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Abstract

This Technical Report studies the time evolution of the covariance of the position estimates in single-robot Si-
multaneous Localization And Mapping (SLAM). A closed-form expression is derived, that establishes a functional
relation between the noise parameters of the robot’s proprioceptive and exteroceptive sensors, the number of features
being mapped, and the attainable accuracy of SLAM. Furthermore, it is demonstrated how prior information about
the spatial density of landmarks can be utilized in order to compute a tight upper bound on the expected covariance of
the positioning errors. The derived closed-form expressions enable the prediction of SLAM positioning performance,
without resorting to extensive simulations, and thus offer an analytical tool for determining the sensor characteristics
required to achieve a desired degree of accuracy.

1 Motionin 1-D

We first examine the case of a robot moving in a one-dimensional environment, observing the positions of IV landmarks
that exist in the same one-dimensional world. This is a simplified case that will allow us to develop intuition for the
more complicated (non-linear) case of motion in two dimensions.

1.1 Continuous time Riccati Equation

In order to describe the uncertainty of the position estimates for the robot and the landmarks during SLAM, we
formulate the problem as the estimation of the state of a linear dynamic system, and use the Riccati differential
equation (Eq. (100)) to describe the covariance of the estimates.

In Appendix E the general formula for the state propagation, measurement, and Riccati equations are given. For
a system comprising of a robot and N landmarks in 1-D, the (N + 1) x 1 state vector is * = [z z1]T, where g
is the position of the robot, and x, is the N x 1 vector containing the positions of the landmarks. The landmarks
are assumed stationary, and the robot uses its velocity measurements to propagate its state estimates. Thus the state
propagation equation is

() = v(t) + Gw(t)

where v(t) = [vg(t) O1xn]|” is the input vector! w(t) is the noise in the measurement of the velocity of the robot,
assumed to be white zero-mean Gaussian, with constant variance ¢, and G = [1 07 N]T. The state transition matrix

is equal to F'(t) = O(n41)x(N+1)-

1Throughout this Technical Report, 0.y, % denotes the m X n matrix of zeros, 1., x» denotes the m X n matrix of ones, and I, x» denotes
the n X n identity matrix.



The robot is also equipped with an exteroceptive sensor enabling it to measure the relative positions of the land-
marks at each time instant. The relative position measurement associated with landmark 7 is given by the equation

Zi(t) zr,;(t) — TR(t)

-1 0 ... 1 ... 0
~—
i+1 position

= H;x(t)
and thus the measurement matrix for the system is found by stacking the rows H;,7 =1...N:
H=[ -1nx1 Inxn ] (D
The measurement model for the exteroceptive measurements is:
z(t) = Hx(t) + n(t) 2)

where n(t) is the measurement noise, assumed white zero-mean Gaussian, with covariance matrix .
The Riccati differential equation that describes the time evolution of the covariance of the position estimates of the
robot and landmarks is (cf. Appendix E):

Pt = GqGT — Py H'R'HP@)
= qQn— PWH"R™'HP(1) 3)

where P(t) denotes the covariance matrix, and

“4)

Qn: |: 1 01><N ]

Onx1 Onxn

For the solution of this matrix differential equation the standard methodology involving the decomposition of P(t) into
two matrices, and forming the Hamiltonian matrix is employed [1]. The solution is described in what follows.
In order to facilitate the derivations, we first define as P,, the normalized covariance

1
Pa(t) = 5P(t) = P(t) = qPa(t) (&)

Substitution in Eq. (3) yields

qP(t) = qQn—qP,)H R HqP, (1) =
Put) = Qu— Put)(¢gH' R H)P,(t)

The notation is simplified by introducing the matrix C = ¢H” R™'H, yielding the following Riccati differential
equation:

Po(t) = Qn — Pa®)CPu(t) 6)
The initial value of this differential equation is denoted as
Prr PT‘L
P,(0) = 7
©) [ Pr. Prp } @

which implies that the initial value of the covariance matrix for 1D SLAM is equal to

P’I‘T PTL:|

This is the most general form possible, since no assumption on P(0) is imposed.
The structure of matrix C' will be useful in the following. It is easy to see that C'is a (N + 1) x (N + 1) matrix,
given by

2 T
_ygTp-1g_ | P T
C—HTR H_[_r R;l} ©)
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where
2 1
p°=1ixNnR, 1nx1,

1
R,=-R
q

and
-1
r = Rn ]-N><1

At this point we note that the measurement matrix H can be viewed as the incidence matrix of a directed graph with
N + 1 vertices, in which IV vertices (corresponding to the landmarks) are connected with exactly one edge to a vertex
corresponding to the robot. Since this is a connected graph, the rank of its incidence matrix is N [2]. Moreover, R
is a covariance matrix, and therefore it is of full rank. Consequently, the matrix C = H TR-1H is of rank N, i.e., it
is rank deficient, and its nullspace is of dimension 1. It is straightforward to verify that the sum of the elements of all
rows of C' equals zero. This implies that C1 (x4 1)x1 = O(n1)x1, and hence the vector ﬁl(NH)ﬂ is the basis of
its nullspace. The solution to Eq. (6) is found by substituting

P, =A,B,;! (10)
Note that since
B.,B;' =1
it is
% (B,B,')=0 =
B.B; '+ Bn%(B;l) =0 =
d .
Z(Bi') =B, B.B."

Substituting in Eq. (10) we have
P,=A,B;' — A,B;'B,B ! (11)
Using Egs. (10) and (11), Eq. (6) can be written as:
A,B;'— A,B'B,B;' =Q, — A,B;'CA,B;*
Multiplying both sides by B,, we have
A, — A,B'B, = Q,B, — A,B;'CA,
Separating the nonlinear from the linear terms and noting that

~A,B;'B, = -A,B;'CA, =
B, = CA,

we can decompose the Riccati in the following two equations:

B7z = CAn
or in a matrix form
B, _ 0 C||[ B
- le Sl @
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Where the matrix

0 C
=[O0 €] o
is the Hamiltonian of this system. The general solution of Eq. (12) is given by
Bn(t) _ JHt Bn(o)
[ An() } | A (9

where A,,(0) and B,,(0) are the initial values for these matrices. These are selected so that the identity P,(0) =
A, (0)B,;1(0) holds, i.e., A,(0) = P,(0) and B,,(0) = I. Employing Taylor series expansion for computing the
exponential of the Hamiltonian matrix yields:

H2t2 H3t3
th = J4+Ht+ —— 51 + a0 + =

T+ (CQu)% +(CQP5 +(CQuPG +- C(HI+(CQu)% +(CQu* 5 +--)
Qn (%I + (OQn)gil + (CQH)Q% + - ) I+ (CQn)t;l + (CQn)Q% + (CQn)‘g% +
In order to derive a simpler expression for the last relation, the eigenvalue decomposition of matrix CQ,, is em-

ployed. By simply carrying out the matrix multiplications, it is straightforward to show that this decomposition can be
written as

1 2 1
CQu=UNU " = [ T ] [ e } [ b } (15)
p

=T Inxn Onx1 Onxn =T Inxn

where U is the modal matrix of C'Q,, and A, is the diagonal matrix of eigenvalues of C'Q),,. Noting that CQ,, =
(Q,C)T, it becomes clear that the eigendecomposition of Q,,C can be written as Q,,C = U~TA,U”. Substituting
the expressions for C'Q),, and @),,C into Eq. (16) yields

IJF(CQVL)%QI+(CQn)2%+(CQn)3§'+ C(UIJF(QW ) +(QnC 2t5 )
Qu (#7+(CQU%E +(CQU5 +-+)  T+(QuO)g +(QuC >2t4+<czn )%
UO+Aé?HVL+A%r% )U*1 CU”(%LH%§+A%V% )UT
QnU(%I+Jn§r+A§%—%~~>U’1 U- (I+»n2f+Aom-+A3g—% )UT

M

In the above expression the following time varying terms appear:

