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Entanglement of solid-state qubits by measurement
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We show that two identical solid-state qubits can be made fully entaigfeding from a completely mixed
statg with probability 1/4 just by measuring them with a detector, equally coupled to the qubits. This happens
in the case of repeated stroffojective measurements as well as in a more realistic case of weak continuous
measurement. In the latter case, the entangled state can be identified by a flat spectrum of the detector shot
noise, while the nonentangled stdpobability 3/4 leads to a spectral peak at the Rabi frequency with the
maximum peak-to-pedestal ratio of 32/3.
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Prospective solid-state realizations of quantum computerseview, Ref. 15, and references thejeand exists in two
may have significant advantages due to natural scalabilityglmost identical variants: the so-called Bayesian formafism
simple electrical control of parameters, and use of well deand a version of the quantum trajectory apprdéetapted
veloped technology. A number of theoretical proposals havéo solid-state setups from quantum optitIhe main feature
been put forwariand interesting experimental results havef the theory compared to the ensemble-averaged appfbach
been achieved, including demonstrations of charge dubitdS the account of the noisy detector output that naturally
using single-Cooper-pair boxes, flux quBitsusing super- bridges the concept of qubit dephasing due to measurement
conducting loops interrupted by Josephson junctions, an#ith the “orthodox” collapse postulate. It has been shdivn
combined charge-flux qubftsvith the quality factor as high ~that a single solid-state qubit does not decotterereover, is
as’ 25000. Obviously, the next important experimental stepdradually purifiediin the process of measurement by a good
is the demonstration of entangled solid-state qubits. (idea) detector[for example, by a quantum point contact

Entanglement of qubits can be produced using their directQPOJ, which leads to a number of experimental
interaction. In this paper, we discuss an alternative wayPredictions:® In particular, the theory showthat the qubit
when two solid-state qubits are made entangled just by theffabi oscillations monitored by a weakly coupled detector
simultaneous measurement with one detector, which thugan be evidenced by the peak in the detector current spectral
provides an indirect coupling between qubits. A somewhaglensity at the Rabi frequency; however, the peak height can-
similar idea of entanglement via indirect dissipative couplingnot be larger than four times the noise pedestais fact
has been discussed earlier in quantum optics for the prep&€€mSs to have recent experimental cqnﬁrmé@on _
ration of entangled atoms in an optical cavity by monitoring !N this paper, we consider two identical qubits performing
the cavity deca§. Moreover, it has been shown that some Rabi oscillations, which are continuously measured by an
entanglement can be produced just by coupling to a commofdually coupled detector. We have found that the system is
environment. However, in this case the degree of entangle-gradually collapsed into one of the two regimes: either qubits
ment is very small, while in our setup the full 100% en- become fully entangleBell state, which can be identified
tanglement of qubits can be achieved. The stability of the?y a flat spectrum of the detector current, or the qubits’ state
entangled state is due to equal coupling of the qubits with thélls into the orthogonal subspace that can be identified by
detector, so that this state is essentially a decoherence-frége Rabi spectral peak, which for an ideal detector is 32/3
subspacé.Our procedure works with a probability less than times higher than the noise pedestal. The probabilities of two
unity, and in this respect it is somewhat similar to the operaScenarios are 1/4 and 3/4, respectively, so on average the
tion of conditional quantum gatébased on linear optical Peak-to-pedestal ratio is equal to 8, twice as large as for a
elements. single qubit. . o

In contrast to qubits represented by photons, which are Figure 1 shows possible realizations of our setup. In the
physically destroyed by the acts of measurement, solid-stafést realization[Fig. 1(a)], each qubit is made of a double
qubits only change their state due to measurement, whicAuantum ddf (DQD), occupied by a single electron, while
allows somewhat more freedom in designing quantum operghe detector is a QPC located in between DQD's. The second
tions. On the other hand, it is quite difficult to realize simple Possible realizatioriFig. 1(b)] is based on single-Cooper-
projective measurements of solid-state qubits because @Rir boxes as qubifs,which are measured by a single-
typically weak coupling with detector. Therefore, instead of a€lectron transisto(SET). Other possible realizationgot
simple ‘abrupt collapse, we have to deal with dephasinglikéhown can be based on flux qubitSor combined charge-
processes in the case of ensemble measureffantsvith  flux qubits®

