HXTk HS 3 ) HZTk chz Xz HXTk HS 2 ’

Note that RET) c RZ(T). We will first (i) lower bound |R§T)| and (ii) show |R§T)| = |R§T)|7 then we could lower
bound |§i(7)| since |§Z.(T)| > \RET)| and conclude the proof.
Using Corollary B.20, we see under given assumptions, with probability at least 1 — g,

s T .
RD|> —Tmin__ 1 B.127
R erent (B.127)
Let Q)l,...,CMR@‘ denote the elements in RET). It is easy to see {Ci,l,...,Ciy‘R(‘T)‘} c {Ti’h...,Ti’lS(T)l}.

Consider an arbitrary (; ; € RET) and 7 4 € Sl-(T) denote the counterpart of (;; such that 7; ;7 = (; ;. By

cx\/ [ Bw ] log(T) (B.128)

e :
3
From (B.125), together with Lemma A.4, we have

definition of RET), we have

H x‘ri

E[HXTLJ,, - )7(7'7',‘]" H2:| < \2 nSTI:pg,jl_T’inlilE[HXT,LJ-/71 H2:|

Lo (B.129)
< \/nSTEpL(Cx [Zw| log(T')),

where the second inequality follows from 7; j; — 7 -1 > L and %, , || < cx/||Zw|log(T) by definition of
SET). Then, by Markov inequality, we have

</ [Zw [ log(T
xV/ [ Ew | log( ))21_36\/%&%. (B.130)

P ( HXTi,jl - )_(Ti,jl H S 6
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Then, using union bound, we have

P( m m {|XT’i,J' - )_(n,]v | < & HE"EH log(T") })

i€[s] J’

>1 - 36/ns"®| R | pk

(B.131)
>1 - 36v/ns" T pf
-2,
2

where the last line follows from L = Cyyplog(T') and Csup > C',p 5 (6,7, pf,, 75,) in the assumption. Note that
I%¢; ;| = 1%, I < %7, [ + %+, ,, = %5, , |l This together with (B.128) and (B.131) gives, with probability at

least 1 - %,

- exV/ | 2w | log(T)

n N {IXci,jIS 5 : (B.132)
wels] jef| (7))

This implies for any 4, for any 7 € RZ(T), we have 7y, € RET), ie. RET) c RST). Thus, we have RET) = RET) and
|R§T)| = |R§T)|. Combining this with (B.127), we have with probability at least 1 -,

A T
Ry w1 B.133
q {' C12ae, log(T)} (B.133)
Finally, we could conclude the proof by noticing |5’Z»(T)| > |R§T)|. ]

C MJS Regret Analysis

Consider MJS-LQR(A1:5,B1:s, T, Q1.5, Ry:5) with dynamics noise wy ~ N'(0, Xy,), some arbitrary initial state
xo and stabilizing controller Ky.s. The input is u; = K, ()X¢ + z; where exploration noise z; ~ N(0,3,).
Let L; := A; + B;K;. Let L e Ron xsn” denote the augmented closed-loop state matrix with ij-th n2xn?2
block given by [L];; = [T];L; ® L;. Let 75 >0 and pg, € [0,1) be two constants such that |L*| < TEpE. By
definition, one available choice for 75, and pg, are 7(L) and p(L).

We define the following cumulative cost conditioned on the initial state xg, initial mode w(0), and
controller K.

T
JT(X07W(O)a {Klzs; 2:z}) = Z E[XIQw(t)Xt + uIRw(t)ut | X0, O‘)(0)7 Klls]' (Cl)
t=1

The definition of this cumulative cost coincides with the cost Z;le CTy++T;_,+t i the definition of Regret,
in (5.4) with xo,w(0), K., setting to xél),w(i)(O),Kgfz since Regret; depends on randomness in F;_; only
through x((;'),w(i)(O),Kgg. In the remainder of this appendix, for simplicity, we will drop the conditions
xg,w(0), Kj:s in the expectation and simply write E[ - | xo,w(0),K;i.5] as E[]. So, for any measurable function
/5 E[f(x0,w(0),K1:5)] = f(x0,w(0),Kj.5). Note that even though the results in this appendix are derived
for conditional expectation E[ - | xg,w(0),Ki:s], most of them also hold for the total expectation E[-].

For the infinite-horizon case, we define the following infinite-horizon average cost without exploration
noise z; and starting from xg = 0.

J(0,0(0), {K1..}) = lim sup %JT(O, w(0), {Ky.e, 0}). (C.2)
T—oo
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Let P7., denote the solution to cDARE(A s, By, T, Q1:5, R1:s) defined in (5.2). Let Kj., denote the
resulting infinite-horizon optimal controller computed using P7., and following (5.1). Note that the infinite-
horizon optimal average cost J* in (3.4) is achieved if the optimal controller K., is used, i.e.

J* = J(0,w(0),{Kj.})- (C.3)

Note that if the underlying Markov chain T is ergodic, for any initial state xo and mode w(0), J* =
J(x%0,w(0),{Kj.}). Let L = A; + B;K for all i € [s] denote the closed-loop state matrix when the
optimal controller K7.. is used. Define the augmented state matrix L* such that its ij-th block is given by
(L] = [T];iL; ® L. From [14], we know K7, is stabilizes the MJS, thus p* := p(L*) < 1.
Since Regret, defined in (5.4) can be written as
Regret; = Jr(x{?,w®(0), {K{? 02, 1,}) - TJ", (C.4)

1:s° > z,1

to evaluate Regret(T'), it suffices to evaluate Jr(xg,w(0),{Ki:s, X5}) — TJ* for generic xq, w(0), Ki.5, and
3,. The outline of this Appendix C is as follows.

o In Appendix C.1, we restate perturbation results [18] on J(0,w(0), {K1:s}) — J*.

o In Appendix C.2, we evaluate Jr(xo,w(0), {Kj.s,3,})-TJ(0,w(0),{Kj:s}). Then, applying the results
in Appendix C.1, we can bound the single epoch regret Jr(xq,w(0), {Ki.s, X5}) - TJ*.

e In Appendix C.3, we stitch regrets for all epochs together, and combine them with identification results
in Appendix B to bound Regret(T).

C.1 MJS-LQR Perturbation Results

We first present a lemma on the perturbation of augmented closed-loop state matrix if we use a controller
K.; that is close to the optimal K7..

Lemma C.1 (Lemma 9 in [18] ) For an arbitrary controller K5, let L; = A; + B;K; for alli € [s], and
let L be the augmented state matriz such that its ij-th block is given by [L];; = [T];L; ® L. Assume
IK1:s - Ki..| < €k, where ek is defined in Table 3. Then, we have

EH < r () (5, vEeN, (©5)
. 1+p”
p(L) < 2p~ (C.6)

Thus controller Ki.s is stabilizing.

The following perturbation results show how much the infinite-horizon average cost deviates depending
on the deviations from the optimal controller and how much the optimal controller deviates depending on the
model accuracy for the MJS-LQR problem.

