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ABSTRACT OF THE DISSERTATION

Quantum State Protection and Transfer Using Superconducting Qubits

by

Kyle Michael Keane

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2012

Dr. Alexander Korotkov, Chairperson

This dissertation presents a theoretical analysis of protocols relevant for quan-

tum information processing with superconducting qubits. The purpose of these protocols

is decoherence suppression and quantum information transfer. Our analysis makes use

of the standard density matrix formalism and Kraus operator (operator-sum) repre-

sentation of quantum operations. We also use the mathematical trick of unravelling

continuous evolution into discrete scenarios with corresponding probabilities.

We show that decoherence due to zero-temperature energy relaxation can be

almost completely suppressed, probabilistically, by weak measurement reversal (also

known as quantum uncollapsing). To protect a qubit, a weak (partial) quantum mea-

surement moves it towards the ground state, where it is kept during the storage period,

while the second partial measurement restores the initial state. This procedure prefer-

entially selects the cases without energy decay events. Stronger decoherence suppression

requires smaller selection probability; a desired point in this trade-off can be chosen by

varying the measurement strength.

We also analyze several simple quantum error correction (QEC) and quantum

error detection (QED) protocols, relevant to superconducting qubits. We show that
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for energy relaxation the repetitive N -qubit quantum codes cannot be used for QEC,

but can be used for QED (also known as probabilistic error correction). Moreover, the

repetitive code with only two qubits is sufficient for QED. We also present several other

two-qubit algorithms realizable with the current technology of superconducting phase

qubits; these algorithms can demonstrate QEC for intentional errors and QED for real

decoherence.

We also analyze a procedure designed to transfer the state of a microwave qubit

from one superconducting resonator to another resonator via a transmission line; the

emission and capture of the microwave energy is achieved using tunable couplers. The

procedure is shown to be robust against experimental imperfections of required pulse

shapes. Our results also indicate that a successful state transfer requires nearly equal

resonator frequencies for the entire duration of the procedure.
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Chapter 1

Introduction

1.1 Overview and motivation

The focus of this dissertation is decoherence suppression and quantum state

transfer for superconducting qubits [1] – Appendix A contains a list of my related publi-

cations and presentations which form the basis of Ch. 2, 3, 4, and 5 of this dissertation.

Chapter 2 describes a novel application of uncollapsing [2] that can be used to proba-

bilistically suppress decoherence due to zero-temperature energy relaxation – one of the

two dominant sources of decoherence in superconducting qubits. In Ch. 3 we discuss the

use of repetitive N -qubit quantum codes in the presence of energy relaxation. Chapter

4 presents several simple (and experimentally realizable) two-qubit decoherence sup-

pression codes; one of the codes can be used to demonstrate quantum error correction

(QEC) [3, 4, 5, 6, 7] for intentional errors and the other codes can be used for the sup-

pression of real decoherence by quantum error detection (QED). In Ch. 5 we investigate

the robustness of a recently proposed quantum state transfer procedure [8].

Let us begin by discussing the standard methods for suppressing qubit de-

coherence. For a generic qubit state, it is well established that decoherence can be
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efficiently suppressed via QEC by encoding the state of a single qubit into several phys-

ical qubits and performing sufficiently frequent measurement/correction operations [7]

(Appendix B contains a brief review of the standard bit-flip code). Another decoherence

suppression technique which also requires the use of a larger Hilbert space is the idea

of decoherence-free subspaces [9], where a logical qubit is encoded in such a way that it

becomes insensitive to decoherence (without the measurement and correction required

for QEC). Without increasing the physical Hilbert space, it is possible to suppress de-

coherence using the technique of dynamical decoupling based on sequences of control

pulses, for example, by “bang-bang” control [10]. Unfortunately, dynamical decoupling

does not help [10, 11] when the decoherence is due to processes with short correla-

tion timescales, as for example the most standard (Markovian) energy relaxation and

dephasing. Energy relaxation and other (Markovian) decoherence can in principle be

suppressed by changing some properties of the qubit environment, as is commonly done

for the suppression of spontaneous emission in cavities [12]; however, this possibility

does not seem very practical for solid-state qubits.

The decoherence suppression procedure presented in Ch. 2 (which we first pro-

posed in Ref. [13]) does not require a larger Hilbert space, it protects against (Markovian)

energy relaxation, and it is a simple modification of existing uncollapsing experiments

with superconducting phase qubits [14] and photonic polarization qubits [15]. In the

existing experiments [14, 15], the effect of a weak measurement (of known strength) is

undone using a second weak measurement of the same strength, returning an unknown

qubit state to its original superposition and probabilistically reversing the non-unitary

evolution due to the first measurement. In Ch. 2 it is shown that a qubit subject to

zero-temperature energy relaxation during the time between the first and second (now

stronger) measurement can be preserved to an arbitrary degree. Our original proposal
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[13] was subsequently demonstrated using a photonic polarization qubit in Ref. [16]. A

second experiment, also using photonic polarization qubits, was performed in Ref. [17];

this second experiment demonstrated that when our decoherence suppression procedure

is independently applied to two initially-entangled qubits, the original entanglement can

be restored even when both qubits are subject to zero-temperature energy relaxation.