the continuous(weak measurements™* in the case of In the Hamiltonian of the systemH=Hqgg+Hper
single qubits. +H,nT, the first term describes two qubits alornEgg
The theory of nonaveragdtielective” or “conditional”) = (e4/2)(ala, —ala;) + Ha(ala, +ala;) + (ex/2)(b]b,

continuous measurement of single solid-state qubits has beeﬂb}‘bT) + Hb(b}rbﬁr bIbT), where e, and e, are energy
under active development for the past four ye@ee recent asymmetries, which are assumed to be zero, the amplitudes
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1(0) (@ Vega V. Vep (b) would result inl,; only with probability p=(cosQAt)?,
I T while the probabilities of result$; and I, would be (1
H, Hyp, —p)/2 each. Therefore, if a long sequence of current mea-
OO OO surements repeatedly gives the reswyt the two-qubit den-
Ha¢ ¢Hb sity matrix p purifies and becomes close to the fully en-
1 T L tangled staté1)®.
DQDa QPC DQDb SCPBa SET SCPBb A simple analysis shows that aftsrsuccessful measure-

ments(all results ard 54)
FIG. 1. Schematic of two qubits measured by an equally

coupled detector(a) Realization based on double quantum dots

measured by a quantum point conta@t) realization based on p?l(N)=p?l(o)/[p?l(O)+p§3(0)(COSQAt)2(N_1)], )
single-Cooper-pair boxe§SCPB measured by a single-electron

transistor. Measurement can entangle qubits.

where p%,(0), p3,(0), and p?(N) are the corresponding
density-matrix elements in the Bell basis before and after the
measurements, while the probability of a successful se-
quence isP(N)=p%,(0)+ p3,(0)(cosQAt)®MY, For large

N, the difference from stat¢1)® becomes exponentially

H, andH,, describe the tunneling within qubita/e consider
Ha~Hy), and the direct interaction tertdala;b]b; is ne-
glected. The frequencies of free Rabi oscillations of qubits

(A2 212 _ _ )
2= (4Hj +25) 7= 2H, and 0, =2H, (we usefi=1) ob small, while the probability of success is close gf(0),

viously coincide, Q,=Q,=Q [Q=(Q,+Q.)/2] if H, al, €ss 1S C
=H,. For simplicity, we limit ourselves by the cdSe V_Vh'gh 'S_egu/jl t_cl)_h1/4 fo.rf.the'fully mpéed m'galﬁsr:ami'&“?(
of DQD qubits, measured by a low-transparency QPC, so;pijf,mix_ J ; me_pu”l ication rate kepen SQ i(e}n Is
that the detector Hamiltonian isHDETzE,E,c,Tc, the fastest whemt is close to (1/4-k/2)2a/) (k is an

+3,E.cle,+ 2, T(clc,+c¢lc)) and the interaction term is gﬂegel_b,_ which is a reg|{rg1e opposite to the quantum non-
Hint =2 AT (ala;—ala))(c/c, +c/c)) + 2, AT, (blb emolition measurements.

lt’)\ITTb L= talPrer @y Il ' ; el i Lr _Z =1 If some measurement in the sequence givesr |4, then
- ihi)(fcl CrECrFI)= equa c]?up ing implied\ T, =AT, . p%, becomes zero. In this case, to obtain the Bell Sth}&,
_ The ousr basis states of two q“b'tm>:|dTaTt%>’ |2>| one has to apply some perturbation which mixes two sub-
=[Talp), [3)=lalb), [4)=|lalp), correspond to four val- - g0 ceqfor example, a noise affecting, and/or &) and

ues of the average current through the detecteizs o e M

a 5 5 . 2.3, peat the procedure. Thus, the probability (B/4)" to ob-
=2m(TE AT, ATy)"pip €7V, WhereVis the QPC voltage  yin state|1)B becomes arbitrary close to unity for a suffi-
and p,(;y are densities of states. The measurement ProceSently large numbeM of attempts.