Lemma C.2 (Perturbation of Infinite-horizon MJS-LQR, Corollary 11 and Theorem 6 in [18])
Infinite-horizon MJS-LQR(A1.5,B1.5, T, Q1.5, R1:s) problems have the following perturbation results. Note
that notations €x,€a,B,T, and CK’BYT are defined in Table 3.

1. Suppose we have an arbitrary controller Ki.5 such that |Ki.s - K| < éx. Then, we have

J(0,w(0), {Ki:s}) - J* < Ck | Bw | [ K s - K% (C.7)

2. Suppose there is an arbitrary MJS(ALS, Bi., ’i‘) with ea Bi= max{||A1:S .S HBLS -Bis|} <éamT,

and et = ||'i‘ —T|w < €a,B,r- Then, there exists an optimal controller Ki.s to the infinite-horizon
MJS—LQR(ALS,BLS,T,Ql;s,Rl;s) and it can be computed using (5.1) and (5.2), and we have

|K1. - K| <CKpr(ean +er). (C.8)

By definition of éa B T, we see |Ki.s — Ki.,| < €k, thus Lemma C.1 is applicable.
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C.2 Single Epoch Regret Analysis

Recall the definitions of B; and II; in (A.4) of Appendix A.1. Furthermore, we define

M =7 ®L,2, Ry=) m(i)Rs. (C.9)
i=1
For a set of matrices V7.4, define the following reshaping mapping

V1 vec(Vl)

H( | = : , (C.10)
Vi vec(Vy)
and let H! denote the inverse mapping of H. Let
M, =Q, +K/R;K;, M:=[Mj,...,M,]. (C.11)
We define
_ [vec(241(0))
No, = tr(MH (L' ; )
vec(X,(0))
Nyt = tr(MH (B, + LBy + -+ LBy Jvec(E,))), (C.12)
Nw,t = tI’(MH_l((].:.[t + f‘]-:-[t—l + e+ tt_lﬁl)vec(ﬁw))),
Nz,?,t = tI‘(thz),
and
T T T T
Sor = Not, Sa1r=.Natt: Swr=) Nwt, Szor=) Naog. (C.13)
t=1 t=1 =1 t=1

First, we provide the exact expression for the cumulative cost. It will be used later to analyze the regret.

Lemma C.3 (Cumulative Cost Expression) For the cost Jr(xo,w(0), {Ki.s,X5}) defined in (C.1), we
have
Jr(x0,w(0),{Ki:s,25}) = So,7 + Sz1,7 + Sz2,1 + Sw,T- (C.14)

Proof For the expected cost at time ¢, we have

tr (E[Qw(t)XtXtTl{w(t):i}] + E[Rwu)utuzl{w(t)zi}])

NgE

E[X;Qw(t)xt + U—tTRw(t)U-t] =

N
Il

M=

tr ((Q; + KIRK;)Z(t) + ()R 2,) (C.15)

~.
I

M«

tr (Mlilz(t)) + Nz,2,t,
i=1

where the second equality follows since u; = K,,4)X¢ +z;. Now plugging in the dynamics of X;(¢) in Lemma
A.3, we can conclude the proof. [ |

Next, before proceeding, we provide several properties regarding the operator tr(M#H(-)) that shows up in
(C.12) and (C.13), which will be used later to evaluate Jr(xg,w(0), {Ki.s,2,}) - TJ(0,w(0), {Ki:s}).

Lemma C.4 (Properties of Cost Building Bricks) For any t,t €N, we have

(L1) tr(MH (L)) < /ns|[My | |LY| |V, where v = [vec(V1)",...,vec(V,)"]" for some V1., such that
V,; >0 for allie€[s];
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(L2) tr(MH(L'Byvec(S,))) < ny/s| Mus | |1 [Bues |* 2]
(L3) tr(MH (LTI vee(Sw))) < /s [Mus [ S|

(L4) [tr(MH " (LE(TT, - f[oo~)vec(2w)))| < Tveny/3| My | [LH | Bw o4 where Tare are pare are given
in Definition A.2, and Il is given in (C.9)

Proof Let []; denote the ith sub-block of an s x 1 block matrix. Let vec™' denote the inverse mapping

of vec, i.e., vec™! ([v], -, v}]") = [v1,-,Vv,] for a set of vectors {v;}I_,. It can be easily seen that for any

set of matrices A, B, C and X, we have AXB = C if and only if (B ® A)vec(X) = vec(C). This together
with the definitions of By, II; in (A.4), I1., R; in (C.9), and H() in (C.10) yields the following preliminary

results

[HH(L'V)]i = 0, (C.16a)

“H([Byvec(Z, )]') =0 (C.16b)

vec ! ([Tyvec(Zw)]i) (C.16¢)

vec ! ([|[TIy - Iy |vec(Zyw)]s ) (C.16d)
[tr(MH (L (I, - T )vec(Zw)))| < tr(M’H YL, - Mo vec(Sw))), (C.16¢)

where |- | here denotes the element-wise absolute value of a matrix. Now, let us consider (L1). We observe
that

(M (E)) = (S MU ()]0 < M- (1 ()0
= (C.17)
< VMR (E) L

where the first inequality uses (C.16a) and the definition that HM1 s = max;ero) [M;]; and the last inequality
follows from Cauchy-Schwarz inequality and the fact that [H~ (Ltv)]z R™™. NOW for the last term on the
R.H.S. of (C.17), we have

I )L s Y1 EVLLe Vo 1R EWLIE
= VI ) (©18)
= VAIEN]
< VAIE VI,

where the second equality holds since H ™! is a reshaping operator, and L'v is a vector. Substituting (C.18)
into (C.17) gives (L1).

To show (L.2), we combine (C.16b) with (L1) to get tr(MH "} (L'Byvec(X,))) < /ns|My.||| L] | By vec(,)|.

Then, using the upper bound for |Byvec(X,)| derived in (A.12) completes the proof of (L2).
To establish (L.3), we combine (C.16¢) with (L1) to obtain

tr(MH (L' vec(Syw))) < vns| My ||| L | Ty vec(Zw)| - (C.19)

Then, using the upper bound for |II,vec(Zy)| derived in (A.13) gives (L2).
Finally, let us consider (L4). It follows from (C.16¢) and (C.16d) in conjunction with (L1) that

[tr(MH ™ (LYILy - Ila|vec(Bw)))| < Vs Mu | |L*| ||y - Heo|vec(y )] (C-20)
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Now, using (C.9), we obtain

|[TLe ~ Tl vec(Ey)| “\ Z; 1T Ji = (Moo il vee(Sw) |2

\ Z i (i) = 7o (i) [vee( S ) 2

=[[7t1 = 7o [ vec(Zw) |

<7t = Moo 1 [ Bw |

STMC\/EHEWHPIE\JC»
where the last line follows from Definition A.2. Substituting the above inequality in (C.20) completes the
proof of (L4). [ |

The following lemma provides a bound for the difference Jr(xg,w(0), {Ki:s, 2X2}) - TJ(0,w(0),{K1.s})
using an arbitrary stabilizing controller K;.;. Based on this result, we will provide in Proposition C.6 a
uniform upper bound for this difference when using any controllers Ki.s that are close to K7...