46
— 2 3 -
Kl(t) = I+A +AOI+A06+
[1+p2§,+p421+p62,+~~ 01 ]
01><N IN><N
i [ e
Oixv  Inxn
and
15
Ko@) = —I A A—
_ i+P2§7+p4§7+--- O1xn }
| O1xn tInxN

|
D=

f(p1,+p +00g +--> 01xn
01><N tINxN

01N tInxnN

[ 1 ePt—e Pt
_ ; 2 01><N
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In order to derive simpler expressions for the above terms, the identities of Appendix A have been employed. The
following expression for e’ is therefore obtained:

ePtyert 0 1elt—e— Pt 0
U l: P} IxN :| U1 cu-T P 2 IxN UT
S Oixnv  Inxn 01N tINnxN
0T %% Oxn | o U-T { e g N } T
i O1xn tInxnN Oixv  Inxn
B UKwU! CL&)UT (16)
T | QuULWU UTKwmU”

where we have used the notation

pt —pt
etz +26 01><N :|
O1xnv  Inxn

K(t){

and

1elt—e Pt 0
L(t) _ P 2 IxXN
Oixnv  tINxn
Substituting for e”** in Eq. (14) and using the initial values A4,,(0) = P, (0), B, (0) = I, yields:

B.t) | s I [ UK®)U '+ CU-TLwUT P,(0)
Au® | T [ Pa(0) | T | QuULOUT + U TE®UT P, (0)

By carrying out the matrix multiplications, it is easy to verify that Q,U = U -TQ,,, and thus Eq. (17) can be written

as

B, (t) B UK®U ' +CUTLt)UT P,(0)
Ap ) - U TQ.LyU ' + U TK@t)UT P,(0)

and thus the normalized covariance matrix becomes

Put) = An(0)B,' (1)

= (UTQ.LOU™ + U TK®UT P (0)) (UK U™ + CUT LU P, (0)) "
-1

=y (Q,LL t) + K(t)UTPn(O)U) U'U (K@) +UtcuTLeyUP,(0)U)  U!
= U (@QuL) + K®R) (K@) + U CUT LiyRy) U™ (17)
where we have introduced the quantity
P =UTPOw = " %ZTT?L;;L%:TPW i e =1 m ] (18)
In order to facilitate the derivation of the limit of the covariance we write Eq. (17) in the form
Pty = U T (QuLt)yK ey +M@p)U ™"
= U TQ,.LeyK'yU '+ U TM@pU!
= P,(t)+ Py(t) (19)
where M (t) is a matrix to be determined. We note that
Pty = UT (QnL t K*l(t) + M) U =
- (QnLa)K ‘1<t> +Mw) U = (Qn KwP) (K@) + U 'CUTLwP) U™ =
QuLOK ')+ M1 = (QuL( <>Po> (Ko +U"'CU TLwR)
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Multiplying both sides by (K (t) + U 'CU T L(t)Fy) yields

(QnL®K ')+ M) (K1) +U'CUTLtP) = QuLt)(t)+KPy=
QunL(t) + QLK 'ty UCUTLW)Py + Mt)(K(t) + U 'CU T L(t)Py) QnLt)+ Kt)Py

And solving for M () yields
M) = (Kt) — QnL( YU tCU T L) Po(K ) + U 'CU T LtyPy) !
Evaluation of the expression K (t) — Q,, L(t)K ~'(tyU ~*CU T L(t) verifies that
— QLK 'eyU'cUTLt) = K~ ')
and thus

M@) = K '0Py (K@) + U 'CUTLa)Py) ™!

1.2 Steady State Covariance

It is of interest to evaluate the steady state value of this covariance matrix, i.e., the value as ¢ — co. We observe (cf.
Eq. (19)) that the normalized covariance matrix comprises of two terms. The first term is independent of the initial
conditions, and its limit value is

Jim Pty = lim U TQ.LOK U~ ! (20)

U*l

1eft_e P! 0
UfT lim p ePtre Pt I1XN
t—o0 O1xn Onxn

_ U_T|: % 01><N :|U_1
O1xn Onxn

|: % 01><N ] (21)

O1xv Onxn

The second term in Eq. (19) depends on the initial covariance matrix, and is equal to

lim Py) = lim U TMuU!
- yT (lim M(t)) Ul
t—o0
where
Jim M@ = lim K Yt)Py(K@t) + U 'CUTLw)Py)~*
= lim K~'@P (1 + K \oU'CcUTLnR) " K1)
Jim K~ HOEI0) . S0
where .
Et) = BRI+ K '&yU'CUTLtP) (22)
But we note that
2
lm K~' = lim | emrem Ob
t—oo t—oo 01><N INXN
— 0 01><N
O1xv  Inxn
Therefore we can write
. 0 01N ( - ) 0 O1x N
lim M@#) = lim =(t 23
1105, M) [ O1xn  Inxn } A, =) Oixn  Inxn @3)
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From this expression we conclude that in order to find the steady state value of the term P (¢), only the limit of the
(2,2) submatrix element of =(t) is necessary, since all the other submatrix elements are multiplied by zero coefficients.
To this end, we first evaluate the matrix K ~! (1)U ~'CU~T L(t). By simply carrying out the matrix multiplications it
is straightforward to show that

1 1 p7—T _ | a®p Oixn
K@U CU " L(t) = [ Onwr 1A (24)
where
eft — e rt
at) = 7€pt g
and A isa N x N constant matrix, given by
1
A=R"! —2rrT
p

We note that A is the Schur complement of p? in C, and since p?> > 0, the rank of A is determined by the following
property of Schur complements:

rank(C) = rank(A) + rank(p?) = rank(A4) = N — 1

Thus A is rank deficient, and

_ 1
Alyx1 = (Rnl—pzrrT> 1ns1
= R4 Y
= n LNx1 per Nx1
1
= r—ﬁrpz
=0

1

Thus we conclude that the eigenvector associated with the zero eigenvalue of A is Ay = TN

useful in the derivations that follow.
Using the expression of Eq. (24), =(t) can be expressed as

1 1. This fact will be

=) = [ Py Pio I+ a@)p  Oixn Py P |\
B | o1 Pao Onx1 tA Pr1 Pao
_ [ Py Prp L+ at)pPn at)pPr2 -
| Po1 Pao tAPy INxn +1t AP
[ En() Ena)
=| = - 25
| Z21(t)  Za22(t) ] (22

Using the formula for the inversion of a partitioned matrix, given in Appendix D, and carrying out the matrix multi-
plication yields the following expression for the (2,2) submatrix element of Z(¢):

Eaa(t) = FO(AF Ot + Inxn) ™'
where F'(t) is the symmetric matrix defined as

a(t)pPe1Pro
1+ at)pPn

E(t)

20 — (26)

In order to find the limit of Zo5 at steady state, we employ the Singular Value Decomposition (SVD) of matrix AF'(t),

which is given by:
Z1(t) Vit
Vi)

0px (N—p)

O(N—p)xp
OPXP

AF@t) =U0S0VT (1) = [Urt) Ua(t)]

TR-2004-0002



In the above expression, U(t) and V (¢) are the matrices of left and right singular vectors, and X(¢) is the matrix of
singular values. Since the matrix A is rank deficient, AF'(t) will also be rank deficient, and will have p (at least one)
singular values equal to zero. The indices 1 and 2 in the partitioning of the matrices U (¢) and V'(¢) correspond to the
singular vectors associated with the positive and zero singular values of AF'(t), respectively.

In order to compute the limit of Za9(¢) after sufficient time, we apply the following lemma, whose proof is given
in Appendix B:

Lemma 1.1 If Y (¢) is a square matrix, whose limit Y (00) = limy_.o, Y (¢) exists, and whose singular value decom-
position is denoted as Y (t) = W (t)A#)Z" (t), then

Jim (Y (#6)t + ™" = Zn(00) (Wi (00)" Zn(00)) ™ Wiy (00)™ 27

In the last expression Zn (00) and W (00) are matrices whose column vectors are the right and left singular vectors
of Y (00) associated with the zero singular values.

