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We analyze the optical bistability and the entanglement of two movable mirrors coupled to a two-mode laser in
a doubly resonant cavity. We show that in stark contrast to the usual red-detuned condition for observing
bistability in single-mode optomechanics, the optical intensities exhibit bistability for all values of cavity laser
detuning due to intermode coupling induced by two-photon atomic coherence. Interestingly, an unconventional

bistability with “ribbon”-shaped hysteresis can be observed for a certain range of cavity laser detuning. We
also demonstrate that the atomic coherence leads to a strong entanglement between the movable mirrors in
the adiabatic regime. Surprisingly, the mirror—mirror entanglement is shown to persist for environment temper-

atures of the phonon bath up to 12 K using experimental parameters.
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1. INTRODUCTION

The entanglement of macroscopic systems provides insight into
the fundamental questions regarding the quantum-to-classical
transitions. In this respect, mechanical oscillators are of particu-
lar interest because of their resemblance to prototypical classical
systems. In addition to the theoretical proposals [1-5] that
predict entanglement between a mechanical oscillator and a
cavity field, the recent experimental realization [6] of entangle-
ment between the motion of a mechanical oscillator and a
propagating microwave in an electromechanical circuit makes
optomechanical coupling a promising platform for generating
macroscopic entanglement. Other interesting theoretical pro-
posals include the entanglement of the mirrors of two different
cavities illuminated by entangled light beams [7] and the en-
tanglement of two mirrors of a double-cavity setup coupled to
squeezed light [4,8,9]. Optomechanical coupling is also shown
to exhibit nonlinear effects such as squeezing [10-13], optical
bistability [12,14-19], optomechanically induced transparency
[20,21], and photon blockade [22,23].

A two-mode laser with a gain medium containing an ensem-
ble of three-level atoms in a cascade configuration is shown to
exhibit quenching of spontaneous emission [24] and squeezed
light [25-27] due to the two-photon coherence between the
upper and lower levels of the atoms. In such a laser, the
two-photon coherence can be generated in two ways: either
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by injecting the atoms in a coherent superposition of the upper
and lower levels of each atom (injected coherence) or by coupling
the same levels with a strong laser (driven coberence). These
coherences are shown to generate entanglement between the
cavity modes of a laser [28-31], and more recently to entangle
the movable mirrors of a doubly resonant cavity [32-34].

In this work, we consider a two-mode laser with the two
movable mirrors of the doubly resonant cavity coupled to
the cavity fields via radiation pressure. The laser system consists
of a gain medium of three-level atoms in a cascade configura-
tion. We rigorously derive a master equation for the two-mode
laser coupled to thermal reservoirs, which generalizes previous
results that are only valid for the case of driven coherence [34].
Using this master equation and the mirror-field interaction
Hamiltonian, we obtain Langevin equations, which are used
to study the bistability and entanglement between the two
movable mirrors. We show that, in contrast to the conventional
bistability in single-mode optomechanics [14,15,35] that is
shown to exist only when the cavity frequency is larger than
the laser frequency, the mean photon numbers exhibit bista-
bility for all values of detuning due to the intermode coupling
induced by the two-photon coherence. Additionally, the bist-
abilities show anomalous (“ribbon-shaped”) hysteresis for the
circulation of the intracavity intensities for cavity laser detuning
opposite to the conventional bistability frequency range. These
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anomalous bistabilities are observed only if the RWA is not
made in the coupled Langevin equations. We also investigate
the entanglement of the movable mirrors as a result of coupling
to the laser system and find that the movable mirrors are
strongly entangled in the adiabatic regime using realistic param-
eters. Interestingly, the entanglement persists for environmen-
tal temperatures of the mechanical oscillators up to 12 K,
making our system a source for robust entanglement.

2. MODEL AND HAMILTONIAN

We consider a two-mode three-level laser with two movable
mirrors. The schematic of the laser system is shown in
Fig. 1(a). The active medium is an ensemble of three-level
atoms in a cascade configuration; see Fig. 1(b). The atoms, ini-
tially prepared in coherent superposition of the upper |4) and
lower |c) levels with no population in the intermediate level |5),
are injected into the doubly resonant cavity at a rate r, and
removed after a time 7, longer than the spontaneous emission
time. During this time each atom nonresonantly interacts with
the two cavity modes of frequencies v and v,. Moreover, the
upper and lower levels are driven by a strong laser field of am-
plitude Q and frequency @,. We treat the movable mirrors as
harmonic oscillators. The doubly resonant cavity is driven by
two additional coherent drives.

The total Hamiltonian of the system in the rotating wave
and dipole approximations is given by (7 = 1) [30]

H="Y" wl (,|+ZUM

j=a,b,c

+ g1 (@ ]a) (6] + a}|b){al) + g,(a]b)(c| + ablc) (b))
Q i 2 —iw
+ i (e la)(e| ~ho) + iy (gale ™" ~h.c)

j=1
2 Kn
+ Y bl b+ Giala(b; + b)) (1)
j=1

where @;(j = 4, b, ) are the frequencies of the jth atomic level,
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annihilation (creation) operator for the jth cavity mode. W,
are the mechanical frequencies, b-(b;) are the annihilation (cre-

ation) operators for the mechanical modes, and G; =

v;/L;)\/h/mjw,, is the optomechanical coupling strength,

with L; and m; being the length of the cavities and the mass

of the movable mirrors, respectively. |e;| = /x;P;/ fla)L]_ are

the amplitudes of the lasers that drive the doubly resonant cav-
ity, with k;, P;, and @;, being the damping rates of the cavities,
the power, and the frequencies of the pump lasers, respectively.
In Eq. (1), the first line represents the free energy of the atom
and the cavity modes, and the terms in the second line describe
the atom—cavity mode interactions. The first term in the third
line describes the coupling of the levels |2) and |¢) by a strong
laser, while the second term represents the coupling of the ex-
ternal laser drives with the cavity modes. The first and second
terms in the fourth line represent the free energy of the
mechanical oscillators and the optomechanical couplings, re-
spectively.