Lemma C.5 For an arbitrary stabilizing controller Ki.5, we have
JT(XOaw(O)a {K1:87 z:Z}) - TJ(Oa W(O), {Klis})

n\/57%
<v/ms[Mus | - [ xo]|* + & M| |Buis 12| T

1-pg,

PMC pPmMC PL,
+ 1| R [[ B2 T + nv/smaroms, My [ [ Zwl ( - L),
pyvc —pi, 1-puc 1-pf

(C.21)

where Tyrc and parc are given in Definition A.2, 1;, and p;, are constants defined in the beginning of Appendix
C, and M = [Ml, e ,MS] with Mz = QZ + I(;r].:{l:[<Z

Proof From Lemma C.3, we know
JT(X07 (U(O), {K1:57 Ez}) = SO,T + Sz,l,T + Sz,2,T + Sw,Tv
1
J(0,w(0),{Kji.s}) = limsup f(SO’T +Sw,r) = So + Sw-
T—oo
where Sp := limsupy_, %SO’T and Sy :=limsupy_, %SW’T. Next, we will evaluate each term on the RHSs
separately.

vec(31(0))

For Sy, letting sg = , we have

vec(24(0))
T _ -
Sor =y tr(MH ' (L's)) < v/ns| My |L*[|so]

i=1
< v/ns[ M - E[|xo|?]
= V/ns|[ My - |xol%,
where the second line follows from Item (L1) in Lemma C.4; the third line follows from (A.11) in Lemma A.4.

And from the discussion at the beginning of Appendix C, we can get rid of E[-]. Then it is easy to see Sy =0,
as long as |xo|? is bounded.
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For S, 1,1, we have

T t-1 L
Spar =y, > tr(MH (L' By_yvec(S,)))
t=1t'=0
5 T t-1 0
<n/s My 1B [P 220 (3 X0 IT7 1) (C.22)
t=11'=0

n+/57¢
< T M [[Bus [*35 7,
~PL
where the first inequality follows from Item (L2) in Lemma C.4, and the second inequality follows from the
fact |L* | < 730k
For S, 2, we have

T s
Sz o1 = Z tr(ZTtt(i)RiZz) <n|Ras| | 22T (C.23)
t=1 =1
For Sy 1, we have
T t-1 L
Swr =y Y tr(MH (L' T;_yvec(Ew))). (C.24)
t=1¢=0

To evaluate it, we first define the following terms:

T t-1

SG =303 tr(MAH T (L T vee(Sw))), (C.25)
t=14'=0

5o —hmsup S(w) (C.26)
T—oo

where I is defined in (C.9). Note that S‘(NwT) and S‘(,Vw) are the counterparts of Sy, 7 and S;, except that
the initial mode distribution 7ty is the stationary distribution 7..
Then, we have

|Swr = S0 = 2; ;}tr(MH’l(ff’(ﬂt,t, ~ T, )vec(Zw)))

T t-1

< Taeny/s [ M| [ 2w (3 Z IL it
t=1¢/= (C.27)

oo t—1

< Tareny/5 [ Mg || Zw] (3 Z 7.0k P

t=1t'=

pMc PvMc  PL )

<nVsTvoTs [ Mus| [ Zw|
-ri 1-puc 1-pg

where the first inequality follows from Item (L4) in Lemma C.4. Thus,

Sw = limsup — SWT—hmsup (SWT S‘(NT))Jrhmsup S(m) S(°°). (C.28)
T T—

T —o0

Since YL, LA LY =(I-L)'T- (I-L)2LA-L7) and ¥, L" = (I-L)"! we have

Sy = S = tr(MH~ 1(hmsup T i ti L' T vec(Syw)))
t=1£=0
=tr(MH ((I-L) ', vec(Zy))) (C.29)

= 3 tr(MH (B Tavee(Sy,))).
t’=0
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Thus,

T oo
TSw =TS =3 3 tr(MH (L . vec(Zw)))
i=1/=0
T t-1 L
>SS tr(MH (L TlLovee(Sy))) (C.30)
t=11'=0
=S
where the inequality holds since each trace summand is non-negative. Therefore,
Sw.r < S5+ |Swr - SE
(C.28) (o)
< TSy +|Swr— S’W,T\ (C.31)
(c.27) _
< TS+ n/5are [ M| [ S | —2HE— (ML - P,
pmc —pi, 1-puc  1-pp

Finally, combining all the results we have so far, we have
JT(X07W(O)3 {K1237 2:Z}) - T‘](Oa W(O), {Klis})
=So,1 + Sz1,10 + Sz21 + Swr —T(So + Sw)
<v/ns| My
/sy, (C.32)

R

STy

t3 LM [[Buis|* |2 T

- PL
+n| R || 22T

MC MC PL
+ /5oy M || o | —HE— (ZEME Py
pmc —pi, 1-puc  1-pg,
which concludes the proof. [ ]

We now provide a uniform upper bound on the regret Jr(xg,w(0), {Kji.s,3,}) - TJ* for any stabilizing
controller K., that is close enough to the optimal controller K7...

Proposition C.6 For every Ki.s such that |Ki.s - KJ..|| < €k, we have
Jr(x0,0(0), {Ku:s, 55}) = TJ* <Cit [Kues - KL [* | Sw| T
+/nsM|xo|?
27 ()| B2
+n/s 1-pr |12, |T (C.33)
+n| R [ 2] T

27 (L* M 1+p*
/5 T; )TMC /)iwc pPMc P*)
pmc—1-p l-pyuc 1-p

|Zwll,

where M = |Qus|| + 4|Rus || K}s]?, and ek and C are defined in Table 5.

Proof When |Ki., - K. | < €k, from Lemma C.1, we know |L*| < T(ﬂ*)(%)k, thus we could set 7f,
and pg, to be 7(L*) and 1+2p*. By definition, we know ek < |Kj..|, thus [My| < |Qus| + |[Rus| |K1:s ] <
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1Qus| + [Rus | (KL |+ €x)? < | Ques | + 4| Ris || [KE., |2 = M. Then applying Lemma C.5, we have
JT(X07W(0)7 {K1:S7 Ez}) - TJ(()?w(O)a {Kl:s})
</nsM|xo?
. f%(L*)HBl S|P M

+ 1[R[ 32| T

|7 ©34)

N \/—QT(L )TMCMPMC( puc  l+p*
2pmc-1-p* "l-puc 1-p*

Now note that when |Ki.s - Kj.,| < €k, we have J(O,w(O),{KLS}) - J* < %I Zw||K1:s - K3 |2 using
Lemma C.2. Combining this with (C.34), we could conclude the proof. [ |

Ew]

C.3 Stitching Every Epoch
In this section, we stitch the upper bounds on Regret, for every epoch i and build a bound on the overall
regret Regret(T).