We thus obtain

Jim Zpp(r) = lim F(AF@)t + Inun)
= F(co)Va, (U Vo) UL, (28)

where Us_ and V5 are the left and right singular vectors associated with the zero singular values of the matrix

We note that the column vectors of Us_ satisfy Ul-T AF(00) = 014y which implies that either UiT A = 0y or
Ul'A € Null(F(c0)). From the preceding analysis of the properties of matrix A, it becomes clear that the only unit
vector that satisfies U zT A = 01y is the vector Ay = \/% 1nx1. Therefore the matrix U, can be written as
Uz, = [An Ur]
where U is a matrix having a number of columns equal to the dimension of the nullspace of F'(c0).
Similarly, we observe that the column vectors of the matrix Va__ satisfy AF(c0)V; = Onx1 which implies that
either F'(00)V; = cAn, with ¢ an arbitrary nonzero number, or F'(c0)V; = 0y x1. We therefore write the matrix Va__

as
Vo, =[Va VF]

where the ¢ columns of V4 are the singular vectors that yield F'(c0)V; = cAn, and VF are the singular vectors that
form a basis of the nullspace of F'(c0). We note that if A does not belong to the range of F'(c0), then V4 does not
exist in the above partitioning.

We can thus write

o —1
Jim Ex() = F[Va Vel (U3 Vo) [An Ur]"
—1
= [FVa FVp](US_Vo.) [An Ug]"
—1
= [Anc 0] (Us Vo) [An Up]"
_ T -1 T
= Awe [(U2°°V2°“> }11 An
1 -1
= ~lwac (UL Ve) ] Lucw (29)
. T 1. . - 1 .
where cis a 1 x g row vector, and [(UQOo Va..) }11 is the (1,1) submatrix of (U]_V,_) . From the expression in

Eq. (29) we conclude that lim;_, o, Zo5(t) is a matrix of the form m,,, 1y« N, i.€., itis an N x N matrix having all its
elements being equal. We can thus write

t—oo

1 B
lim Zpo(t) = <5 > (F(oo)ng WL v,)" UQTQC) Insn = Manlyxy (30)

TR-2004-0002 8



where the summation is being performed over all elements of the matrix F'(co)Va_ (U2Too o ) ! UQTDO. Substitution
of this expression in Eq. (23) yields

. 0 01><N
lim M) =
00, M) | O1xn Munlnxn |
and thus
. [ 0 O1xn | ;-1
lim Pyt) = U7 U
t—oo b() L 01><N mnnlNXN ]
— Mpn mnn]-lxN
mnn]-NXl mnn]-NXN

Finally, the steady state value of the normalized covariance matrix P, (¢) is equal to

P, = lim P,

t—o0

= lim (P,(t) + Py(®)) (3D

t—o0

1

mnnlel mnnlNXN

Recalling that P(t) = qP,(t), we can compute the steady state uncertainty, Pss, of SLAM in the one-degree of freedom
case. We state this as a lemma:

Lemma 1.2 Consider a robot performing Simultaneous Localization and Mapping (SLAM) in 1D, by continuously
observing N features in the environment. If the covariance of the robot’s odometric measurements is q, the covariance
matrix of its exteroceptive measurements is R, and the initial covariance matrix of SLAM is equal to:

Prr Pr
PO)=q [ Pr, PLi }

then the steady state covariance is given by

L man Manlixn
Pee=4q [ 7;)Lnn1N><1 MpnlNx N } (33)
where
p* =qlixnR 1y
and 1 »
Mo = 3 > (Floo)Va, (UFVa.) " UL (34)
with

P 1 L 7
Py.— =Py | | P, — —=r" P 35
1+pP. — %rTPLr + %FTPLLI' ( t P2 te ) ( t p2 LL) 53

In these expressions v = qR 11 and U, , Vo, are matrices whose column vectors are the basis vectors of the
left and right nullspace of (qR™ — p%rrT)Fl (00).

F(OO) = PLL_

1.3 Special Case: Initially unknown landmark positions

Lemma 1.2 proves that for any initial value of the covariance matrix, the map estimates in 1D SLAM become fully
correlated at steady state. The result of this lemma is important because it addresses the most general case of SLAM (in
1D). However, the resulting expression is quite cumbersome, and additionally, in practical applications, the following
situation usually occurs:

TR-2004-0002 9



e The robot’s position estimate is initially uncorrelated from the landmarks’ position estimates
e The landmarks’ initial uncertainty is infinite (i.e. we have no prior knowledge about the map)

This scenario is modeled by selecting the following value for the initial covariance matrix:

DPrr 0 I1xN
P(0) = 36
(0)=q Onx1 prrinxn (36)
By taking the limit of the expression for the steady state covariance as py,;, — 0o, we derive a much simpler analytical
solution for the steady state covariance in SLAM.
When the initial uncertainty is given by Eq. (36), matrix F'(co) becomes

2 T
pPrxrr

p%+ p*prr + pror’r

( L + 1 T)_l (37)
— —————1IT
prr N 31+ pper)

F(oo) = prrInxn +

This matrix is nonsingular, and therefore AF'(co0) has a single zero eigenvalue, caused by the zero eigenvalue of
A= (R;' - —er 7). Thus we can write

1

Vaoo =
2 T [F(00) M|

F(Oo)il]-le

and )
U, = ﬁlz\/m

Substitution in Eq. (34) yields
-1
Mo = w3 Z < )V, (UZTOO vzoo) U2TW>
1 1
- © T (e

1]-N><1||

1

1 . -t
1 —1 _ —F 1 1
Nx1 (\/N 1XNHF(OO)_11N><1|| (c0) le) \/N l><N>

1 _ _
= mZ(lel (11><NF(00) 1]-N><1) 111><N>

F(oo)™

= N211><NF 11]\]><1Z:|-N><111><N
_ 1

N 11><NF(OO)_11N><1

_ 1

© X F(o0)7!

where the sum is performed over all elements of F'(co)~!. Thus, employing the result of Eq. (37) we obtain

E:F(oo)_1 = Z 7IN><N + Z

+ppm)
N
= ——i— rr’
PLL 1+Pprr Z
- 3
PLL +pprr i—1
N N 1 A
= — 45—
prr P31+ pprr)
N P

74,7
prr. 1+ pprr

TR-2004-0002 10



‘We thus see that
1

T S F(0) !
1

N p

pPLL + 1+pprr

pLL(1 + pprr)

= (38)
N1+ pprr) + prLI
Furthermore, if the initial uncertainty of the landmark’s positions is infinite, we have that
lim mg,, = prr(l+ pper)
PLL—00 prr—oo N(1+ pprr) + ppLL
1
= —+Dpr 39)
1)
Substitution in Eq. (33) yields the steady state uncertainty of SLAM:
1 O1xn :| < q )
P, = P + | =4+qpr )1 40
{ Onxi Onsn p qp (N+1)x(N+1) (40)

If in addition the initial uncertainty about the robot’s position is zero, as is usually the case in SLAM, the steady state
covariance reduces to

1 01><N

les|: L

q
0N><1 ONXN :| 0 (N+1)x(N+1) ( )

i.e., the steady state covariance of the robot is exactly double than that of the landmarks.

In order to gain more insight on the effect of the accuracy of the sensors on the steady state covariance, we consider
the special case where the all the landmarks are being measured with equal accuracy. In this case, p? = % where r
is the covariance of the measurements of the landmark’s positions, and the steady state covariance becomes

VEZ o0 [qr
PSS:[ N XN ]+ N LV x (v (42)

Onx1 Onxn

In this case, we observe that the steady state accuracy depends on the geometric mean of the accuracy of the proprio-
ceptive and exteroceptive sensors of the robot.

TR-2004-0002 11



2 Simultaneous Localization and Mapping in 2-D

We consider a mobile robot moving on a planar surface, while observing N landmarks in the environment. The robot
uses proprioceptive measurements (e.g., from an odometric or inertial sensor) to propagate its state estimates and
exteroceptive measurements (e.g., from a laser range finder) to measure the relative positions of the map features with
respect to itself. These measurements are fused using an Extended Kalman Filter (EKF) in order to produce estimates
of the position of the robot and the landmarks. In our formulation, it is assumed that an upper bound for the variance
of the errors in the robot’s orientation estimates can be determined a priori. This allows us to decouple the task of
position estimation from that of orientation estimation and facilitates the derivation of a closed-form expression for an
upper bound on the positioning uncertainty.