Using the fact that |a){a| + [6){(6] + |c){c| = 1, the free
Hamiltonian for the atom and cavity modes can be written
(dropping the constant hw ) as Hy=(w,-w,)|a){al+
(0, - w)|b)(b] + viaia, + 1/2412@ In view of this, the total
Hamiltonian A can be rearranged as H = Hy + H:

Hy = 0y + 0))|a)(a| + 0| b) (6] + 0yajay + Dydbar, (2)

Hy = (A + Ay)|a)(a] + A,|6){b] + dvyajay + Sv,d5a,
+ g1 (@) a) (6] + a]|6){al) + g,(a2|6)(c] + ab|e) (b))

+ lg(e-lwﬂla -ho)+ 12(8 ale ot -hc)
2
+ ) o, bt + Gialaj(b; + b)), ®)
j=1

where Hy=H - (0, +,)|a) (a| -0, |b) (b - bv1 4} ay - 612 d) a5,

2,(g,) is the coupling strength between the transition |a) — A, =w,, -0, and A, = w,, - U5, with @,, = @, - , and
|6) (|6) = |c)) and the cavity mode, and a;(a;) is the w4, = W, - @, being the frequencies for the |2) — |6) and
(b)
oL ———la)
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Fig. 1. (a) Schematic of a two-mode correlated spontaneous emission laser coupled to movable mirrors of mechanical frequencies ,, and w,,

The doubly resonant cavity is driven by two external lasers of frequency @, and @y,, and the cavity modes, filtered by a beam splitter (BS), are
coupled to their respective movable mirrors. (b) The gain medium of the laser system is an ensemble of three-level atoms in a cascade configuration
injected at a rate 7, into the cavity in a coherent superposition of the upper |2) and lower |c) levels. An external laser drive of amplitude © and
frequency @, is also applied to generate two-photon coherence by coupling the upper |#) and lower |c) levels.
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|6) — |c) transitions, respectively. Here we have introduced
the shifted cavity mode frequencies 7; = v; - 6v;; the shifts ov;
will be defined later in Sections 5 and 6. Now the interaction
picture Hamiltonian can be derived using the unitary transfor-

mation H = A H et = H, + H,:
Q
Hy = (81 + Ao)la)(al + Do 6){b] + i = (la)e] - e} {al)

+ g1 (@ |a) (6] + 4]16){al) + g2(aalb) c| + a3]c) (4,

4)
2 .
j=1
+ l'(é'jd;eiaft _ 8]>-kﬂj€_i5/t)], (5)

where §; = ; - w;, and we have assumed a two-photon reso-
nance condition w; = ; + ;. We represent all terms that in-
volve the atomic state by H;, which will be used to derive the
master equation for the laser system, and the rest of the terms
by H,. This is because it will be convenient to obtain the
reduced master equation for the cavity modes only by tracing
out the atomic states. See the next section for details.

In this work, the main idea is to exploit the two-photon
coherence induced by the laser system to increase the mirror—
mirror entanglement. We show that even though the movable
mirrors are not directly coupled, the two-photon coherence in-
duces an effective coupling between the two mirrors mediated
by the cavity. This coupling strength also depends on the num-
ber of photons in the cavity. In effect, it is possible to improve
the entanglement by increasing the input laser power [see

Figs. 6(b) and 8].

3. MASTER EQUATION FOR THE TWO-MODE
LASER

We next derive the reduced master equation for the cavity fields
using the Hamiltonian in Eq. (4). While there are several ap-
proaches for deriving the master equation, here we employ the
procedure outlined in [36,37]. Suppose that p4z(%, t;) repre-
sents the density operator at time # for the radiation plus a
single atom in the cavity that is injected at an earlier time #;.
Since the atom leaves the cavity after time 7, it easy to see that
t -7 < t; < t. Thus, the unnormalized density operator for an
ensemble of atoms in the cavity plus the two-mode field at time

t can be written as

par(t) = raZpAR(t) t)At, (6)
J

where 7,At is the total number of atoms injected into the cavity
in a small time interval Az. Note that p4z(2) is normalized to
the total number of atoms. In the limit that Az — 0, we can
approximate the summation by integration. Differentiating
both sides of the resulting equation yields

d d [t
—Par(t) = VgZ[_TpAR(t, £)de'. (7

In order to include the initial preparation of the atoms into the
dynamics, we expand the right-hand side of Eq. (7):
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d
ZPAR(I)

= ”a{[ﬂAR(f’ 1) -par(t,t-1)] + /

-7

t

e r’)dt'}. @

Here p 4»(# ) represents the density operator for an atom plus
the cavity modes at time # for an atom injected at an “earlier
time” z. Assuming atomic and cavity mode states are uncorre-
lated at the instant the atom is injected into the cavity (Markov
approximation), the density operator for each field—atom pair
can be written as [38] p4z(#, #) = pr()p4(0), where pg(2) is
the cavity mode density operator and p 4(0) is the initial density
operator for each atom. For simplicity, we further assume that
the states of atomic and cavity modes are uncorrelated just
after the atom is removed from the cavity, i.e., the cavity mode
does not change appreciably because of the interaction with an
atom (or even several atoms) during time 7. This allows us to
write p4p(t, t = 7) = pr(£)p4(t, t — T), where p4(t, ¢ - 7) is the
density operator at time 7 for an atom injected at 7 - 7. In the
following, for simplicity of notation, we represent the
density of the operator for the cavity modes by p, by dropping
R in pp for brevity.

In this work, we consider the atoms to be injected into the
cavity in a coherent superposition of the upper |2) and lower |c)
levels, that is, |w4(0)) = c,|la) + c.|c). The corresponding
initial density matrix of the atom then has the form

pa(0) =y 4) (wal =p |a) (a| +p2 ) (] + (P2 |a) (e +h.c.),

where pf,?,) = |¢,|* and pﬁ?’ = |c.|* are the upper- and lower-

level initial populations and pffi) = c¥c, is the initial two-
photon atomic coherence. Such a coherence has been shown
to produce two-mode squeezing and entanglement between
the cavity modes [28-31]. Here we exploit this coherence to
generate entanglement between the movable mirrors instead.