We define the estimation error after epoch ¢ as GX?B = maX{HAﬁg - Ay, HBglz -Bis|}, eflf) =|T®-T

Furthermore, we also define ei? = ||K§2 - K7.,|| where K7, is the optimal controller for the infinite-horizon
MJS-LQR(A1.4,B1.s, T, Q1:5, R1:s). We define the following events for every epoch 4.

|oo~

A = {Regret <0 (sp (eli é) + e¥ 1)) o2 T + \/nst(()i) 1%+ n\/goiiTi + cA) }

B; = {EX?B §€ABT7€SF) < €A,B,T» 6§< V< EK}
i i log(T;

¢ =1 <o 0 (18~ L yTzitow y/s(ntp)log(T) )
’ zdz Oz,iTmin \/Tz

) < O(log( )—1 Lg(Ti) )}

ld i Tmin T’z

—2
i+1 i
;- {|xé* - P s 5
X0,

where c4, o are constants, €a g T and ékx are defined in Table 3, and d;4; and dx,; within [0,1] denotes
the failure probability for event C; and D;. Note that O(-) hides terms that are invariant to epochs such as
P Al [Bus|, ete. 4

Event A; describes how epoch ¢ regret depends on initial state Hx[()l) &

(C.35)

, exploration noise variance o2 ., and

z,i)
the accuracy of the estimated MJS dynamics Agzs 2 B(Z b ,T after epoch i — 1, which is used to computed
epoch i controller Kg; Event B; indicates whether the estimated dynamics and resulting controllers are good
enough. C; describes the dynamics estimation error after epoch ¢, and when epoch T; is chosen appropriately,
B; can be implied. Lastly, event D; bounds the initial state of each epoch, as the initial state plays a
vital role in regret upper bound A;. We see events A;,1, B;,C;, D; are F;-measurable, i.e. these events can
be determined using random variables xg, Wy, 2z, w(t) up to epoch i. Let & := A;y1 nB; nC; nD;. Note
that even though A;,; is for the conditional expected regret of the epoch i+ 1 with randomness coming
from x(()“l) = x%),w(”l)(O) = w®(T;), and controller Kglzl) computed from A( 9 ng,T(i), thus A;41 is
Fi;-measurable.

Then, we have the following results regarding the conditional probabilities of these events. First,
Proposition C.7 says given the event B;_; (a good controller is applied during epoch ) and event D; (the
initial state of epoch i, x(()i) is bounded), then D; could occur, i.e. X(T?, the final state of epoch i, a.k.a. x(()Hl)
the initial state of epoch 7 + 1, is also bounded.
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2 2 =
‘/ETP <1 and 73> V5Bl +1)oy 7 for i>1. Then,

Proposition C.7 Suppose 5 =5) (I=/ns 77T fomeit)

P(D; | ﬂ;-;%)gj) =P(D; | Bi-1Dj-1) > 1 = 0xy 4,
and P(Do) >1- 5x070'
%?1) < é&k. Let L™ denote the augmented
closed-loop state matrix. By Lemma C.1, we know [(L(")*| < T(i*)(%)k. Thus, if we pick 7 :=

Proof For epoch i = 1,2,..., given event B;_1, we know ¢

max{7(L®),7(L*)},p = max{p(i(o)), %}, this can be generalized to i = 0 case, i.e. for every epoch
i=0,1,2,..., we have | (L®)*] < 7p".

2

For i=1,2,..., event D;_; implies on )H2 .

X‘Ll

Then, according to Lemma A .4, we know

72
)2 B, D =T B..|2 w o2
E[x5[? | Bi1, Dica] < Vs - 75 5x0”+nf(\| L )

< Vs Tpl 50 f(1- Vnstpli )72 (C.36)
dx,i-1 Ox,i-1
<7,

where the second line follows from the assumptions in the proposition statement. Using Markov inequality,
we have

=2
i X
P(ngp.) 1< =2 | Bio1, Dic1) 2 1= 6xy 4
' 6x0,i
which implies P(D; | Bi—1,Di-1) > 1 = 6x, 4. For i = 0, similarly, we have E[HX(T? ] < n\/§(|\B1;S||2;2% +
o3) T 5 < z3, thus P(Dg) 2 1 - 6 .i-
Fmally, note that given a good stabilizing controller (event B;_1) and a bounded initial state (event D;_1)

for epoch 4, the final state of epoch i only depends on randomness in epoch i, thus P(D; | m;;%)gj) =P(D; |
Bi-1D;-1). u

Proposition C.8 describes that given the event C; (the estimated MJS dynamics after epoch ¢ has estimation
errors decays with T;), when epoch ¢ has length T; large enough, then the event B; (the estimated dynamics
and controllers computed with it will be good enough) occurs.

Proposition C.8 Suppose every epoch i has length T; > T, , (644, T;). Then,

=rgt,e

P(B;|Ci,niZ0E)) =P(B; | Ci) =1

Z?]
2

\/77

Proof When C; occurs, since 05

we have

L\ ys(nrp)log(Ti) (’<(9(1og( ) log(T))

D < O(log(
A B 0.25
d,z Tmin TZ zd i Tmin

We know when T} > (Q(ME’4 Tlog(éi Ylog*(T3)) = T, .c(dia,i, T;), we have eg)B < €EAB T,ESI.) <

€A,B,T- Then according to Lemma C.2, we have e( D¢ éx. Thus P(B; | C;) = 1. Finally, note that given the
estimation error sample complexity in C; for epoch 1, events happen before epoch ¢ does not influence B;, so

P(B; | Ci,niZhE;) = P(B; | C)=1. n

Next, Proposition C.9 says given the B;_; (a good controller is used in epoch 7), then the event C; could
occur, i.e. dynamics learned using the trajectory of epoch ¢, will be accurate enough.
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Proposition C.9 For cx > ¢, (p,7),c, > ¢,, T; > max{zMal( ““) zsz( 5 ,p,T)} we have for i =

1,2,...,
P(C | ﬁ g ) P(C | Bz 1) 21~ 5zd I (C37)

And P(C()) >1- §id,0-
Proof By Lemma B.1, we know for every epoch i =0,1,..., when T; > T/ (=t Sia &), we have with probability
at least 1 — &2 e()<(’)(10g( d)ﬁ %)

For epoch 1=1,2,..., given event B;_1, we know eg) < ék. Let L) denote the augmented closed-loop state
matrix. By Lemma C.1, we know ||(L®")*| < T(fl*)(%)k. Thus, if we pick 7 = max{7(L®), 7(L*)}, p:=
max{p(f;(o)), %}, this can be generalized to i = 0 case, i.e. for every epoch i = 0,1,2,..., we have

[(LO)F) < 7",
Suppose ¢x > ¢, (p,T), ¢z 2 ¢, and T; > Ty N( 5=, p,7) hold for i =0,1,.... Then, from Theorem B.17,

we know for every i=0,1,..., w1th probablhty at least 1 — ;, EX)B <O (log( L )‘7z i Tw ‘[(MP) log(T: ))

Oz,iTmin T;

Applying union bound to e ) and eA p» We could show P(Cy) > 1 - d;4,; and P(C | Bi—1,Dic1) 21 = 64,4
Finally, note that given a good stablhzmg controller (event B;_1) and bounded initial state (event D;_;) for
epoch ¢, the estimation error sample complexity (event C;) does not depend on events happen before epoch i,
SO P(C |ﬁj 05 )) P(C |BIL 1,D; 1) |

Finally, Proposition C.10 simply describes how the regret of epoch ¢ depends on the accuracy of the
estimated dynamics after epoch 7 — 1.