The robot’s orientation uncertainty is bounded when, for example, absolute orientation measurements from a com-
pass or a sun sensor are available, or when perpendicularity of the walls in an indoor environment is used to infer
orientation. In cases where neither approach is possible, our analysis still holds under the condition that a conserva-
tive upper bound for the orientation uncertainty is determined by alternative means, e.g., by estimating the maximum
orientation error accumulated, over a certain period of time, due to the integration of noise in the odometric measure-
ments [3]. It should be noted that the requirement for bounded orientation error covariance is not too restrictive: In the
EKF framework, the nonlinear state propagation and measurement equations are linearized around the estimates of the
robot’s orientation. If the errors in these estimates are allowed to increase unbounded, the linearization will unavoid-
ably become erroneous, and the estimates will diverge. Thus, in the vast majority of practical situations, provisions are
made in order to constrain the robot’s orientation uncertainty within given limits.

Having determined an upper bound on the orientation uncertainty of the robot allows us to decouple the task
of orientation estimation from that of position estimation. The velocity and orientation of the robot are treated as
measurement inputs for propagating the robot’s state estimates. This formulation facilitates the derivation of upper
bounds on the steady state uncertainty of SLAM, and is presented in the following sections.

2.1 Position propagation

The continuous time kinematic equations for a non-holonomic robot moving in 2-d are

Er(t) = V(t)cos(g(t)) (43)
Ur®) = V()sin(o@®)) (44)
where V' (t) is the robot’s translational velocity at time ¢, and ¢(t) is the robot’s orientation. In the Kalman filter

framework, the estimates of the robot’s position are propagated using the measurements of the robot’s velocity, V;,, (¢),
and the estimates of the robot’s orientation, ¢(t), using the following equations:

Zr = V() cos((1))
er == Vm(t) Sin((;g(t))

Clearly, these equations are time varying and nonlinear due to the dependence on the robot’s orientation. By linearizing
Egs. (43) and (44) the error propagation equation for the robot’s position is readily derived:

2] e s ][]

& X, = 022X, + G (W (1) (45)
where wy (¢) is a white Gaussian noise sequence of variance 0%,, affecting the velocity measurements, and g(t) is the

error in the robot’s orientation estimate at time ¢. This is modeled as a white Gaussian noise sequence of variance 05,.
From Eq. (45) we deduce that the covariance matrix of the system noise affecting the robot’s state is

Q) = E{G WeoW oG ®)}
E{Wt <t)}G (t)

_ cos(@(t)) sin(¢(1)) } { a0 } {cos( 1) —Vin()sin(d()
sin(o(t)) m(t cos(¢(t)) i
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_ {cos({s(w) —sin((é(t))Ho% 0 Hcos(é(t)) — sin(b(t))
(1)

sin(p(t)  cos(o(t)) 0 Vawog | | sin() cos(e)
¥ 0

= Clm) | T yae | CT60) o

where C' ((ﬁ) denotes the rotation matrix associated with ¢. The landmarks are modeled as static points in 2D space,
and therefore the state propagation equations are

XL,i(t) = 0541, for 1 =1..N
Hence, the estimates for the landmark positions are propagated using the relations
Xy =04y, for i=1.N

while the errors are propagated by )
Xp; =00y, for i=1.N

Using these results we can now write the error propagation equations for the entire system:

X = 0(2N+2)x(2N+2))~((t)+ [ Gi(t) Ozxan | [ w(g‘;t(;) ] 47)
o X = Fb) X () + G(t) W () (48)

where the state vector of the entire system has been defined as the stacked vector comprising of the position of the
robot and landmarks, i.e.,

r (1)
Yr(t)
X )
X(t) = '1 = YL, (t)
A0 T )
| Yon (@) |

The covariance matrix of the system noise is given by

Q) E{GoOWe)WT1HGT 1)}

[E{G@)WmWT(t)GT(t)} 022N

O2n %2 Oanxon

[ Q-1  Ozxan (49)

Oonx2  Oanxon

2.2 Measurement Model

At every time instant, the robot measures the relative positions of each of the IV landmarks in the environment. The
relative position measurement associated with the ith landmark is given by:

zi(t) = CT (i) (X1,(0) = Xp () + 12, (1) (50)
where n ., is the noise affecting this measurement. By linearizing Eq. (50), the measurement error equation is obtained:

Zi(t) = zi(t) — Z(t)

= CT(00) (X1, = X, (0) = CT (30T (X1, 0) = X)) $10) + 1z, 1)
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[ X)) ]

XLl(t)

= CT(Qg(t))[ —Ixa . Iaxz .. Oaxa | )?L“(t)

L ‘)}LN(t)

) - L (t
+[ Iyo  —CT (1)) JAp;(t) } [ na(t()) ]
= Hi®X(®) +Tini) (51)
where
0 1] «— ) .
J = [ 1 0 }7 Ap;(t) = Xp,(t) — Xy (t)

and we note that the measurement matrix for this relative position measurement can be written as

A -1 .. I .. 0 A
Hyt) = CT () [ 2 Ny 22 = 0T ($w) Ho, (52)
i+1 block
where
H, =[-1 . L 0] @ Ioyo
i+1

and ® denotes the Kronecker matrix product. Since the robot measures each of the /N landmarks at each time step, the
measurement matrix H(¢) for the system is a block matrix whose block rows are H;(t), and we can write

C"(o(t)) Ho,
CT(¢)H,,
H(t) = (¢(. ) =D, H, (53)
CT(p(t) Hop
where .
D (1) = Iyxn @ C((1))
and

H,=[ —1nvx1 D2 | ® Iy (54)
The covariance for the measurement error is given by

Rit) = Tie)E{nitn! &)}T7 1)
R.,(t) + Ry, (1) (59)

This expression encapsulates all sources of noise and uncertainty that contribute to the measurement error z;(t). More
specifically, R, (¢) is the covariance of the noise n;(¢) in the recorded relative position measurement z;(t) and R;(t) is
the additional covariance term due to the error ¢(¢) in the orientation estimate the robot. This is given by:

A~ — ~ —~T N
Ry (1) = CT(om)JAp;t) E{$*}Ap; ()T C((t))
= 02CT($w)TAp,Ap, 1T TC(d(w) (56)

From this expression we conclude that the uncertainty U<2¢> in the orientation estimate (;3(1&) of the robot is amplified by
the distance between the robot and corresponding landmark.
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The measurement of the relative position of the ith landmark is comprised of the distance p; and bearing 6; to this
landmark, expressed in the robot’s local coordinate frame, i.e.,

pi(t) cos 0;(t)

pi(t) sin 0;(t) } +ne (1)

zi(t) = [
By linearizing, the noise in this measurement can be expressed as:

cosB;(¢)  —pi(t) sin b;(t) } { N, (1) }

Mz () = [ sind;(t)  pi(t) COSéi(t) ng, (t)

where n,,, is the error in the range measurement, ng, is the error in the bearing measurement, and

—~T o~
pit) = Ap; ()Ap;(1)
0,y = Atan2(Ay, (1), Azi(1) — d(1)

are the estimates of the range and bearing to the landmark, expressed with respect to the robot’s coordinate frame. At
this point we note that

cosé (t) —sin é(t) cos éi(t) —pi(t )siné (t) Np, (1)
sin ¢ cos (;AS( sinél( t)  p;(t) cos 0, (®) ng, (t)
_ [ cos(d@ +0:i0)  —pit)sin((t) + O(1)) ] [ M, () ]

L sin(o(t) +6;) pit) cos(d(r) + ;1)) e, (t)

- - Ny, (t)
éﬁpi(t) JAp;(t) } { ngi(t) }

C(bw)n., (1)

and therefore the quantity R, (t) can be written as:

Rt = E{n,@®nl®}
_ T _ T

= CT6w) | sl TApw | B{ [ Zg: ] [ Z’;} b sl JAno | Cém)

T4 1 - o2 0 - - .
= CT6w) | sdein) TApi | { i ] | smino Ao | @)

T, 0'/% — —~T 2 17 —~T T ~
= CT00) | s 8pi0Ap; 0+ 03T Api AP (9T | C(9()

2 ~T . .r 277 AT 5

= C" () FI0) (m(t)lzxz—JApz()Api (t)J )+09JApi(t)Api J" ) Clo®)

T4 2 2 03 AT o ;
= C" (o) <JPI2X2 + <09 - ﬁz(t)> JAp;()Ap; () ) C(é(1)) (57)

where the variance of the noise in the distance and bearing measurements is given by
2 2 2 2
Up = E{an (t)} y Og = E{nGL (t)}

respectively. Due to the existence of the common error component attributed to ¢(t), the measurements that each robot
performs are correlated. The matrix of correlation between the errors in the measurements z;(t) and z;(t) is