Using the assumption that the atom and the cavity field
state are uncorrelated at the time of injection and when
the atom leaves the cavity, Eq. (8) can be put in the
form

t

0
EPAR(L f’)df'}-
(9)

Furthermore, the time evolution of the density operator
par(t,t)  has  the usual form  dpyp(t,t') /ot =
-i[Hy, par(t,¢t")], which together with dpyp(r)/0r =
70 [ (Opar(t, ') /0t)dt" leads to

)= r{ s a0+ [

-7

d
S Par(®) = 7pa(0) = pa(r - Dl - My, par(®)) - (10)

We are interested in the dynamics of the cavity modes only. As
such, we trace the atom plus field density operator over the
atomic variables to find

d
Zﬂ(f) = -iTry[Hy, par(0)], (11)

where we have wused the fact that Try[p,(0)] =
Trylps(t -7)] = 1. Substituting the Hamiltonian H; in
Eq. (11) and performing the trace operation, we obtain
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d . N ;
Zp(t) = -1g (‘llp/m = Prad1 + ﬂ{pﬂb _pabﬂlr)

~igy)(@apey ~ Pesty + abpy, ~ pyoal)
+ 1 La]p + k2 L as]p. (12)

The Lindblad dissipation terms [39] in the last line, with K;
being the cavity damping rates, are added to account for the
damping of the cavity modes by thermal reservoirs. The explicit
form of these terms will be given later [see Eq. (26)]. The
next step in the derivation of the master equation is to obtain
conditioned density operators, p,, = (alpsp|b) and p, =
(blparlc), and their complex conjugates that appear in
Eq. (12). To this end, we return to Eq. (10) and solve for these
elements. Now multiplying Eq. (10) on the left by (/| and on
the right by |k), where /, # = 4, b, ¢, and assuming that the
atom decays to energy levels other than the three lasing levels
when it leaves the cavity, i.e., {{|p4(¢ - 7)]|k) = 0, we obtain

d
—Pu(®) = rapiyp = UM par(ONE) - vupn (13)

We phenomenologically included the last term to account for
the spontaneous emission and dephasing processes. y; =y,
are the atomic spontaneous emission rates, and y,,(/ # #) are
the dephasing rates. Thus, using Eq. (13), the equations for p,,
and p, are

:bab = _(ytzb + iAl)pah + igl (paadl - ﬂlpbb)

Q
+ l'ng)a[ﬂ; + Eptb) (1 4)

pbc = _(ybc + iAZ)pr + ig2@bbd2 - a2pcc)

Q
- —Pbar 1
Zplm ( 5)

Here y,, and y,, are the dephasing rates for single-photon
“coherences” p,; and p,,, respectively.

To proceed further, we apply a linearization scheme, which
amounts to keeping terms only up to the second order in the
coupling strength, g in the master equation. This can be imple-
mented by first writing the equations of motion for p,,, P> P e
and py, to the zeroth order in the coupling strength ¢; and
substituting them in Eqs. (14) and (15) so that p,, and p,,
will be first order in g.. Therefore, when the expressions for
P and p,. are substituted in Eq. (12), the resulting master
equation is second order in g;- Using Eq. (6), the equations
for P Pees Poi> and p,, to the first order in g read

: i
— 18141 Pac

. Q
Paa = rapil(t)l)p + 3 (pm + pac) ~YaPaw (1 6)

. Q
Pec = ra/)gg)p - ? (/)af + pm) = YcPeo (1 7)
Pob = ~YuPbb» (18)

. Q )
Pac = rﬂpgl(g)p + E (p:c _paa) - [74: + Z(Al + AZ)]pacJ (1 9)

where yj(j = a4, b, ¢) are the jth atomic-level spontaneous emis-
sion decay rates and y,, is the two-photon dephasing rate. We
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next apply the good-cavity approximation, where the cavity
damping rates k; are much smaller than the spontaneous emis-
sion rates y;, k; <y;. We also assume that k; < 7,. In this
limit, the cavity modes vary more slowly than the atomic states,
and thus the atomic states reach steady state in a short time.
The time derivatives of such states can be set to zero while keep-
ing the cavity-mode states time dependent, which is frequently
called the adiabatic approximation. After setting the time deriv-

atives in Egs. (16)—(19) to zero we obtain

Paz = %ZW Pec = %Zm

Pac = %Zﬂp Pos =0,

Zou = %{m(l 1) + Q% /2 + 772V -1,

Z, = %{M(l 1)+ Qa/2 + 772V 1 -1,

Z,. = - L& {4 - %y, (v, +7.)
814 + i(Ay + Ay)]

2
4y, + (A + Ay)]

(A -myy - A+ 0y,

with y =y + (A +4Ay)° and d =y + Q.0+
7:)/2. In order to represent the initial state of the atoms with
a single parameter, we have introduced a new variable
n € [-1,1] such that the initial populations and coherence
are given by pi = (1-1)/2,p"Y = (14 1)/2 and initial
coherence pf,(f)) = \/1-n*/2, respectively. Applying the
adiabatic approximation in Eqs. (14) and (15) and using the
expressions for p,,, Pps Pecr and p,., we obtain, after some
lengthy algebra,

~ig1pu = S11par + 512/’45» (20)
ig20p = Endap + leﬂJ{/), (21)

T4 , Q.
511 = % (ybc - ZAZ)Zﬂa + ZZM:|; (22)

r, [ . Q
512 = gli (ybt - ZAZ)Zat + EZ[£:| > (23)

Yd
r, | . Q
521 = % _(}/ab - ZAI)ZM - EZM:| 4 (24)
&7 . Q.
522 = Y—*d (yab - ZAI)ZCC - EZac > (25)

where Y = (v, + iA;) (74 - iA;) + Q?/4. Thus, substitut-
ing Eqgs. (20) and (21) into Eq. (12), we obtain the master
equation for just the cavity modes:
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d - N N
Eﬂ = ‘}::ll(ﬂipﬂl —Pﬂlﬂb + &0 (ﬂ];/)ﬂl - ﬂlﬂiﬂ)

+&n (ﬂzﬂﬂ; - ﬂ;ﬂzp) + &, (ﬂzpﬂg - Pﬂgﬂz)
+ 512(411‘/’42 - /’ﬂ;‘;{) + & (appay - ayayp)
+ & (‘ﬂiﬂﬂz - ﬂ%p) + &\ (apay - payay)

12
+ ) Z K[(V; + 1)(2ﬂipdj - ”Iﬂiﬂ - ﬁﬂjﬂi)

i=1
+ N;(24] pa; - a;alp - pa;a))) (26)

Here we included the damping of the cavity modes by two in-
dependent thermal reservoirs with mean photon number /V;.
Note that the terms proportional to Re(&}) give rise to gain for
the first cavity mode, while Im(&,;) yields a frequency shift.
The terms proportional to Re(&,,) result in loss of the second
cavity mode, while Im(&,,) produces a frequency shift. The
terms proportional to &, and &,; represent the correlation
between the two cavity modes, which are known to produce
two-mode squeezing and entanglement between the cavity
modes [28-31]. In this work, we now exploit this correlation
to entangle the movable mirrors of the doubly resonant cavity.