Proposition C.10 For A;—C; given in (C.35), we have
P(Ai|Bi—17Ci—l7D1 1,N J= 05 ) P(A ‘B'L 1)

Proof From Proposition C.6, we know that for every epoch i =1,2,..., given Hngz -Kj,| <éx in B, we
have with probability 1
Regret; <C |[K{) - K. |00,
+v/nsM x|
+n\/—2T(L*)HB1 s [*M 2 T

L-p*
+n|Rus oy T

(C.38)

2r(L* M 1+p*
/s (L") Tme Piwc pyMC p* 2
2pmc—1-p 1-pyec 1-p

Let ¢4 denote the last term in (C.38), which is a constant over epochs. Note that from exfé) <EAB,T,E

€a.B,T in event B;_1, we know HK?Z, -Ki, | < C’KB,T(GX é) + eg_f YY) by Lemma C.2. Plugging this into

(C.38), we have

i—1
S

Regret, <O (s p(eg B) + e(z 1)) o2 T + \/ns||x(()i) I + n\/gaiiTi + CA) (C.39)

where term s - p comes from term smin{n,p} in the definition of Cy in Appendix C.1. This shows P(A; |
B;_1) = 1. Finally, note that given a good controller (event B;_1) for epoch i, the regret for epoch 1 can be upper
bounded (event A;) without dependence on other events, thus P(A; | Bi-1,Ci-1,Di-1,N}2 i28)=P(A; | Bi-1).
|
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C.3.1 Proof for Theorem 5.1

Theorem C.11 (Complete version of Theorem 5.1) Assume that the initial state xo = 0, and Assump-

_ n/s(|B1:s 241 a‘sz
To > O( t(57 1)), and CC% = (1_5369|\/%L/;"0)~fﬂ2/35)- Then,

tion 1 and 2 hold. Suppose cx > ¢, (p,T), s

—Z’

with probability at least 1 -6, Algorithm 2 achieves

Regret(T') < O(s2p(n22+ )7 log? (1Og25(T) ) log*(T)VT + \/ﬁl(;gg(T)) (C.40)

min

Proof In this proof, we will first show the intersected event n;&; = n;{A;11 N B; nC; nD;} implies the desired

regret bound, then we evaluate the occurrence probability of n;&; using Proposition C.8 to C.10. In the
following, we set ;4 = 0xo,i = % : (i+61)2.
2

With the choices T; =T;-1, 0, ‘1‘11, and 8;q,; = 0x,,i = % (GSIE +1)2’ event & = A;11 nB; nC; nD; implies
the following.
Regret, |
2
o (i+1)? Ozi+0ow /$(n+p)log(T;) log(T5;) 5
<0(1)log sp| L2t T Y 2T
d 0z,iTmin \/Tz 7rmin\/Ti

‘O ( (i+1)° )\/_mo + O(n/50% 1, Trar) + O(1)

gO(l)logQ((“l)Q) s?p(n® +p?)y (0g, ZGW) o2 10g?(T)

2
o T nin Z,1

+1 (C.41)
((Z ) )V I0+0(n\/_0z z+1T’l+1)
t+1 s“p(n” +
sO(l)logQ(( 5) ) p(ﬂz_ £ )W(UW log (T)+ozz+1T)
: 2
+O((l +61) )\/nsa_:g
i+1)%\ s?p(n? + z+1
We have M := C’)(logv( )) epochs at time 7. Using the fact T; = O(Tyy"), event N 1€, implies
Regret(T)
M
= t,
O(; Regret;) (C42)
log?(T) \ s*p(n? + p?)o2 M nslog®(T
min i=1
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For the term ~ Y., /T; log?(T}), we have
M
v 2. VTilog*(T))
i=1
2 -l 1 2 & 7.2
<O/ (108 (T) 22 '+ 108%() 32 V7
i=1 i=1
2 D i
<Oy Tolog®(v) Y. /A
i=1

SO(l)W\/Tologz(v)MﬁM(ffl) ( _;?) (C.43)

Vel log(7) 1
<O(1)yVTlog? (7) (ﬁ 1) (log(’y) ﬁ)

g@(l)ﬁlog(— (f\ﬁl) vlog(f ﬁlog(v))

<O(log*(T)VT).
Plugging this back into (C.42), we have

Regret(T) SO(SQP(n22+ P)ow log? (IOgZ(T) ) log?(T)VT + \/%l(fs(T)) (C.44)

which shows the regret bound in (C.40).
Now we are only left to show the occurrence probability of regret bound (C.40) is larger than 1 —¢. To
do this, we will combine Proposition C.7, C.8, C.9, and C.10 over all i =0,1,..., M — 1. Note that for each

individual ¢, these propositions hold only when certain prerequisite Conditions on hyper-parameters cx, ¢z, Tp,

3 )

and Z( are satisfied. We first show that under the choices T; =vT;_1, o \ﬁ’ and 0ia,; = 0x,,i = =z (GHE

these hyper-parameter conditions can be satisfied for all i =0, 1,..., M 1
. iti ; _ L srpTor P 9 n/5(|Bus [*+1)02, 7
Proposition C.7 requires that fori = 1,2, ..., conditions %3 <landzj> P (L /s pTo x7]33)

7T2 nsT
need to be satisfied. One can check when T > Vlogl(l 7 max{ log2('y) ,log( )} =T, (), and picking
225 nv/E(Bu 1)o7
0= (1-p)(1-y/ns-7pT07 2 [35)
« Proposition C.8 requires that for i = 0,1,. .., condition Ty > T
satisfied when one chooses Ty > O(Irgt,g(d, TO)).

would suffice.

Toy*) holds, which can be

=rgt, 6( 71'2(z+1)2 ’

o Proposition C.9 requires the following to hold: ¢x > ¢, (p,7), ¢z 2 ¢,, and Tpy* > max {IMC’I(&‘:’—ZZ),
Iid’N(%,ﬁ,f)}. The last one can be satisfied when Ty > O(max{T ;0 ,(9),L;q 5 (6,0, 7)})-
e Proposition C.10 requires no conditions on hyper-parameters.
Therefore, when cx > ¢, (p,7),¢z 2 ¢,
To 2 O(max{T, (9), T'rgt e(0,70), Ly 1(6), Lig v (6,0,7)}) = O(L,,(6,T0)),

we can apply Propositions C.7, C.8, C.9, and C.10 to every epoch i = 0,1,...,M — 1. First note that
Propositions C.7 and C.9 give the following

30 35
35 30
P(Ci | n/Z4&;) = P(C|811)>1—m7 P(Co) 21~ 5.
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Then combining the probability bounds in Propositions C.7, C.8, C.9, and C.10, we have