Rt = T®E{nion] o7
~ — —~T ~
= a,CT(¢1)JAp,()Ap; ()T C(e(1)) (58)
Using the results of Egs. (56), (57), and (58), the covariance matrix of all the measurements performed by the robot

can now be computed. This is a matrix whose 2 x 2 block diagonal elements equal R;;(t), ¢ = 1... N while its
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off-diagonal block elements are R;;¢(t), 4,5 = 1...N,i # j. Itis easy to see that this matrix can be written in a more
convenient form as:

R(t) =Dy Ro(1D,(®) (59)
where
2 2 2 o2 = ~T T 2 17 ~T T
oplaxa + (0’¢ + o5 — m) JAp, () Ap, ()T ... o5 JAp, (t)Apy (t)J
R, (t) = :
02 I Bpn 08Py (07 e Olaes (g; tod- W) JBpx (O Bpy ()"
2
=oolanxen + D(t) <U§INXN + 05, 1nxn — diag <PC;Z))> D' (1)
2
= 02N w2y — D(t) diag (;’E;)) D" (t)+ 05, D)D" (t) + 03, D(t)Lnxn D" (t) (60)
() Ra(t) R3(t)
and .
JApl(t) 02><1
D) = : : = Diag(JAp;(t))
O2x1 ... J&’N

isa 2N x N block diagonal matrix, depending on the positions of the robot and landmarks. In the previous expression,
the covariance term R;(t) is the covariance of the error due to the noise in the range measurements, Ry(t) is the
covariance term due to the error in the bearing measurements, and R3(t) is the covariance term due to the error in
the orientation estimates of the robot. We are now able to compute the matrix H” ()R ™! (t)H(¢), that appears in the
covariance update equations of the Kalman Filter. Substitution from Eqs. (53) and (59) results in the terms depending
on the robot’s orientation being canceled, i.e.,

H'oR'0H® = HIR,'0H,
It is interesting to observe that since the matrix R, (t) does not depend on the orientation of the robot, the matrix
H7T (t)R~!(t)H(t) depends only on the positions of the robot and landmarks.

2.3 The Riccati Differential Equation

The results presented in the preceding sections allow us to derive the Riccati differential equation that describes the
time evolution of the covariance matrix in SLAM. This is

P(1) Q) — PeH" )R ) H®P(1)
Q) — PeH, R, ' ()HP () (61)

It becomes evident that this is a time-varying Riccati equation, and therefore no closed form solution for it can be
found in the general case of the robot’s motion. However, the following lemma allows us to derive an upper bound on
the covariance of the position estimates:

Lemma 2.1 If the matrices R and Q satisfy R = R, (t) and Q = Q(t) for all t > 0, then the solution to the Riccati
differential equation

Py = Q-PuHIR'H,P() (62)

is an upper bound to the solution of the Riccati equation in Eq. (61), i.e., it satisfies P(t) = P(t) for all t > 0, when
the initial values of the two differential equations are equal.
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The proof of this lemma is given in Appendix C. We now compute upper bounds on the matrices Q(¢) and R, (¢),
that will be used in order to formulate a constant coefficient Riccati differential equation for the upper bound on the
positioning covariance.

In order to derive an upper bound for the system noise covariance matrix Q(t) we note that (cf. Egs. (49) and (46))

<o

Q(t) — Qr(t) 02><2N :| — O(

5202 0 .
(t)) v 22, 2 | CT(0®1)  Ozxan
0 0tV (toy
Oonx2 Oanxon

02N x2 02N x2N

From the properties of rotation matrices it is known that C~1(¢(t)) = CT((#)), and thus Q,(¢) is related by a
similarity transformation to the matrix
St 0
[ 0 StV oy, ]

which implies that the eigenvalues of Q,.(¢) are §t*0%, and §t*V,2 (t)o ;. We assume that the robot’s velocity is approx-
imately constant, and equal to V', and denote

G = max (5t20‘2,, 5t2Vn%(t)agﬁ) ~ max (51520‘2/, §t2V20§)) (63)

This definition states that g is the largest eigenvalue of (),.(¢), and therefore

Qr(t) = qlaxa = Q1) = [ @laxz  Oaxan } =Q (64)
Oonx2 Oanxon

We next derive an upper bound for R, by considering each of its terms separately: the term expressing the effect of
the noise in the range measurements is

2 ‘7/% T
Ri(t) = o,lanxan — D(t) diag P DT(t) 2 o2 L xan (65)

7

The last matrix inequality follows from the fact that the term being subtracted from 0;2) I>n %2 1S a positive semidefinite
matrix. The covariance term due to the noise in the bearing measurement is

Ro(ty = a3D@D ()

- 2/N . A
21 ~2 sin”(0;(t)) sm(@ (t )) cos(é)l( )
opDiag (pi ®) [ sin(éi(t)) cos(éi(t)) cos (9 ) })

o;Diag (p; (1) I2x2)
ogpilanxan (66)

IA A

where p, is the maximum possible distance between the robot and any landmark. Finally, the covariance term due to
the error in the orientation of the robot is R3(t) = aii D(t)1yxn DT (t). Calculation of the eigenvalues of the matrices

1n«n and Iy verifies that 1y« = NIy« n, and thus we can write R3(t) =< NUiD(t)DT(t). By derivations
analogous to those employed to yield an upper bound for Ry (t), we can show that

Rs(t) = NoZpilanxan
By combining this result with those of Egs. (65), (66), we can write R, (t) = Ry (t) + Ra(t) + Rs(t) < R, where
R= (O'g + Naépi + ngg) Ionxon = TlanxaN (67)
with
r= O’ﬁ + Naépg + agpi (68)
We can therefore formulate the following Riccati differential equation for the upper bound on the positioning
accuracy of SLAM:

P(t) QP HTR_lHOP(t)

qQ, — ~P)H H,P(t) (69)
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with

~ Irxo  O2xan 1 01xn
Q [ Oanx2  Oanxan Onx1 Ownxw 2
The initial value for the covariance of SLAM is assumed to be equal to:
Py,  0O2xon
P0) = ° 70
(0 { Oanx2 Prr, (70)

in other words, we assume that the initial position estimates for the for the robot are uncorrelated from the map features’
position estimates. Additionally, in order to simplify the derivations that follow, we assume that P 7, is an invertible
matrix. These assumptions are not necessary in order to derive a solution. By following steps analogous to the 1D
case, a solution for the most general case can be derived. However, as the analysis of the 1D problem demonstrates,
the resulting expressions are too cumbersome. Moreover, in most practical cases the aforementioned assumptions are
met, and therefore, we will employ them in the ensuing analysis, in order to provide simpler and more intuitive results.

2.4 Upper Bound on the Steady State Covariance Matrix

We now focus on deriving the asymptotic solution to the Riccati differential equation in Eq. (69), in order to char-
acterize the steady state performance of SLAM. The analysis is simplified by introducing the normalized covariance
matrix:

1-
P, = -P()
q
which leads to the following Riccati differential equation:
: ~ q T
Pn(t) = Qn - ;Pn(t)Ho HoPn(t) (71)
= Q.- P,()CP,() (72)

with initial condition ) )
Pn 0 = jP 0 = =
(0) 7 (0) 7

In the last expression the matrix C is defined as

P,.., Oxxon
O2nx2 Prr,

c = IgTh,
T
= [TII?X? ,_gJT ] (73)
—13  IDhnxen

where
J=1nx1 ®I2x2

At this point we note that the matrix C is singular. Analytical evaluation of its eigenvalues shows that zero is an
eigenvalue of C with multiplicity 2, and thus rank(C) = 2N.