tends to collapse the two-qubit state into this “measurement” 15 procedure can obviously be used for fieparation

basis. However, in the case of equal coupling two currentgy oniangled states in a solid-state quantum computer, so it

coincide, 1,=13=153, so the measurement cannot distin-js important to discuss what happens if the conditions
guish between statg®) and|3). Besides the measurement H.=H, and I,=1, are not satisfied exactly. In the case

basis, it is convenient to inBtroduce also the Bell batsi$2 of slightly differentH, andH,, Eq. (1) changes insignifi-
=(|Talo)=[laTe))/V2, [2) E(|TBaTb>_|lalb>)/\/§a 13)°  cantly [cosQAt should be replaced with CcE¥AY
=([Talo)+|LaTo)/V2, and [4)P=(|Talp)+]lalo))/V2.  cos@OAY2), where AQ=0,—Q,], however, the pro-

Note that|1)® a'gd|2>B areBeigenstates Oflqe if Ha=Hp,  bability of an N-long successful sequence becomes
while states|83)_ and [4) are transformed byHog as  p(N)=pB (0)[ cos@QAY2)]2MN "1+ pB(0) (cosQAt)ZN-D
cost+¢)[3)° i sin(Qt+¢)[4)". _and decreases to zero ht—c. Estimating the average

- Aol -2
cuss a simpler case of a sequence of orthodox projecti\jgngth of a successful sequenchl~[sin@OAU2)] ",

measurements which can be realized if the coupling with th&N€ can eSt'mate a t);pwal inaccuracy- a3y ~[ cosQAY

detector is strong(>1, see belowand the detector voltage COSAQAY2)]#SNEAAYAI" “which is as small as~ex

is applied during short-time intervals. Since sta@s and ~ —(2/AQ)’] if At<Q ™~ (quantum Zeno regimeand even

|3) are mutually indistinguishable, the two-qubit density ma-smaller, ~ (cosQA)E2m)(YAD? it At s close tom/20).

trix p is projected each time into one of the three subspaces, To analyze the effect of a small difference betwégand

corresponding to statg4), |23), and|4) (we use notation |3 because of slightly different coupling, we use the standard

|23) for the subspace spanned &) and|3)). The projec- theory"! of weak quantum measurements and take into ac-

tive measurements are separated by time intesvalsf uni-  count the detector shot noi§=2el;. We assume that dur-

tary evolution due tdgg. ing a short measurement intenil currentsl ; andl , can be
Assume that the first measurement resulted in the currentnambiguously identified, while currents and I3 are al-

| ,,3; then the state is projected into t/28) subspace, which most indistinguishable: e=(1,—15)?/4D<1, where D

is also a subspadd3)t in the Bell basis. If the state would = S,424t is the variance of the measured noisy current. Each

be exactly|1)® (which does not evolve undétqg), then all  successful measurement tends to shift the state towards either

subsequent measurements would give the same tggaitd  |2) or |[3) and so decreases the amount of entangled state

state|1)® would remain unchanged. However, if the two |1)B, that competes with the purification due to Ed)

qubits would be in stat¢3)®, then the next measurement and leads to an iterative formule,(N+1)=pZ,(N)— e/4
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' ' . ' =(I,+14)/2]; however, the spectral density of the detector
emanifg’ LA : - current is different. In stat¢l)® it is flat and equal tdS,
3 F (sincez=0), while in the oscillating state it exhibits a péak
% Lo/ 2 [ at frequency() (lower inset in Fig. 2 with the peak height
12] , L (32/3)5S,, confirming the analytical result discussed below.
12: Fr The fact of collapsing eventually either into statg® or
6] an into the orthogonal subspace can be understood using an
ZXEE di analogy with the sequential measurement case, and is be-
z . L cause neither unitary evolution due tfyg nor nonunitary
i 'Et». oscillatory, P=3/4 ° 1 w/Q 2 [ evolution due to measurement mixes two subspgees Eq.
O (2)]. The probability of two scenarios are obviously equal to
ot pT(0) and 1-p®(0), since the ensemble-averaged value