P (Regret bounds in (C.40) holds)
>P(nM1E)
=P(Anr, Bar-1,Coi-1, Dar | 05 2E) - P(nM2E:)
=P(Cr-1, D1 | niZ52E1) - P(nI52E))

> (1= Gignr-1 - Oxg.nr-1) - P(MM52E))

(C.45)
M-1
> [] (1=68ia — 0x0,i)
i=0
M-1
>1—= > (8idyi + Oxo,i)
i=0
>1-0.
: : M-1_1 n?
where the last line holds since ;2 @z <6 u

C.4 Regret Under Uniform Stability — Proof for Theorem 5.2

As we discussed in Section 5.2, under MSS, the regret upper bound in Theorem 5.1 (or the complete version
Theorem C.11) involves % dependency on failure probability §. By checking the proof for Theorem C.11, we

can see the only source for % is event D; in (C.35) and the corresponding Proposition C.7, which provides

1 -0 probability bound for event D; — the initial state Xé”l) of epoch i+ 1, a.k.a. the final state X%) of epoch

1, is bounded by Hx(()“l) |2 = HX(T? |> < O(%). In Proposition C.7, we get this bound using Markov inequality

HX%) | < E[HX%) |?]/6 and Lemma A.4 which provides an upper bound on the numerator E[Hx%) |2] under
MSS. From event 4; in (C.35) we see the regret of epoch ¢ directly depends on its epoch initial state HX(()Z) 2,
thus in the final cumulative regret, the cumulative impact of initial states from all epochs, 3, HX(()Z) |? with
order %, will show up, as given in (C.42). Therefore, whether % terms can be relaxed directly hinges on
whether one could refine Proposition C.7 to get a tighter dependency on §.

This refinement, however, is not possible under the MSS assumption only, and we can easily construct
a toy example to show that the % dependency resulting from the Markov inequality cannot be improved.

Consider a two-mode, one-dimensional, autonomous MJS:

0.1 0.9

Typ1 = 24
T 05$t

with Markov matrix T = [0'1 0'9]

with g ~ N (0,1), and P(w(0) =1) = 0.1. It is easy to check this MJS is MSS by the spectral radius criterion
discussed below Definition 3.1. Also note that with probability 0.1%, w(0:¢—-1) =1 and z; = 2'zg. Therefore,
for any a > 0,

Plzi2a)= > Plz2alw(0:t-1))P(w(0:t-1)) (C.46)
w(0:t-1)
>P(zy>a|lw(0:t-1)=1)P(w(0:t-1)=1)=0.1" - P(z0 > 27"a) . (C.47)

where the inequality in (C.47) is extremely loose since we condition only on the most improbable event.
For standard Gaussian xzqg, P(xq > a) > %exp(—%) for some absolute constant C. Thus P(x; > a) >
CO‘TQt exp(—#). From this, we see that for any a > 0, any ¢ > log(a)/log(2), we have P(x; > a) > coz

Vea’
We can observe that though when ¢ grows slower than log(a), the tail of z; has exponential decay, the Markov
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inequality decay, i.e. %, will eventually show up when ¢ gets larger. Interpretation from failure probability §
perspective is the following: letting § = C 0'—32, we have P(x; < C 0. 2 ) <1-9, which means any ¢ dependency

lighter than % must have probability less than 1 —§. This further implies that in the regret analysis of
adaptive control, in order to obtain better probability dependency, the time horizon has to be limited, which
greatly impairs its value in practice.

Intuitively, MSS assumption only provides us with stable behavior of |x;|? in the expectation (w.r.t.
mode switchings) sense, and having only this first-order moment information is of little use compared with the
deterministic Lyapunov stability typically used for LTI systems, which allows one to bound |x;|? with only
1og(%) dependence ( [15, Lemma C.5]). Then, one may wonder naturally: Does there exist a deterministic
version of stability for switched systems? Can this stability (if exists) help build similar dependence for
switched systems? The answers to both questions are yes and will be discussed in this appendix. In short, if
there exists uniform stability for the MJS, we can adapt Proposition C.7 such that Hx(()z) |2
bounded much more tightly by HX(()Z) |> < O(log(3)), thus the 3 dependency can improve to log(3) in the
regret bound (5.5) (or (C.40)). The final improved regret bound is presented in Theorem 5.2. In order to
show it, we will need to adapt Proposition C.7 together with several related results (Lemma A.4, Lemma C.1,
Lemma C.2) to the uniform stability case, and we append suffix “a” in the result label to denote the adapted
versions.

To begin with, recall K7, is the optimal controller for the infinite-horizon MJS-LQR(A1:5, B1:s, T, Q1:5, Ru:s)
and define the closed-loop state matrix L} = A; + B;K for all ¢. We let 8" denote the joint spectral radius of
~LY H% We say L., is uniformly stable if and only if 8* < 1. Similar to

can instead be

Ly, ie. 0 :=lim_ o maxw”E L,
7 in Definition A.1, define £” := sup;ey max,, e[ I, L, |/(6)". Note that the pair {#*,*} for uniform
stability is just the counterpart of {p*,7(L*)} for MSS defined in Appendix C. Similar as before, Table 5

lists all the shorthand notations to be used in this appendix for quick reference.

Table 5: Notations — Uniform Stability

52 IB s3] + | Zw]
or |Bus[?07 o + 05
6 (1+6%)/2
K K
~us 1-p*
‘K 25 [Bus]
%K min{emKS, EK}
€AB,T min{éa BT, 20;(7}
v 2r%52%(6 max{ﬁe?’” JPer} + (1 55)2 )? 2
us 547*5>2 —2 | 54ny/5:*G? log(7w?/36)
T, (9) ma)j((l e))zus log(1/0) 1og(7) wlog(l/m log (6K~ + =055 yaurs )}
n+ =
ro gry  OCAEP e, plog(h)log! (1)
e (c(r:“:p) ea2prlog($)1og?(T)) (when By is known)
T;’L;t(é-’ T) ma’X{T (6) Trgt 6(6’ T)7IMC,1(§)’Iid,N(L7 57 T7 /37 77—)}

The following Lemma A.4a bounds the state x; under the designed input in this work. Compared with its
counterpart Lemma A.4 which is only able to bound E[]x;]?], Lemma A.4a provides high-probability bound
for [x¢|>.

Lemma A.4a Consider an MJS(A1.s,B1.s, T) with noise wy ~ N'(0,X). Consider controller K., and let
Li.s denote the closed-loop state matrices with L; = A; + B;K;. Assume there exist constants k and 0 € [0,1)
such that, for any sequence wy, € [s]" with any length 1, |Ly, Ly, | < k60'. Let the input be uy = Ko, x; + 24
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with z; ~ N'(0,%,). Then, for any t > 5™} with probability at least 1 -6, we have

18k252 1

2 22t 2

Ixe[” < 36767 [xo | + mlog(g) te (C.48)
where 6% := | By | + |Burs|?| X2 and ¢:=2k*6?(6 max{\/ne*", /pe*’} + = 9)2 )2.