4. QUANTUM LANGEVIN EQUATIONS

To analyze the bistability and entanglement between the two
movable mirrors, it is more convenient to use the quantum
Langevin approach. In this respect, we derive the quantum
Langevin equation for the atom—cavity mode and the optome-
chanical system separately. This is justified if the atom—field
coupling is much stronger than the optomechanical coupling,
which is the regime considered in this work. The contribution
of the laser system (without mechanical oscillators) to the
Langevin equations for the cavity field is derived from the
master equation [Eq. (26)] using (o) = Tr(po), (0 = a1, ay)
and removing the bracket from the resulting equations by
adding appropriate noise operators F; with vanishing mean

(Fj) =0 [30]:

. 1
a; = _E(Kl - 2&)))ay + Eppab + F, (27)

. 1
a; = -E(Kz + 265))a - 1] + Fo. (28)

The correlation properties of the noise operators can be ob-
tained by using Einstein relations [24]: (D, ,,) = % (0,0,) -
((0y - F,)o3) = {01(0, - F,,), where (D, , ) is the diffusion
coefficient (with o; = 4, a;). Using this relation and the equa-
tions for second-order moments of the cavity mode operators

aj, the nonvanishing correlation properties of the noise

operators are:

(FI()F\ (")) = [c; Ny + 2Re(&)6(r - '), (29)
(FL(D)F[(t) = k) (N, + 1)d(z - 1), (30)

(FY()Fy(t)) = k,N,8(z - 1), (31)

(FL(0)Fy(e)) = [k,(N, + 1) + 2Re(E)18(r - '), (32)

(Fy())F1(2)) = (&2 + &21)0(2 - ). (33)
Now adding the contribution of the optomechanical coupling

[Eq. (5)] to the Langevin equations, we obtain the following
equations for the cavity mode and mechanical mode operators:

. K s, | /
a; = _(?1 + ibv; - 511>ﬂ1 + &nay - iGray (6] + by)

+81€i5‘t+F1, (34)

. K . .
a = - (22 + idv, + 522)412 - leﬂI - leﬂ2(17; + b)

+ Szeiézt + F,, (35)

7 . ymj .
by = ~iw, b~ =1 b - iGaja;+ 1, [ (86)

where £ are the noise operators for the mechanical oscillators

with zero mean and the following nonvanishing correlation
properties:

(F1(Of () = md(e - 1),

(£ f] ) =+ D)o - 1), (37)
where njfl = exp(fla)mj /ksT;) =1, kg is the Boltzmann con-
stant, and Tj is the temperature of the jth thermal phonon bath.

In the following sections, Egs. (34)—(36) will be used to study the
bistability and entanglement between the two movable mirrors.

5. BISTABILITY OF INTRACAVITY MEAN
PHOTON NUMBERS

Here we discuss the effect of the coupling induced by the two-
photon coherence on the bistability of the mean intracavity
photon numbers. It is well known that the usual single-mode
dispersive optomechanical coupling gives rise to an S-shaped
bistability in the mean cavity photon number in the red-
detuned frequency regime [12,35]. The bistability behavior
can be studied from the steady-state solutions of the expecta-
tion values of Eqs. (34)—(36). This can be done by first choos-
ing a rotating frame defined by 4, = 4,67 and by writing
d; = (@) + 6d; and b; = (b;) + 6b;. In this transformed
frame, the equations for both the fluctuations 64; and classical
mean values () have a coupling between the two cavity modes
(terms proportional to &, and &) that contains highly oscil-
lating factors exp[-#(6; + 8,)#]. To obtain solutions for (4;) in
the steady state, one must either make the RWA, which
amounts to dropping the highly oscillating terms completely,
or choose a condition such that §, = -8, and retain the cou-
pling terms. (It is important to mention here that we do not
make the RWA in the equations for the fluctuation §z;, which
is later used to study mirror—mirror entanglement.) In the
following, we consider both cases and study the bistability
of the intracavity photon numbers.

Rotating wave approximation (RWA). If we drop the highly
oscillating terms (RWA) in the transformed Langevin equations
for (4;), we obtain the steady-state solutions for (4;) and (4;):
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b+ b 20om Gy 38
(6, + b)) = —m) (38)
(@) = . (39)
i+ C1YE; +1,/2
where 7, = |(Z )| are the steady-state intracavity mean photon

numbers and 5 =v-o, + G, (b, + b ) are the cavity mode
detunings. Here we have chosen 51/ = (/7 + &) to be the
frequency shift due to radiation pressure. The equations for
the intracavity mean photon numbers have the implicit form

Kj . 2
1|i(8o; - 1) + =+ (1Y =gl (40)
where &y, = v; -y, and ﬂ] Qw,, G

] D/, 14+ 03,).
These are the standard equations for s shaped bistabilities
for intracavity intensities in an optomechanical system, with
effective cavity damping rates £; + 2(- 1)/@]-. Note that because
of the RWA, there is no coupling between the intensities of the
cavity modes that is due to the two-photon coherence induced
in the system.

Let us set realistic parameters from recent experiments
[40,41]: mass of the mirrors m = 145 ng, cavity lengths
Ly =112 pm, L, =88.6 pym, pump laser wavelengths
Ay = 810 nm, A, = 1024 nm, rate of injection of atoms
r, = 1.6 MHz, mechanical oscillator damping rates y,, =
Ym, = 27 x 60 Hz, mechanical frequencies ,, = ®,, =
27 x 3 MHz, and dephasing and spontaneous emission rates
for the atoms vy, =vu=Vvi.=Vv.=Vvi=Vv.=r=
3.4 MHz. In this paper, we consider A} = A, = 0 for the sake
of simplicity.