The solution to the Riccati equation in Eq. (71) is obtained by a derivation process analogous to that employed in
the 1D case. Specifically, we note that the eigendecomposition of the matrix CQ,, is written as:

CQ, = UA,U"' = 121x2 02x2n P’Iaxs  Oaxon 121x2 02x2n (74)
—~J Dnxen O2nx2  Oanxan ~T  lanxen
where we have denoted
2 _ Nq
707

U is the matrix comprising of the eigenvectors of CQ,, as its column vectors, and A, is the matrix of eigenvalues of
CQ,,. The solution to the Riccati differential equation in Eq. (71) is derived by forming the Hamiltonian matrix, and
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evaluating its exponential function. The derivations are analogous to the 1D case, and therefore we directly present the
final form of the solution:

P,t) = UTQ,LoK '¢»Ut+U TMyU!
= Pu)+Pu(t) (73)
where we have denoted ot —pt
K1) = [ et —Ihxa Ozxan }
O2x2n Ionxan

and

L= | 755l Onaw
020N t Ianxon

while the matrix M(¢) is equal to
M) =K 'oUTP,(0)UK®) + U tCcU TLyUTP,(0)U) ! (76)

In order to derive an upper bound on the steady state uncertainty of the position estimates in SLAM, we need to
evaluate the asymptotic value towards which the solution in Eq. (75) converges. To this end, we evaluate the limits of
the quantities P, (¢t) and Py(t) as t — oo. The derivations are once again similar to those employed in the 1D case.
Specifically, the limit of the term P, () is equal to

Jim Po) = lim U TQ,LpK 'nu? (77)
1
=Irxa  Oaxon }
_ | 78
[ O2x2n  Oanxon (78)
The limit of the second term in Eq. (75) is equal to
Jim Py(r) = lim U TMupuU!
_ -7 (1 -1
- U QEEO M(t))U (79)
where (cf. Eq. (76))
Jim M@ = lim K 't)UuTP,(0)U (I(2N+2)X(2N+2)+K*l(t)U*lcU*TL(t)UTPn(O)U)‘1K*l(t)
= Jim K~'(UTP,(0) (U + K~ (U CU LU P,(0)) 'K
= Jlim KT U P, (0) (Lon42)xen+2) + UK (U 'CU LU P,(0)) UK @)
= Jlim K ')UTE0) UK 1)
where
= — -1 -1 -T T -1
Et) = Py(0) (Ian12)x2n+2) + UK H ) U 'CU L)) U P, (0)) (80)
But we note that
lim K~'U" = lim (UK Y7
t—o0 t—oo
— lim [ ﬁbw O2xon }[ Lo —3Jd7 }
t—o0 022N Ionxon O2nx2  Ianxan

_ 0242 O2xon
O2xon  Ianxon

Therefore we can write

. O2x2  O2xon ( - ) O2x2  O2xon
lim M@) = lim E(t 81
1200, ) [ 02xon  Donxon } e, =0 O2x2nv  Ionxan 1)
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At this point we introduce the following partitioning of the matrix = ():

B0 = | Zn En®) || 2x2 0 2x2N
TV Boit) B | T | 2N x2 2N x 2N

And therefore

. O2x2  O2xon
lim M@¢) = = 82
Fares ®) { O2xon  Eaa(t) ] ®2

From this expression we conclude that in order to find the steady state value of the term Py (¢), only the limit of the
(2,2) submatrix element of Z(t) is necessary.
Carrying out the matrix multiplication we obtain

_a®p T
UK '()U 'CU "Lu” = [ YOTE g N (83)
——5J N JIH+tA
where
ePt — e~ Pt
alt) = prTpp—

and A is a 2N x 2N constant matrix, given by

T T
A=-T - —JJ7
(j 2N xX2N N(j

Similarly to the 1D case, A is the Schur complement of p?I,5 in C, and the following property holds:
rank(C) = rank(A) + rank(p?Ix2) = rank(A) = 2N — 2

Thus A is rank deficient, and it is easy to see that AJ = 02«2, which implies that the column vectors of the matrix
Vy = ﬁJ form a basis of the nullspace of A.

Using the expression of Eq. (83), Z(t) can be expressed as

_ ) ) B
':(t) — 1 Prro 02><2N I n 1 a(t)p[2><2 _%JT Prro 02><2N
G| Owvxo Pprp, |\ @GNFTRXENE) T _LJfI)PJ GTWJJT+tA Oonve Prr,
~1
1] P, Ogan || I2x2t a(f)pPrro —%’?{’JTPLLO
q L 02N><2 PLLO ] _a](\ft)ip Prro I2N><2N —|— % (&Iv)pJJT +t A) PLLO

7
J

P, Ogon | [ P1 Po -

| O2nx2 Prr, P

E11() Er2(t) ]

Eor(t) Eaa(t) (84)

I
— Q| =
)

Using the formula for the inversion of a partitioned matrix, given in Appendix D, and carrying out the matrix multi-
plication yields the following expression for ZEo(¢):

1 _ _
Egg(t) = 5PLLO(P4 —P3P1 1P2) 1

Substitution of the values of matrices Py, P,, P3, and P4, defined in Eq. (84), and simple algebraic manipulation
yields the following expression for Ego(t):

. -1
1 1 oft ot
Sga(t) = §PLLO <qAPLLUt + Ioyxon + ﬂJ (szz + (q)pPr'ro) JTPLLO>

N2g
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A this point we assume that Py is invertible, in order to simplify the derivations, although this is clearly not
necessary for deriving a closed form solution, as the 1D analysis demonstrates. With this assumption the preceding
expression can be written as

N
_ ot ot
Eoo(t) = (At + CIPL}JO + ( )pJ <12x2 + (q)pPrro> JT)

N2

The steady state value of this matrix can be computed by application of Lemma 1.1. Specifically, A is singular and
Vy = ﬁ.] is the matrix whose columns comprise the basis of its nullspace. Moreover,

—1 —1
Jim (qPLL 2Py (IM + C“(;”’ P) JT> =GP, + 5] (Im + ZP) "

N2

and thus
-1

-1
Jlim St = Vi (qVEPL;VN +L5Vha (LM - ZPMO) JTVN> Vi

. -1
J <qJTPL;UJ + %JTJ (IM + ng) JTJ) J

But J7J = NI,y and thus

1\ 1
Jim Es (1) J <qJTP;LOJ +p <Jm + 2P7.7.0> ) J
1\ 1
= 1Iyxn® ((jJTPLiOJ +p <I2><2 + ZPM‘O> >
_1\ 1
= 1Iyxn® <qJTPL£OJ +p <I2><2 + ;_)Prr()) )
1 g AN
= “lwv® (JTP;£OJ+ <f)1m +Pm) )

-1
1 _ [qr
= 51N><N® JTPL£OJ+ ( ;Ivlgx2+PTT-o>

Substitution of this result in Eq. (82) and evaluation of the asymptotic value of the matrix P;(¢) in Eq. (79) yields

-1

_1\ 1
lim P =-1 ® .]TP ! J+ 7q 1 + Prr
tl b(t) —_L(N+1)x(N+1) LL, N 2X2 °

The steady state value of P, (¢) is therefore equal to
P,., = limP,@
(Pa(t) + Py(1))

I
13

1
1 —
=Irxo  O2xon 1 To—1 qr
_ | ® + 21 @ | ITP L I+ (/L Ly + Py, 85

Onx2  Oonxon q N+ (N+1) LLo N 2x2 (85)

Finally, the upper bound on the steady state covariance matrix is given by P, = qP,,,, . Therefore, we can state the
following lemma:
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Lemma 2.2 For Simultaneous Localization and Mapping (SLAM) in 2D, the upper bound on the steady state covari-
ance matrix of the position estimates is

P, - [\/%Izw 022N

—1\ —
_ qr
+ L nsnyxnven @ | ITPLL T+ <\/ qﬁ-’zxz + Pm,> (86)
Onx2 O2nxanN

where P, is the initial covariance of the robot’s position estimate, P, is the initial map covariance matrix,
J = 1nx1 ® Iaxo, and the quantities q and r are defined in Egs. (63) and (68) respectively.