B . .
FIG. 2. Two numerical realizations g%, evolution starting {p,(1)) does not change with timéas follows from the

from the fully mixed state. The uppdsolid) line illustrates the maSter_ equat'dn, .
scenario of collapse into a fully entangled Bell stditg®, while the To find analytically the spectral density of the detector
lower (dotted line shows a collapse into the orthogonal subspaceCUIrent for the oscillating state, we have used two mettfods
Two insets show the corresponding spectral dens8jés) of the leading to th_e same result. The first one is based on t_he
detector noisgsolid/dashed lines are the numerical/analytical re-master equation and the collapse ansatz. Using the classical
sults. equationl (t) =zAl + £(t), we calculate the current correla-
tion  function K (7)=(I(0)I(7)) as K;(r>0)
+[1—p?l(N)](sinQAt)2 Whenp?l is close to unity. There- =(AI)2K_;(7-), while Ky(7) is c_alculate_,-d in the foII_owmg
way. At time 7=0, the two-qubit state is collapsed into one

fore, a typical inaccuracy is&p?lz €l4(SinQAL)?. ) .
. . f the three basis states of the subspétg:(corresponding
Now instead of instantaneous measurements let us corgg 2=1), |4) (z= —1), or|3)B (z=0). The probabilities of
f

sider a more realistic case of a continuous measurement, r I 173 h si pﬁ 0 the stati
alized when the detector voltage is applied all the time. Fo ese collapses are each, sincedpr=0 the stationary

. . . _ _ B _ .
the analysis we will use the Bayesian formaltdrassuming ~ Solution of the master equation j§,=pas= p3;=1/3 (this

Al=l,—l3=l,— 14, Al,=l,—1,=15—1, and symmetric Bell basis and has zero entanglentdntin each of the three

weak coupling,Ca~Cy=<1, Cop=(Al,p)2/SHsp, Where CASES, the value afat time 7 is obtained from the solution of
the frequency-independent detector noise spectral deBgity the master equatiomveraged Eq2)] for two relevant com-

does not depend significantly on the qubit’s state. ponents:
The evolution of the two-qubit density matrix can be
described by the equati®n(in the 1fo representation dZdr=—Qy, dy/dr=Qz-Ty, ©)
g where y=21Imp3, and T'=7"1(A1)%4S,. So z(7)
Pij _ ~ N
apij:[”t)_; pradi|| 14122 padi| g =+G(7),  G(n)=exp(-I't2)[coslr+(I/20)sin{l7]
[here 0= (02%-T2/4)"7 in the two first cases, while(7)
—[(1;=1)214Sy+ vi: 1pi: —i[Hog.plii » (20 =0 in the third one. Summing the three contributions to
L= 1) A% % wij oy ~ L 21 (z(0)z(7)) with probability weights 1/3 each, we obtaliy,
where the extra dephasing raig=(7"'—1)(1;—1;)?/4S,  =(2/3)G(7) and the current spectral density
depends on detector ideality (0= #n=<1) and vanishes for
the QPC as a detectdr(»=1); however, this term is im- 8 QAT
portant, for example, for the SET. To simulate individual S(@)=S+ 3 4)

2 2\2 2 27
realizations of the random measurement process, the noisy 3 (@~ 0%+ %
detector currentl(t) can be calculated ad(t)=&(t)  |nthe casd <, the spectral peak at the Rabi frequeisty
+Zyprl k, Whereg(t) is a white noise with spectral density corresponds to th@-factor of 84/C (as for one qubtf) and
Sp. Notice that averaging over noiggt) eliminates the first has the peak height equal to (32/%,.
term in Eq.(2) and leads to the standard master equation.  The second method @& (w) calculation is based on the