Proof From the MJS dynamics (3.1) and plugging in the input u; = K,,(;yX; + z¢, we have the following.

t—1
( II Lw(h))X0+ > ( I Lw(h))Bw(i)zi +But-1)Zt-1

h=i+1

o/ i (C.49)
Z ( H Lw(h))wi + Wi_1.
i=0 \ h=i+1
Then, by triangle inequality and the assumption that | Ly, L, | < 0!, we have
t S i S it
Ix¢| < 60" [x0] + K[ Busl D0z + 5 3 07w
=0 i=0
t . - (C.50)
= k0" [xo| + £[Bus| 3 0| Ze—ia] + 5 Y 0" Wioioa .
=0 i=0

For each w;_;_1, using Lemma A.5 (replacing e~* with §;), we have with probability 1 - §;,

5 1
Wit | € /3| Zw] log” (m,i,y (C.51)

in{d;, 0, }

where §,, : ‘(3+2‘[)”, and n is the dimension of vector w;_;_;. In the following, for all ¢ =0,1,...,t -1,

we set 0; = ﬂz (z+1)2 First note that when i > i := / §§ — 1, we have min{d;,8,} = 0;, i.e. &; < Op, and
min{4;, On } =4, otherwise. Then, applying union bound for all i, we know with probability at least 1 —

=1
> 0w | < VB[S zez log"(—————)
=0

{51,5 }

<V3IZw] (%m logO'S(g) + (i + 1)10g0'5(61)),

n

(C.52)

In the above equation for the term Zt_l 6 1og0'5(i) we have Yi2) 67 log”®(+ -) = Z 6 logO'E’(M) <
%07 (log"® (%) +v210g” (M) < {15 108" (3 )+fzzeﬂ(“1) < 25 log™? (1 )+ 2z s And for the
term (7 +1)log” 5(671’ ) in (C.52)7 by the definitions of 7 and 6, we have (i+1)log” 5(6n) </2ne’". Plugging
these two results back into (C.52), we have, with probability at least 1 — g,

3 0wl < VE o2 () s s T (©53)

(1-0)* 9)
Similarly, with probability at least 1 — g,

HE |

1. 5=,
5 il « Loy« e s e T (©54)

FRAG!
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Plugging (C.53) and (C.54) back into (C.50) and applying union bound, we have, with probability 1 -4,

V3a(V/[Bw] + [Bus [ V[ 32]) log®* (1)
0

(1-0)?
+M¢mwuuhA¢mA%mmﬂ¢%%w@ﬁﬂ+Ufﬂﬁ.<o%>

el < 56" o] +

Taking squares of both sides and using Cauchy-Schwartz inequality, we have

18k%6% . 1
Ixe[? < 32607 0|2 + ————log(5) +¢ (C.56)
1-46 0
where 62 = | Ew| + [Bis || =] and ¢ := 6k?62 (3 max{\/ne’", \/pe’P} + ﬁ)g. [

The following Lemma C.la describes that given a set of matrices that have joint spectral radius smaller
than 1, i.e. uniformly stable, moderate perturbation can preserve the uniform stability. On the other hand,
its counterpart, Lemma C.1, considers perturbation results for MSS.

Lemma C.1la (Joint Spectral Radius Perturbation) Assume 6* <1. For an arbitrary controller Ky.s
and resulting closed-loop state matrices Ly.s with L; = A; + B; K, let 0(Ly.s) denote the joint spectral radius

of Ly:s. Assume |Kys — K | <€ = ngs\\’ then for any sequence wyy € [s]" with any length 1,
l _
IT] Le, | < #6" (C.57)
j=1
O(Ly.,) < 0. (C.58)

1+6*

where k= k* and 0 = =5

Proof Let E; :=L; — L7, then we see |E;| < |B1[€j¢ and ngl L., = H§‘=1(LZ;J. +E,,). In the expansion
of Hé;l(L;j +E,,), for each h = 0,1,...,[, there are (}ZL) terms, each of which is a product where E has
degree h and L* has degree [ - h. We let Fy,; with h=0,1,...,l and [ € [(}ll)] to index such terms. Note that
L) (| By |€4)". Then, we have

l

ML i<y 3 |

L ()

l l B ((3.59)
<3 () B
<k (K| Bus| el +0%)L.
Then (C.57) follows from the fact that ¢ < W and 6 := 1+29*. To proceed, noticing that 6(Ly.s) =
limy -, 0o max,, ,crsyt [T1 ] 1 L, | T and using the result in (C.57), we can show (C.58). [ |

In Lemma C.1a, if Kl .5 18 Computed by solving the infinite-horizon MJS- LQR(A1 155 B1 155 T ,Q1:s, Ry:s) for
some estimated MJ S(A1 s, Bis, T), the following result provides the required estimation accuracy such that
the resulting Kj.s is uniformly stabilizing.

Lemma C.2a Under the setup of Lemma C.2, if max{€a B,ér} < €a BT, then we have |[Ki.s — Ki.,| < ek,
and Lemma C.1a is applicable.
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Recall we defined events A;, B;,C;, D; in (C.60) to analyze the events happen in each epoch of the regret.
To adapt to the uniform stability assumption, we redefine event B; and D; while keep A; and C; as before.
For easier reference, We list all of them below.

A; = {Regreti <O (sp (eX é) + # 1)) o2 Ty + \/nst(()i) I? + n\/Ea;iTi + CA) }

B, = {ef@ < %A,B,T,#) <Eamme ) <}, vi=01,..
c - L<O log( )O'z’i +ow \/s(n+p)log(Ty) ,
zd i Oz,iTmin \//1_11

C.60
) < (D(IOg(l)1 Log(T:) )} o

idi” Tmin T;
; 182652 1
Dy = xV)2 = 1xD )2 < lo +2z b vi=1,2,...,
{01 = 21 < 2 ()
a 0 ny/s76%/(1 - p)
Do = {101 - 12 < L0 ,
XD,O

where 2" := 2k%5%(6 max{\/ne*", \/pe*?} + ﬁ)g ek = min{é¢, ek} , €aB,T = min{éa BT, 20];%(7“}
and |By.s| %02 z0+ o2.. Event D; describes the initial state magnitude of epoch i+ 1. Since Algorithm 2 requires

initial MSS stabilizing controller ngs) for epoch 0, and as in the proof for the following Proposition C.7a,

epoch 1,2,... have uniformly stabilizing controller, thus we define Dy and D1, D>, ... separately.
547%52 . 1 3n./sR>75>
Proposition C.7a Assuming T; > m log (6/@ + )ze log( 5x0 — )), T > TT0e(1/0) log((l_ﬁ)iw&(m0 ),
we have
P(D; | Bi-1,Di-1) 21~ 0x,.i (C.61)

and P(Dg) 21— 0x,.0-

Proof For the initial epoch 0, i.e. i = 0, since we assume in Algorithm 2 that the initial controller K(O)
stabilizes the MJS in the mean-squared sense, similar to the proof for Proposition C.7, we have E[HXEF?) |12 1?1 <
n\/_(HBl S| 20+ aw)%. Then by Markov inequality, with probability 1 — dx, 0, HX(T(:)) |2 < %ﬁgl_ﬁ)
where 62 := | By |*07 o + 04, This shows P(Dp) > 1 - by, 0.