To illustrate the bistability behavior, we plot, in Fig. 2(a),
the steady-state mean photon number for the first cavity mode
1, as a function of the laser detuning and the cavity drive laser
power P;. This figure reveals a large bistable regime (the
meshed area) for a wide range of the drive laser power. As
expected [12,35], the bistable behavior only exists for the

1.5} (b)
BRSNS\
LS =?
2]
N Lof N\
= <
é o
] :
s *, -
S ., S~
05 ™ e
N, e
2

Olesz T TR
000 001 002 003 004 000 001 002 003 0.04
Pi(pW) Pi(pW)

Fig. 2. (a) Phase diagram showing bistability of the intracavity mean
photon number /; for varying cavity laser detuning &y, and cavity
drive laser power P} in RWA. The meshed region shows the unstable
solutions. (b) Cross section of the phase diagram for different values of
cavity laser detuning &);. Here we have used atom—field couplings
g, =g =2nx4MHz, Qfy=10, k; =k, =27x215 kHz,
and when all atoms are initially in their excited state |w,) =
|@)(n = -1). See text for the other parameters.
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red-detuned (8p; > 0) frequency range (notice that because
of our definition of 501 =v-wp, red-detuned occurs for pos-
itive detuning, which is the oppos1te of the usual convention
[35]). The cross section of the phase diagram at different de-
tunings, shown in Fig. 2(b), indicates the S-shaped bistable
behavior of the intracavity mean photon number 7,. We also
observe that the bistable region widens with increasing detun-
ing and drive laser power. Similar plots for the mean photon
number /, show bistability for a wide range of detunings at a
power one order of magnitude larger than was needed to
achieve the bistability of 7, but we omit them here.

Beyond rotating wave approximation. It is interesting to study
the bistability behavior of the intracavity mean photon num-
bers in the nonrotating wave approximation, because it allows
us to see the effect of the two-photon coherence. Note that to
analyze the bistability in this regime, it is convenient to work in
the rotating frame defined by the bare cavity frequencies v;,
which is equivalent to choosing 6v; = 0 in the Hamiltonian
given by Eq. (5). Thus, the condition for retaining the
counter-rotating terms in the Langevin equations for 4;
becomes 6y, = -8¢; =-8;. With this choice of detuning,
we obtain the expectation values of the cavity mode operators:

Sk
€1, + 6,51

i) = 41
) a1 a5 + £1285, #)
-~ £,0f - €16y
&) =1, (42)
@) ayoy + &58y

WhCrC a; = 1(60 _ﬂlll) + K1/2 - 511 and o) = —1(60+

Poly) +k2/2 + &y We see from Egs. (41) and (42) that
the coupling between (7)) and (4,) is due to &1, and &,1, which
are proportional to the coherence induced either by the cou-
pling of atomic levels by an external laser or by injecting
the atoms in a coherent superposition of upper and lower levels.
Introducing a new variable that relates the cavity drive ampli-
tudes, |e,| = ple;| = ule|(Py ~ u*Py), we obtain coupled
equations for 7/, and /,:

lay (1) (1) + 1,65,

I, = |e|?, 43
() e T 43)

laf (1) (1) + &5 |
luai (1) - 521|2

To gain insight into the effect of the coupling on the bista-
bility behavior of the cavity modes, we slightly simplify the
above equations by choosing the value of p?. Let us first
consider the case when y? < 1(P, < P;). Thus, the denom-
inator in Eq. (44) can be approximated as |ua} - & |* ~
lu(=i8y + x1/2 = &1)) - En|* for u?Bi11 /16| < 1. In this
case, the ratio of Eqs. (43) and (44) yields a cubic equation
for Ip: Iy = Llas(ly) + pénl?/Iu(-idy + /2 - &11)-
&,112. This equation reveals that 7, can exhibit bistability when
the intensity of the first cavity mode is varied. In Fig. 3(a) we
plot a phase diagram showing steady-state solutions for the first
cavity mode mean photon number 7;. The “tornado”-shaped
center region represents the unstable solutions for positive de-
tuning, while the regions on the left and right areas represent

I, = |€|2- (44)
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Fig. 3. (a) Phase diagram for mean photon number for the first cavity mode 7, showing instability regions. The “tornado”-shaped center area
represents the unstable regime. Notice that the bistability appears for all values of detuning, which is in stark contrast to the usual red-detuned
condition being required to observe bistability in single-mode optomechanics [12,35]. (b) Cross section of the phase diagram at &y/27 =
-1.75 MHz showing anomalous “ribbon”-shaped hysteresis due to the intermode coupling induced by the two-photon coherence. The area between
the turning points represents the unstable regime, while the magenta dashed curve shows the saddle node instability. The arrows show the hysteresis
for the circulation of the optical intensity. (c) Cross section of the phase diagram at §; = 0 (blue dashed curve) and 6,/27 = 1.75 MHz (black
dot-dashed curve) showing the usual S-shaped bistability. Here we have used Q/y = 10, u = 0.1(P, = 0.08P,), and atoms are initially injected
into the cavity in state |¢)(7 = 1). See text and Fig. 2 for the other parameters.

stable solutions. In the vicinity of resonance (6, = 0), the
unstable area diminishes. The region of the unstable behavior
widens when the detuning is increased further to large negative
values. The intriguing aspect is that, in contrast to the RWA
case, the bistability occurs at resonance as well as in the blue-
detuned regime (6, < 0). Furthermore, these bistabilities occur
at higher pump powers than the positive detunings. The cross
section of the phase diagram at different detunings reveals two
distinct features of the bistability. When §, > 0, the system
exhibits the usual S-shaped bistability, as discussed in the
RWA case. However, when §, < 0 and above a critical detun-
ing 8y/27 ~ 1.1 MHz, the system shows unconventional
bistability with “ribbon”-shaped hysteresis [see Fig. 3(b)]. The
circulation of the intensity shows peculiar behavior: when the
drive laser power is swept to higher powers, the first turning
point A is reached at P ~ 0.085 pW and the hysteresis then
follows the upward arrow to the upper branch. When the laser
power is decreased to lower values, the hysteresis reaches the
second turning point B(P = 0.022 pW) and the hysteresis
follows the downward arrow to the lower branch.