We note at this that by employing the assumption that the position estimates for the robot and the map features are
initially uncorrelated, a considerably simpler expression has been derived, compared to the 1D analysis, in which this
assumption was not imposed. We now apply this result to two cases of interest:

e Initially Unknown Map

In SLAM it is usually assumed that the robot starts operating in a totally unknown area. In such cases, the robot can
arbitrarily define the origin of the global coordinate frame, and the initial uncertainty about its position is zero. Since
no information about the landmarks’ positions is available, the uncertainty about the landmarks’ positions is infinite.
Setting P, = O2x2 and P11, = pulonxan, p — oo in Eq. (86) results in the following expression for the upper
bound of the positioning uncertainty in SLAM, when the robot maps an initially unknown area:

5 qr 2 Lixn
Pss j Pss - -~ ® I 87
V N [ Oinx1 Inxw 22 7

¢ Known Landmark Density

The expression in Eq. (87) provides an upper bound on the worst-case performance of SLAM, under any possi-
ble placement of the landmarks in space. However, when the features of the environment to be treated as landmarks
are selected (e.g., visual features, prominent geometric features), it is beneficial to choose them so that they are abun-
dant in the environment and evenly distributed throughout it. This way, a more detailed map of an area can be created.
In such cases, the density of landmarks in the environment can be a priori modeled, for example, by a uniform prob-
ability density function (pdf), and this information can be exploited in order to compute a tighter upper bound for
the expected steady state covariance of the position estimates. Specifically, assuming the initial covariance matrix of
the map (before any observations) is Prr, = planxan, p — 00, while the robot has perfect knowledge about its
position, the covariance matrix right after the first landmark observations, and before the robot moves, will be given
by

P(0*) = P(0)—P(0)H! (H,P(0)H +R,(0))” H,P(0)
0252 O2x2n 022N —1

= — I R, (0 0 I

| Ounvr planwon ] [ 1o xan ] (anxan +Ro(0)) 7 [ Oanxz  planson |
_ [ 022 O2x2n ) }

| Oanx2  planxen — p(planxen + Ro(0)) " 1

[ O2x2 02x2n )
B I O2n %2 (i +R;1(0))

and evaluating the limit as ¢ — oo yields

o O2x2  O2x2n
PO+ — {Oszz RO(O)] (88)

‘We now employ this matrix as the initial value in SLAM, and therefore the upper bound for the steady state covariance
matrix, for a given initial position of the robot and landmark placement, is given by

P, — [\/%szz O2x2n

-1

_ | N
F I Niyx(N+1) ® <JTRO(O) 13+ WIQ)(Q) (89)
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In Appendix G it is shown that R,,(0) ! can
closed form as well. Use of Eq. (103) yields

be calculated in closed form, and this allows us to evaluate the bound in

JTRO(O)_lJ =51+ 55+ 53

where
o — T
Apl O2x1 1 Ap1 O2x1
S, = I | D | diag | : : J
o, ’ L Pi ’ -l
L O2x1 Apy 021 Apy
Am:ﬁAml Amé%Ayl 0 0
Ay Az Ay1 Ay
y:}% x1 y:‘;f Y1 0 0
= ,]Tf2 : : J
= : : o e
P 0 0 AzyAzy  AzNAYN
7 7
0 0 AynAzn  AynAyn
L 5 5 -
N Az’ N  Az;Ay;
1 > izt ;721 Dim1 xﬁg 4
- 52 N  Az;Ay; N Ay’
g 2Ty Yi
P Zi:l P2 Zi:l P2
and
S — T
) JAp, O2x1 ) JAp, 0251
Sg = JT72 : dlag (A4 :
o : Y :
7] — 7 —
L O2x1 JApn O2x1 JApy
Ay1 Ay Az Ay, y
y{4 Y1 _ TlA4 Y1 0 0
P 1
A
_ 11A4Ay1 A$1A4Az1 0 0
1 P1 P1
- JTf2 : : : : J
o2 : : : :
0 0 AynAyn AznAyn
PY) Py
P P
AznA
0 0 INQUN  AZNATN
L o1 1 J
N Ay’ N  Az;Ay
1 dic ﬁ;f =i ;z ‘
- 42 N  Az;Ay; N Az
g, _ AZiY; T
o — 2= T 2im1 T
and
— — - — T
gJApl 0251 TinA]% O2x1
1
T .
Sy =—J" —5 : : Iyxn :
’q —_ —_
O2x1 TJAPN O2x1 TJAPN
e L
ﬁJApl 02x1 ﬁJApl O2x1
1 Pi P
T .
=-J ? : : 1N><111><N :
n L L
O2x1 ﬁTJApN 0251 ﬁTJApN
N - N
1 aq
:_ﬁ as [al a2]
n
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where

1 75
EJAPI 02><1
a 1
1 e .]T‘—2 . '.' . 1N><1
ao o5 : 1 P
02x1 gJAPN
_ZN @z
_ i=1 57
i=1 p2

and therefore

— 2 _— —
N Ay N Az, <N Ay
1 (Zi:1 [)%J ) =2 it [,%: 2 im1 p}g

Sz = ) N Az; N Ay N Az )\2
_ T Yi T;
n dim1 52 D1 52 (Zi:l 72 )
We can thus write
N Az’ N Az Ay N Ay’ N Az Ay;
T 1 N 1 Yim1 S i Tt 1 Dlim1 —Dim1 T
J RO(O) J+ 4 —loxo = — Tt —L2 +72 o o — b
2 N  Azx;Ay; N Ay, N  Azx;Ay; N Azx;
To | Mt TEEE YL A %o | =Dl TarE Y
i=1 p2 i=1 p2 i=1 pl i=1 pt
7 T 7 (2
— 2 . .
N Ay N Az N Ay
1 (21:1 72 ) —2 it ﬁq?b 2ic it N
- = _ . o + 4| —I2x2 (90)
oy _ ZN Azx; ZN Ay; ZN Ax; qr
i=1"p2 i=1"52 i=1 p2

and the inverse of this matrix is equal to
-1

_ T -1 /ﬁ _ 1 . _|a B
0 = <J Ro(()) J+ QT12X2> —retAA, with A= |: 3 "}/:| on

and
N N —\ 2

Ay? Ax? Ax; N

azzazé ZUQAZ_ Z 2 —

iz1 0P 1 %0P iz InPi ar
N —_— N —_—
Amszz A%Ayz A-rz Ayz
B==D am tD. "o D 52
im1 0P i1 0P i1 InPi =] OnPi

We note that the upper bound on the steady state covariance matrix can be computed as a closed-form function of
the initial position of the robot, and the positions of the landmarks. Our prior knowledge about the density of the
landmarks can be incorporated in the analysis by treating the position of the robot and landmarks as random variables
with a known probability distribution function. In this context P is a function of random variables, and therefore its
mean can be trivially computed with a Monte Carlo method. We note that P, < P, = E{P,.} < E{P,,}, which
implies that the average value of P, is an upper bound on the expected covariance of the position estimates in SLAM.
We can thus state the following lemma:

Lemma 2.3 The maximum expected steady state covariance of the position estimates in SLAM, when the spatial
density of landmarks is described by a known pdf, is given by

VLT 0
E{Pss} j N 12x2 2x2N + 1(N+1)><(N+1) ®E{@}
Oonx2  Oanxon

where © can be computed using Eq. (91).
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A Appendix: Taylor Series Expansion of the Hyperbolic Sine and Cosine

Functions

The Taylor series expansion of the exponential function is given by:

at __ [ole} _ _ e
R TR TR TR TR
The above relation, when substituting —¢ instead of ¢ yields:
et — ?;OM :1_a7t+a2t2 _ a’t3 L a*t* o
k! 1 2! 3! 4!

Thus, by subtracting and adding the previous two relations, we get:

eat+e—at 9 44
and
eat_e—at

1 1 3 155
72 at—l—gat +§at + -

The last two functions are the hyperbolic cosine and sine respectively.
B Proof of Lemma 1.1
We denote the SVD of the N x N matrix Y'(¢) as

Yy = WoA®nZT @

A
- W me][ 18)  Orxp

Orxp Opxp

} (Z1¢t) Znw)"

where 7 is the rank of Y'(¢t), p = N — r A1 (¢) is the diagonal matrix of nonzero singular values of Y (¢), the columns of
Zn () form a basis for the nullspace of Y (¢), and the columns of Wy (¢) constitute a basis for the nullspace of Y (¢)7 .

We are also assuming that the limit of Y () as ¢ — oo exists, and satisfies
Y(oo) = W(oo)A(00)ZT (o)

= [Wi(c0) Wi(o0)] [ Ai(00) Or xp

Orxp Opxp
With this notation we write

Yt +Inxn)™" = (WOADZT 0t + Inxn) ™"
= (AwzZTmt+weh) T we”
= ZwAwt+Wn ' Zn) "W

OPXT OPXP

At O, Wit)” -
= [ 20 Zve ] ({ L0 } - [ W } [ 20 Zn) ]) [
Z

At + Wi Zywy wWiw?