We have performed extensive Monte Carlo simulationsBayesian equatiof®) assumingy=1 and random evolution
and found the following(Fig. 2). In the symmetric case, of g pure staf® with z=A(t)co§Qt+d(t)] [then y
Ha=Hp, Ca=C,=C[C=(CatC(p)/2, we used from 1/4t0 = A(t)sifQt+P(t)]]. In this method® the correlation be-
1], any initial state either evolves into the fully entangledtyeen noise£(0) and evolution of the density matrix at a
Bell state[1)® (pf;—1) or ends up in the orthogonal sub- |ater time should be taken into account, $q(7>0)
space p5;—0) performing oscillatior within this sub-  =(A1)2K,(7)+AlK(7), while correlation functions
space so that the “signal?=p;,— ps,=2 Rep3, (which af-  K,(r) and K¢(7) should be calculated by averaging of a
fects the detector currenoscillates with frequency) and  long individual realization over time. We have proved that
amplitude fluctuating between 0 and 1. Both states correthe result forK,(7) calculated by this method coincides with
spond to the sami@ average detector currerisince l,3  the result of the previous method for arbitrary couplifig
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however, the formalism is much simpler for weak coupling,tem should spend on average one-fourth of the time in the
C<1. In this case, the stochastic differential equations forstate |1)8, and sol'g_g=Ig_o/3. The numerical histo-
A(t) and ®(t) can be averaged over oscillations with fre- grams of switching time distributions confirm these formu-
quency () and the correlation functions can be calculatedias. Taking into account rare switching events, the average
analytically: ~ Ky(7)=(5/12)G(7)  and K (7>0)  spectral density of the detector current is given by &j.
=G(7)Al/4. This gives us a natural partition of the relative multiplied by 3/4, so the spectral peak height is equal to
spectral peak height 32/3 into two contributions: “classical” g ,,s,..

part 20/3 comes from oscillations of the sigmalwhile the Finally, we have studied the effect of environmental

“gquantum” contribution equal to 4 is due_ to the partigl colj dephasing, modeling it with two small dephasing rajgs
lapse ofp correlated with the detector noise. Comparing this_ 4 y, acting separately onto two qubits. This leads to a

partition W'mﬁ the Eartltlonth4=t2t;]r2 lfor a lone—tqub|t slightly mixedp even for an ideal detector and to switching
measuremerlf, we observe that the classical part grows oy oo e ” Zap U L Yo Note that a con-

faster than the quantum part when the number of qubits Frollable weak external noise can be used in a simple feed-

increased. back protocol to restore the entangled state after an undesir-
Numerical simulations show that if the two Rabi frequen- protoc . 9 u !
able switching to the oscillating state.

cies ), and ), are slightly different, or a small difference : .
a b ghtly In conclusion, we have found that the continuous mea-

betweerC, andC, is due to asymmetry of the couplingif surement of two identical solid-state qubits by the equally

ferentAl, and Aly), then the two-qubit density matri coupled detector leads to either a full spontaneous entangle-
makes rare abrupt jumps between a state very clos)t ment of qubits(Bell state or to a collapse into the orthogo-

and the oscillating state. To find the switching rates analyti- al oscillating state. Sliaht asymmetrv of the two-qubit con-
cally, we have used the master equation starting from th ) 9 - >light asy y 0-q
iguration as well as environmental dephasing leads to

. .. . B _ .
entan_gleéi |n|t(;al cor;dltlomll—l}_?ns caIEuIateBd th_e Imﬁar switching between two regimes. It is important to mention
telzrm inpy(t) depen r?nce a» L utw Enf’_ll(g) 'ShSt' that for an experimental observation of the phenomenon, the
close to unity. In this way we have obtained the rate g antym idealityy of the detector should not necessarily be

— 2 : H
I's_o=(AQ)%2I" of switching from the Bell state to the 566 ¢ unity; it should only be large enough to distinguish
oscillating state due to slightly different Rabi frequencies o Rapi spectral peak with the peak-to-pedestal ratio of
and the rate'g .o=(AC/C)°T'/8 whenQ,=Q,, but cou- 327/3.

plings Al, andAl, are slightly different. To find the rate of
the reverse switching, note that the stationary master equa- The work was supported by NSA and ARDA under ARO
tion has the solutiorpﬁysﬁ pij st= 6ij/4, therefore the sys- Grant No. DAAD19-01-1-0491.
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