In Fig. 4, we plot a phase diagram for the mean photon
number of the second cavity mode 7,. Similar to /;, the mean
photon number 7, exhibits bistability for all values of detuning,.
The main difference between the bistability behaviors of 7,
and /7, is that 7, only exhibits S-shaped bistability, due to the
coupling between 7, and 7. This can be understood from the
bistability curve for 7, when 7, is varied. When /; increases
from zero to higher values, 7, also increases until a turning
point A [the same turning point shown in Fig. 3(b) and that
of the red solid curve in Fig. 4(b)] is reached. The shape of the
hysteresis for /; and 7, is determined by whether the intensities
increase or decrease along the saddle node instability curve [ma-
genta dashed curve in Fig. 4(b)]. Notice that in traversing from
turning point A to B, /| decreases but /, increases. Therefore,
in the plot of 7, versus power P [see Fig. 3(a)], after tuning
point A, /; should decrease, going below turning point A until
turning point B, producing the “ribbon”-shaped bistability.
However, since 7, increases in going from A to B, the saddle

node instability curve in Fig. 4(b) should go above turning
point A until it reaches B, creating the S-shaped bistability.

We next consider the case when 2 > 1(P, > P;). In this
case, the denominator in Eq. (41) can be approximated as
|l + ol R 1idg + K3 /2 + &y + pép|*, assuming  that
Bolr ] (u?|E15|*) < 1. Then the ratio of Egs. (41) and (42)
gives a relaton between 7, and [,: [, =I|paj(l))-
En2 /iy + k3 /2 + &y + uép,|?. Therefore, I, can exhibit
bistability behavior when 7, is varied. Our numerical simula-
tions (not shown here) reveal that both 7, and 7, exhibit
bistabilities for all values of detuning. However, for u? > 1, the
role of /| and 7, is interchanged: /, shows only S-shaped
bistability, while 7, exhibits both S-shaped and unconventional
bistability. In contrast to the case of u?> < 1, the anomalous
bistability emerges in the red-detuned (§y > 0) frequency
range.

These rich features of intracavity mean photon number
bistabilities are observed only if we do not make the RWA in
the steady-state classical equations. This is because the RWA
drops the terms that couple the two cavity modes that are in-
duced by the two-photon coherence, which is the main source
of unconventional bistabilities. These unconventional bistabil-
ities can be measured experimentally by measuring the field
leaking out from the cavity. We expect that the transmitted
field will also exhibit bistability due to the linear input—output
relation [38].

6. ENTANGLEMENT OF MOVABLE MIRRORS

In this section we study the entanglement of the movable mirrors
of the doubly resonant cavity in the adiabatic regime. It has
been shown that the cavity modes of the laser system are
entangled [28-31] due to the two-photon coherence induced
by either strong external drive or initial coherent superposition
of atomic levels. Here we exploit this field—field entanglement to
entangle the movable mirrors of the doubly resonant cavity.
Optimal entanglement transfer from the two-mode cavity field
to the mechanical modes is achieved in the adiabatic limit, when
the movable mirrors adiabatically follow the cavity fields,
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Fig. 4. (a) Phase diagram for mean photon number for the second cavity mode 7, showing instability regions. The “tornado”-shaped area rep-
resents the unstable regime. Notice that the bistability again appears for all values of detuning. (b) Cross section of the phase diagram at 6, /27 =
-1.75 MHz (red solid curve), with the magenta dashed curve showing the saddle node instability and 6, = 0 (blue dashed curve) and 6, /27 =
1.75 MHz (black dot-dashed curve) showing the usual S-shaped bistability. (c) Intracavity mean photon number for second mode 7, versus the
mean photon number for the first cavity mode /;, indicating that 7, exhibits S-shaped bistability behavior when 7, is varied, and only in the red-
detuned (§; < 0) frequency range. The arrows indicate the hysteresis for the flow of intensities when 7, is varied with turning points A and B, which
are the same turning points shown in Figs. 3(b) and 4(b). The magenta dashed curve shows the saddle node instability. The blue dashed (5, = 0)
and the black dot-dashed (6)/27 = 1.75 MHz) curves do not show bistability. Here we have used Q/y = 10, u = 0.1(P, = 0.08P;), and atoms
are initially injected into the cavity in state |¢) (7 = 1). See text and Fig. 2 for the other parameters.

K>, [4,8], which is the case for mirrors with a high
mechanical Q factor and weak effective optomechanical
coupling.

Using the standard linearization procedure and transforming
back (see Section 5) to the original rotating frame by introducing
oa; = éijel‘sf’ and defining b; = 6; exp(iwmjt), we obtain

5211 = —%541 + 5126&1; - ZG1 (ﬁl)(551€_i(w"’1 -0t

+ 8bje @m0y 4 F (45)

56}2 = —%5512 - 521541— - ZG2 (ZZ>(5b2€7i(wm2752)t

+ Sble @Om Ty 4 F), (46)

Vm ~ . ~ i(w,, +6,
8y = -7 8, - iGi(@)5af e )"

- iG{@)5ae ™+ fr fs 47)

where k] = &y - 2&;; and k) = Kk, + 2&5;. Here () is given
by Eq. (39), which is obtained in the RWA. We have deliberately
made the RWA to obtain the steady-state solutions that would
give stable solutions when choosing the effective detuning
8 = tw,,. For6; = tw,, , the bistability of /; completely dis-
appears, i.e., Eq. (39) becomes intensity independent. As men-
tioned earlier, no RWA has been made in the fluctuation
equations, so that the coupling terms (proportional to &),
and &;;) induced by the two-photon coherence are retained.
In an optomechanical coupling when §; = Wy the interaction
describes parametric amplification and can be used to generate
optomechanical squeezing [35], and when §; = -, , the inter-
action is relevant for quantum state transfer [4,8,35] and cooling.
Since we are interested in transferring the entanglement between
the modes of the cavity to the mechanical modes, we
choose 6; = —W,, .