For epoch 1=1,2,..., given event B;_1, we know e( D < ek < €. Let L( ) denote the closed-loop state
matrices for epoch i, then by Lemma C.1a, e%) < € implies that for any l and any sequence wi € [s]’,
HH§-=1 Lffj) | < %9'. Then using the bound on |x;| in Lemma A.4a, we have, with probability 1 — &y, ;,

i 18252 1
[x$01% < == log(+—) + 3%0
T (1-0)2 Oxo,i

where 2 := 25%6%(6 max{\/ne®", /pe’} +

(C.62)

2
(1- 9)2 )

o When ¢ = 1, given Dy, i.e. ||x(()1)||2 M , the above (C.62) gives ||X(1)H2 S 1(?'{9()72 10g(5 )+
X0

_ o201 o B n\/sk°To
3/%202T1W + 2"%. One can check that when T > 2log(1/é) IOg((f—;;{;nuséxmo)’ we have that
372027 5T (120) ¢ us

x0,0

, which gives

)H2 18252

1 —us
Ixz, (- 0)21g(5 ) + 22" (C.63)

xg,l
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e When i = 2,3,..., given event D;_q, i.e. on )H2 < 1&“9‘)’2 10g(6 —) + 22", the above (C.62) gives
HXT)H2 < 1(51;”9‘)’2 lo g((S L ) + 3r20%T: (1(?‘9‘)’2 lo ((S )+ 295“3) + a:“s Similarly, when the trajectory
length during the iy epoch T > m log (6& + (?fg)gus og( 5x0 — ), we further have

18r252
2 ~us
lo +27"°. C.64
1 < 1 s ) (o)

3n/sr>75>
Pzt ) 2nd

_ 452
log (6/12 + (?fé)i-us log( 5x01’1_71 ))7 we have P(D; | Bi—1,Di-1) 2 1 — 0y, 4 [ ]

Combining (C.63) and (C.64), we can claim: for epoch ¢=1,2,..., when T} > 210g1(1/§) log(

1
Ti> 21og(1/6)

The following Proposition C.8a says that if a good controller is used in epoch ¢, then the final state asgf)

of epoch 4 (the initial state of epoch ¢ + 1) can be bounded.

Proposition C.8a Suppose every epoch i has length T; > T?;t c

(&'d,i,ﬂ)- Then,
P(B; | Ci,nih&) =P(B; | ¢;) = 1 (C.65)

C.4.1 Proof for Theorem 5.2

Theorem C.12 (Complete version of Theorem 5.2) Assume that the initial state xo = 0, Assump-
tions 1 and 2 hold, and L7, is uniformly stable. Suppose cx > ¢, (p,T), ¢z 2 ¢,, To > O(I’jgst(d, T0)). Then,
with probability at least 1 — 3§, Algorithm 2 achieves

Regret(T) < O ( s2p(n2; ), log (1Og25(T) ) log? (T)\/T) . (C.66)

Proof The proof is almost the same as the proof for the MSS regret upper bound in Theorem C.11 in

Appendix C.3.1, thus we only present the key steps and omit certain details of intermediate steps.

In the following, we set &,q,; = 0x,,i = % . ﬁ. Similar to the counterpart (C.41), event & = A1 N B; N

C; nD; implies the following: fori=1,2,...,
Regret,,

(i+1)2 Ozi+tow /s(n+p)log(T;) /1og(Ti)\2 o
SO(l)log( 1) )SP(U Mmin VT; " Tmi \/T) Twlint

i K252 C.67
+0<1>log(’;1)18(j”8;)j + O(n/502 111 Thar) + O(1) (€67

(i+1)%, s*p(n? + p?)y 2 i+1 18\/nsk?c>

1)1 1 T, 1) log _—

<O log () I g (1) + O(1) g (51 2T

and for i =0,
s?p(n? +p?)y ntPs7a?

Regret, < O(l)log(é)ﬂi V1o log (TO)+(’)(1)( )710 (C.68)

Note that the difference between (C.67) (i = 1,2,...) and (C.68) (i = 0) is due to the difference between

- 2
the event D; for i =1,2,... and event Dy. Compared with the MSS counterpart (C.41), we see the %
dependence in (C.41) is now replaced with log(”l). For all M := O(logﬂ{(%)) epochs, similar to the
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counterpart (C.42), event nM;1&; implies

Regret(T)
:O(Z;Regreti) (C.69)
g O(szp(n;; P)%% 1o (1og26(T)) VT 10gX(T) + 18(\1/_ ;)2 log (1og§T))1og(T))

which shows the main result (C.66). Note that in the above summation, we have omit - term in Regret,
since it does not scale with time and can be dominated by the rest.

Now we are only left to show the occurrence probability of regret bound (C.66) is larger than 1—4. To do
this, we will combine Proposition C.7a, C.8a, C.9, and C.10 over all ¢ =0,1,..., M — 1. Note that for each
individual ¢, these propositions hold only when certain prerequisite condltlons on hyper-parameters cy, ¢z,

and Ty are satisfied. We first show that under the choices T; = vTi1, 0 ; = f, and 0;q; = 0xy.i = % . ﬁ
these hyper-parameter conditions can be satisfied for all + =0,1,..., M - 1.
o Proposition C.7a requires the following to hold: Tpvy® > mlog (6/?;2 + g‘*’;f—;g; lo (iz’rz ) and

1 w2n/sk275>
Toy > SToa(1/5) log( (=5)7%%5 ) One can check Ty > max{(l_g)wu

54n./55*52% log(7*/38 us
(\1[—67)(1_,3;;;5(4 ))} = T°(0) would suffice.

54r*52
#log(1/6) log(v)’ “/log(l/G)

log (672 +

« Proposition C.8a requires that for i = 0,1, ..., condition Tpy* > Trgt €(W,Tofyi) holds, which can
be satisfied when one chooses Ty > O(T', E((57 To)).

o Proposition C.9 requires the following to hold: ¢x > ¢, (p,7), ¢z 2 ¢,, and Tpy* > max {IMC’I(&:?—;ZQ),
Iid’N(%, p,7)}. The last one can be satisfied when we have Tp) > O(max{T ;0 1(0), Tig n(5,0,7)})-

e Proposition C.10 requires no conditions on hyper-parameters.

Therefore, when cx > ¢, (p,7),¢z > > O(max{T>(9), Ty, (8, To), Tpye 1 (), Tsz(‘S P, T )}) =
(’)(Trgt(é Ty)), we can apply Proposmon C 7a C.8a, C.9, and C.10 to every epoch i=0,1,.

Similar to (C.45), this gives P (Regret bounds in (C.66) holds) > P(nM;1&;) > 1-4.

Remark C.5 Note that though system identification result Theorem 4.1 might also benefit from the newly
added uniform stability in this appendiz, but since the dependencies /T and log(%) in Theorem 4.1 are close
the the optimal ones for LTI systems, so we only focus on refining the regret upper bound under uniform
stability and leave adapting the entire framework to uniform stability to potential future work.
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