B Aj()  As(t) Wit
= [20 Zvo ] [ Az(t)  Aa(t) ] [ Wr®” ]
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= [ 20 Zve ][ W Z1 () WN@)TZN@} [

| ) 2wt

Wi)T
W )"

|

wWi)T
W )T
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Employing the formula for the inversion of a partitioned matrix (cf. Appendix D) yields the following expressions for
each of the elements A;(t), 71 = 1,2,3,4:

A = (Mt + Wi 200 - Wi Zx) (WN@)TZN@))”Ww)TZl(t))_1
As) = —AWi0 Znw Wy Znwm)

Ay = — (Wx0 Znw®) " Wr®" Zim A0

Ay = (Wn"Zn 0 — W0 Za(t (A1<t)t+Wl(t>T21<t))’1Wl(t>TZN<t>)_1

Computation of the limits of these matrices as ¢ — oo is now possible. We have

_ —1
lim A1) = (Al(t>t+W1<t>Tzl(t>—W1<t>TZN(t> (Wn" Zn (1) 1WN(t>Tzl<t>)

t—o0

t—oo

1 1 _ -t
—  lim - <A1(t> + W0 Z10) = W) Zn @) (Wh ()" Zn () ' WNu)TZl(t))

t—o0o

= (lim 1) Ai(00)7t

1 1 - -t
(hm t) (E& (A1<t>+ W Z10) = W) Zn ) (Wx () Zn () 1WN<t>Tzl(t>) )

t—o0

= 0pxr

And therefore we also obtain
Jim Ay() = lim AY(#) = 0,5,

Finally

—1
Jim (Ax (o)t + Wi  Zin) lim + <A1<t> + 1W1<t>T21<t>>

t—oo t
= 07‘><r
and therefore
tlggoA‘l(t) = (Wn(o0)" Zn(o0))™
Substitution in Eq. (92) yields
. -1 _ O0rxr Orxp WI(OO)T
B ror teo)™ = [ 266167 e Zuoont || inor
= Zn(00)(Wn(o0)" Zn(o0)) "W t)" (93)

which is the desired result.

C Poof of Lemma 2.1

The proof of this lemma is based on the following theorem (adapted from [4]):

Theorem C.1 For each covariance matrix P,, “input” matrix

[ -
el % e ]

and time instant t,, there exists an interval (t, —a,t,+a), a neighborhood of P, and E,, and a unique infinitely Frechet

differentiable function P(P,, E,), such that
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o P is the unique solution of the Riccati differential equation
P(t) = FP(t) + P(t)FT + Q(t) — P(t)C(t)P(t), P(t,) = P, 94)
e For given E, the function P(P,, E) is monotonically increasing.
We now note that from Eq. (61) we obtain
B(t) = P(0) + /0 Q- POHTR-TH,P() dt (95)

But P(0) = P(0), and additionally R = R, (¢) and Q = Q(¢) for all ¢ > 0. Therefore,

t
P(t) = P(O)+/ (Q-PyOHIR 'H,P@)) dt
0

1Y

t
P(0)+/ (Qt) —POHIR, () 'H,P(1)) dt
0

t/At
P(0) + Jim > (Q(kAL) — P(kAHH] R, (kAt) ' H, P (kAt)) At (96)

For sufficiently small At¢, the preceding theorem holds within each of the intervals in the sum of Eq. (96). Applying
induction and Theorem C.1 is easy to show that for all £ > 0,

t/At

P(0) + Jim > (Q(kAL) — P(kAHH] R, (kAt) ™ 'H, P (kAt)) At

P(t)

Y

t/At
= P(0)+ lim P(EAt)AL
At—0

I

2]
=
+

ﬁ

/'-E.
Ny
S

D Inversion of a Partitioned Matrix
Leta (m 4+ n) x (m 4 n) matrix K be partitioned as

(2 3]

C D
Where the m x m matrix A and the n x n matrix D are invertible. Then the inverse matrix of K can be written as

{X Y} _ [ (A— BD~1C)! —A"'B(D - CA~'B)~! )

Z U —D"'C(A— BD™'C)™ (D—CA™'B)~!
E Continuous Time Riccati Equation

For a linear continuous time system, where the state measurements are available continuously, the state model equa-
tions are

) = F@®z@) + Blul) + Ghwt) (98)
z(t) = H@®)x(t) + n(t) 99)
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where u(t) is the input to the system, w(¢) is the dynamic driving noise process having covariance Q)(t), n(t) is the
measurement noise process, with covariance R(t), F'(¢) is the matrix describing the dynamic behavior of the states,
B(t) is the matrix describing the affect of the inputs on the states, and H (¢) is the measurement matrix.

The continuous time Riccati equation, describing the evolution of the state covariance is

P=FP+PF" +GQGT — PH"R'HP (100)

where the time indices have been dropped for simplicity.

F Matrix Inversion Lemma
If Aisn xn,Bisn x m,Cism x mand D is m X n then:

(A"'+BC™'D)"' = A—- AB(DAB+C)"'DA (101)

G Calculation of R !

From Eq. (60), it is:

o2 —~ =T -~ T
0255+ (a; +o2— p—) JAp, Apy JT . 02 JAp, ApyJ”
R, = : ) :
2 1A AL g 2 2 2 %\ gAs ALl T
02 JApyAp, J . 02D+ (% +o?— E) JApyApyJ
o2
= O'i[z]\/xQN +D <O’gIN><N +O'551N><N — diag (pg DT
o2
= o lhnxon + D | 2 —diag p—g D*
where .
JApl 02><1
D= . and E:UgINXN‘i'UilNXN
02><1 JApN

Employing the matrix inversion lemma (cf. Appendix F), the inverse of R,, can be written as:

-1
o2
<03]2Nx2N +D (E — diag (pg DT
-1

-1
1 1 o2 1
= —Dhnxov — —D (E — diag (g)) +—=D"D| DT
o, g, P; o

R—l

—1
1 1 2\\ 52

= —hyxon — =D | [2—diag | 5 + diag <2) DT
9 9p P; 9

where the last line follows from the definition of matrix D. By applying the matrix inversion lemma once more we
have

2 -1 2\ 1 2\ ! o\ 1\ 2\ 1
o o o o o
—diag A—g += = —diag Ag — diag A—; =1 — diag A—g diag Ag
P P P; Pi Pi
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and substitution in Eq. (102) yields

R—l

1

P

p

1

p

—lanxon —

1
—lanxon — — D | —diag (
o oy,

D diag

pm‘mqm

)

1 1
IQNX2N+Ddlag< ) E_l—

-1 —1
-1 . o
=" —diag [ =
(P?>
-1
o? 1
diag | =5 d1ag< )
pq’, Up

-1

-1

-1

Pw‘bqw

diag (

DT

2
p

T . 1 =—1 T
72 D* + Ddiag F diag p D

~ T
we note that JAp,Ap; JT = p?laxs — Apl Apl , and therefore the above expression can be written as

— —~ T
. Apy . Ap, O2x1
R;l = - . dlag <A2) : :
O'p pl —~
021 O2x1 APN
J&% ) J&?l 02x1
+ : : diag (/32) (agleN —&—Ug,leN)fl diag : :
O2x1 JApy ' 02x1 JApy
(102)
But application of the matrix inversion lemma yields
-1 -1
(05Inxn + 031N xN) = (07Inxn +031nx111xn)
-1
1 1 1 N
= —SInxn——Inaa | 5+ = Lixn
oy oy o, 0
1 1
= —Inxn— Z1lnxn
o B
where
2 Ug 2
oy =3 + Noyg
¢
Hence, R;l can be written in its final form as
— — T
1 Apl 02x1 1 Apl O2x1
R;l = - : dlag (2) :
Up — p'L /\'
02x1 Apn 02x1 Apy
o~ - —~ T
1 JApl 02><1 JA;D1 02><1
+ = : : diag : :
0y /'\ P
L O2x1 JApy | 02x1 JApy
o~ - —~ T
1 JAP1 02x1 1 1 JAP1 O2x1
- — : : diag 1y« diag : : (103)
o2 B p; P} B
L O2x1 JApy | O2x1 JApy
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