Setting 6; = -w,, and applying adiabatic approximation to
the resulting d4; equations, we obtain coupled Langevin
equations for 4;:

r. - . .
ob, = —71551 - G126by + v\ Fy + 02, F5 + 7, 1

* I, -~
(sz =—72552+921551—M1F1+u2f72+4/}/,,,2 2

where I'; = Ym + T, with ', =4Gi,/K and T, =
4G5k /K, with K = KKk + 4&1,&,;, are the effective damp-
ing rates for the mechanical modes induced by the radiation

pressure; Gy = 4£1,G,G,/K and G, = 46,1G,G,/K are

the effective coupling between the two mechanical modes
induced by the laser system and v, = /T', k3/K, v, =
2512\/F51/Ki[(, Uy 22521\/1—‘52/141(, and Uy = \/szKi/K.
Here we have introduced many-photon coupling G; =
G/ (@) = G]-\/Tj by choosing the phase of the cavity laser
drives such that (2) = -i|(4)| [4]. Note that since we have
chosen A; = A, =0, for the sake of simplicity, £; and &;
are real.

To analyze the entanglement between the two mechanical
modes, it is convenient to use quadrature operators defined as
8, = (8b; + 8b})/~/2 and 8p; = i(56] - 5b;)/ /2. We also
introduce the corresponding noise operators f,, f, and
F,,F,, defined in a similar way. The equations for the these
quadrature operators are

. r ~

5q1 = —715q1 - g125q2 + Fql) (48)
. I, i

Spy = _75p1 + G12py + F, (49)
. r, ~

642 = —76q2 + g215q1 + qu, (50)
. I, i

op, = —75]’2 -Gudp, + F,, (51)

where F% = Z/zFl’z + Uqu] + Vymlf%’ FPI = _yZFP2+
VlFPl + \/ymlf I qu = uquz B ulF% + v 7m2fq2’ and
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F », = F, +wmF, + /7, f,. Alemnatvely, the above

equations can be written in a matrix form as

U(r) = RU(2) + (), (52)
—F1/2 0 —le 0
— 0 _Fl/z O glz
k=16, o oxp o || ©
0 —921 0 —F2/2
and  U(¢) = (841, 6p1, 85, 0py)"  and (1) = (ﬁql, F
qu’ ﬁ]’z)T'

In this section, we focus on the steady-state entanglement
between the mechanical modes. To this end, one needs to
find a stable solution for Eq. (52) so that it reaches a unique
steady state independent of the initial conditions Since we have
assumed the quantum noises f 4 , f e F,,and F, to be zero-
mean Gaussian noises and the equatlons for Auctuations
(5q] 5p;) are linearized, the quantum steady state for fluctua-
tions is simply a zero-mean Gaussian state, which is fully
characterized by a correlation matrix V; = [(U;(c0) U;(c0)+
U;(00) U ;(00))]/2. For fixed realistic parameters mentioned in
this section, we have chosen externally controllable parameters
such as Q, the powers of the cavity drive lasers, and the initial
state of the atoms for which the system is stable. Thus, for all
results presented in this section, the system is stable and the
correlation matrix satisfies the Lyapunov equation:

RV + VR' = _D, (54)

A0 Ay 0
0 A 0 -4
A, 0 A, 0 )
0 -A4; 0 A

where A = k0] + k03 - 2B 1010y + 7, (20 + 1), A5 =
Pro(mvy - uyvy) + Kpupv - kppuyvy,  and Ay = Kyjui+
Kpp1t5 + 2Pramuy +7,, 2ny + 1) /2, with & = [k,(2N; +
1) + 2Re(§;)]/2 and 1, =Re(§); + £21)/2.

In order to quantify the two-mode entanglement, we
employ the logarithmic negativity £, a quantity that has been
proposed as a measure of bipartite entanglement for Gaussian
states [42]. For continuous variables, £ is defined as

Eyn = max[0, - In 2/\] (56)
where A = 2712[5 - /62 — 4 det V]'/? is the smallest sim-

plistic eigenvalue of the partial transpose of the 4 x 4 correla-
tion matrix V' with 6 = det V4 + det V3 - 2 det V 43. Here
V4 and Vp, respectively, represent the first and second
mechanical modes, while V3 describes the correlation
between them. These matrices are elements of the 2 x 2 block
form of the correlation matrix

_(Va Vus
= (Vfg Vg ) &7
The movable mirrors are entangled when the logarithmic neg-
ativity £y is positive.
In Fig. 5 we plot the logarithmic negativity £ versus the
cavity drive lasers’ powers P; and P, when all atoms are in-
jected in their upper level |2) (y = -1), for thermal phonon

D= (55)
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Fig. 5. Entanglement of movable mirrors. Logarithmic negativity
E )y versus the cavity drive lasers’ powers P} and P, for thermal pho-
non numbers 7 =7, = 100 and thermal photon numbers
N, = N, =1, normalized drive laser amplitude Q/y =6, n = -1
(more atoms are injected in their upper level |#)), atom—field coupling
constants g, = g, = 27 x 2.5 MHz, and cavity damping rates k; =
27 x 215 kHz and k; = 27 x 430 kHz. See text and Fig. 5 for the
other parameters.

numbers 7, = 7, = 100 and thermal photon numbers
N; =N, =1. The two movable mirrors are entangled for
a wide range of the drive lasers’ powers. Maximum entangle-
ment is achieved slightly below the diagonal of the phase dia-
gram, i.e., when drive laser power P, is slightly higher than P,.
This can be explained by the fact that the effective couplings
Gy, and G,; between the two mechanical mirrors can be
enhanced because they directly rely on the mean number of
photons /;, or the cavity drive lasers’ powers.

We next examine the entanglement generated by either the
driven or injected coherence separately. First, we consider the
contribution of the injected coherence characterized by the ini-
tial states of the three-level atoms, i.e., 7 to the entanglement of
the mirrors. Figure 6(a) displays the phase diagram of logarith-
mic negativity as a function of the cavity drive laser power P
(assumed to be the same for both laser drives) and 5. This figure

1.0

(b) Pmw)

0.5

-0.5

0 0.102030405

0.0 bl
-1.0 -0.5 00 05 1.0

10 20 30 40 50 60
P(mW) U

Fig. 6. Entanglement of movable mirrors with injected coherence
only ( = 0). Logarithmic negativity £ versus the cavity drive laser
power P and initial state of the atoms 7 for thermal phonon numbers
n; = ny = 100 and thermal photon numbers V| = N, = 1. See
text and Fig. 5 for the other parameters.
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Fig. 7. Environment temperature dependence of the mirror—mirror
entanglement with injected coherence only ( = 0). (a) Logarithmic
negativity £ versus initial state of the atoms # and thermal photon
numbers N when the temperature of the thermal phonon bath is
zero, T = 0 K(n; = n, = 0); (b) logarithmic negativity £ versus
the initial state of the atoms # and the temperature 7 of the thermal
phonon bath when the thermal photon bath is at zero temperature
(N=N, =N, =0). The cavity drive lasers power is fixed
at P =P} = P, =200 mW. See text and Fig. 5 for the other
parameters.

reveals two blocks of parametric regimes showing entanglement
of the two movable mirrors. The lower block appears around
the maximum initial coherence n =0 [corresponds to
lw4(0)) = (|a) + |¢))/~/2)], while the second block appears
for n > 0, which corresponds to more atoms in the lower level
than the upper level. It is somewhat counterintuitive that the
maximum entanglement does not occur when the injected
coherence is maximum. Instead, the maximum mirror—mirror
entanglement is achieved around # = 0.36, which corresponds
to more atoms populating the upper level.

Figures 7(a) and 7(b) show the dependence of the entangle-
ment on the temperature of the environment. When the
cavity drive lasers’ power is fixed at P = 200 mW and the
temperature of the thermal phonon bath is zero 7= 0K
(7, = ny = 0), the mirrors become disentangled at NV = 3.5.
The range of IV for which the entanglement exists is weakly
dependent on the drive power strength. However, when the
thermal photon bath is at a temperature of zero, N = N| =
N, = 0, the mirror—mirror entanglement persists up to a tem-
perature 7" < 12 K of the thermal phonon bath, which is two
orders of magnitude larger than the ground state temperature of
the movable mirrors. The entanglement can even survive at
higher temperatures if the drive laser power is increased. It
is worth mentioning that the entanglement generated when
more atoms are initially in the lower level (7 2 0.3) is more
robust than that created around the maximum coherence
n ~ 0. Therefore, the entanglement is robust against the ther-
mal phonons’ temperature, but substantially more sensitive to
the thermal photons’ temperature.

Next, we consider the entanglement generated solely due to
the driven coherence by assuming atoms are injected into the
cavity in their upper level. Figure 8 shows the entanglement of
the movable mirrors due to the driven coherence and when all
atoms are injected in their upper level |2) (7 = -1), or without
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Qfy

Fig. 8. Entanglement of movable mirrors with driven coherence
only. Logarithmic negativity £y versus the cavity drive laser power
P and normalized drive amplitude Q/y for thermal phonon numbers
n; = ny = 100 and thermal photon numbers Ny = N, = 1, in the
absence of injected coherence #7 = -1 (all atoms are injected in the
their upper level). See text and Fig. 5 for the other parameters.

injected coherence (pf,?) = 0). There exists a minimum
strength of the cavity laser drives for which the mirror—mirror
entanglement appears. The movable mirrors remain entangled
for a wide range of the strength of the laser drives, with
the maximum entanglement appearing at around Q % 4.5y.
The degree of the entanglement increases with increasing
power of the cavity drive lasers and saturates (not shown)
at P =~ 80 mW.

Finally, we studied the environmental temperature depend-
ence of the mirror—mirror entanglement due to driven coher-
ence and when all atoms are injected in the upper level.
Our numerical simulations (see Fig. 9) show that at zero
thermal phonon temperature and fixed cavity drive power
P =200 mW, the entanglement decreases gradually with
the number of thermal photons and eventually disappears.
We note that the entanglement is more susceptible to thermal

2.5
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N': thermal photon number
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Fig. 9. Environment temperature dependence of the mirror—mirror
entanglement with driven coherence only. (a) Logarithmic negativity
E )y versus the normalized drive amplitude Q/y of the coherent drive
(for atoms) and the thermal photon numbers V when the temperature
of the thermal phonon bath is zero, 7= 0 K(z = n; = n, = 0);
(b) logarithmic negativity £, versus Q/y and the temperature 7°
of the thermal phonon bath when the photon bath is at zero temper-
ature (N = N; = N, = 0). The cavity drive laser power is fixed at
P = P; = P, = 200 mW and atoms are injected in their upper state
(n = -1). See text and Fig. 5 for the other parameters.
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photons at higher values of the drive laser amplitude, Q.
However, when the number of thermal photons is zero
(N =N, =N, =0), the entanglement persists for temper-
atures of the phonon thermal bath up to 12 K. This reveals
that the entanglement generated using either injected or driven
coherence disappears at the same range of phonon bath temper-
atures.

7. CONCLUSION

We analyzed the optical bistability and entanglement between
two mechanical oscillators coupled to the cavity modes of a
two-mode laser via radiation pressure using parameters from
recent experiments. In stark contrast to the usual S-shaped
bistability observed in single-mode optomechanics, we find
that the optical intensities of the two cavity modes exhibit
bistabilities for a// values of detuning, due to the parametric-
amplification-type coupling induced by the two-photon coher-
ence. In addition to this, the optical intensities reveal uncon-
ventional “ribbon”-shaped hysteresis for the circulation of the
optical intensities for the blue-detuned frequencies. We showed
that the two-photon coherence, induced either by a strong
external laser or by initial preparation of the atoms of the laser
medium, plays a crucial role in creating anomalous bistabilities.
From an application viewpoint, optical bistability has a wide
range of potential applications from optical communications
to quantum computation.

We also studied the entanglement of the movable mirrors by
exploiting the intermode correlation induced by the two-
photon coherence. We showed that strong mirror—mirror
entanglement can be created in the adiabatic regime. Strong
entanglement between the movable mirrors is obtained when
the drive lasers have approximately the same power. We exam-
ined the entanglement generation due to the injected coherence
and driven coherence separately. Although the two mirrors
are entangled when the injected coherence is maximum, the
maximum entanglement is actually achieved for slightly less
coherence and when more atoms are injected in the lower level
than the upper level. When the coherence is induced by a
strong laser (driven coherence), there exists a threshold value
of the drive strength for which the two mirrors become en-
tangled. This entanglement then holds for a wide range of
the drive strength. Moreover, the entanglement created due
to both coherences is remarkably robust to the phonon
bath temperature, persisting up to 12 K for certain parameter
ranges.
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