Although our decoherence suppression procedure and the subsequent experi-

ments generated some general interest [18], QEC is still the most commonly studied

method for protecting a qubit state from decoherence of an arbitrary type. Experimen-

tal progress is still being made toward a full implementation of QEC in many physical

systems. Measurement-free QEC experiments in nuclear magnetic resonance (NMR)

systems [19, 20, 21, 22] have been performed for over a decade, but only with ensem-

bles of quantum systems [23]. Using trapped ions, a three-qubit QEC experiment with

actual measurement was realized [24], and recently a measurement-free QEC procedure

with several error correction cycles was demonstrated [25]. In linear optics systems, the

QEC experiments include two-qubit protection against “accidental” measurement [26],

a continuous-variable adaptation of the 9-qubit Shor code [27], a continuous-variable

erasure-correcting code [28], and eight-photon topological error correction [29]. A three-

qubit measurement-free QEC protocol has been recently demonstrated with supercon-

ducting “transmon” qubits [30].

With the rapid progress in experiments with superconducting qubits [1, 31, 32,

33, 34, 35], QEC with actual measurements is becoming feasible in these systems in the

reasonably near future. Our goal in Ref. [36] (the results of which have been divided into

Chs. 3 and 4 of this dissertation) was to find possible measurement-based protocols for

these systems. In Ch. 3 we describe the use of repetitive quantum codes for decoherence

suppression by quantum error detection (QED) of energy relaxation – it is shown that

3



two qubits are sufficient for this purpose. Chapter 4 contains several two-qubit QED

and QEC procedures that can be readily realized with the current level of phase qubit

technology.

Also becoming feasible in these systems is a quantum information transfer

procedure in the form of a so-called “flying microwave qubit”. In Ch. 5 we investigate

the feasibility of a flying microwave qubit procedure that was recently proposed in Ref.

[8]; for this purpose, we analyze the procedure’s robustness against typical experimental

errors. In the original proposal the state of a qubit is transferred using tunable couplers

from one microwave resonator (or phase qubit) through a transmission line to another

resonator (or phase qubit). Our results indicate that this procedure is robust, but

requires nearly equal resonator frequencies during the entire transfer procedure. The

results of Ch. 5 were presented at a conference of the American Physical Society [37].

The remaining sections of Ch. 1 will establish the core concepts and techniques

used in this dissertation. The basics of qubit physics are presented in Sec. 1.2, including

state representation and quantum operations for two-level systems. Section 1.3 intro-

duces the topic of state-independent characterization for quantum processes. Section

1.4 contains the formal analysis of a single qubit subject to zero-temperature energy

relaxation; this section introduces two important techniques that are used throughout

this dissertation: the mathematical trick of “unravelling” energy relaxation into discrete

scenarios and the method for calculating the various process characterization measures

from Sec. 1.3 (for both linear and non-linear quantum operations). Section 1.5 contains a

brief introduction to the phase qubit technology. The chapter ends with Sec. 1.6 which

describes the current procedure for measuring a phase qubit (in both the projective

and weak cases); this section also contains the explicit procedure for reversing a weak

measurement of known strength in this system.

4



1.2 Two-level quantum states (qubit physics)

In quantum mechanics the state of a system is described by either a wavefunc-

tion (pure states only) or by a density matrix (general state). The wavefunction of an

arbitrary (pure) two-level quantum system (qubit) can be represented as a superposition

of two basis states, in the so-called “computational” basis each level corresponds to one

basis state. In the language of quantum computing the basis states of a qubit are often

labeled “0” and “1” in analogy with a classical bit of information in computer science.

In the standard bra-ket notation, the wavefunction (usually denoted as |ψ⟩) can then

be written in the computational basis as

|ψ⟩ = α|0⟩+ β|1⟩, (1.1)

where α and β are complex-valued coefficients subject to the normalization condition

|α|2 + |β|2 = 1, and the kets |0⟩ and |1⟩ represent the computational basis states.

The wavefunction of an arbitrary (pure) two-level system can also be repre-

sented (in the computational basis) by the column vector

α|0⟩+ β|1⟩ =

α
β

 . (1.2)

In this column-vector representation unitary state-transformations are expressed using

the standard Pauli matrices 1 as

Rj(2θ) = e−ıθσj , (1.3)

where σj is the jth Pauli matrix. The right-hand side of Eq. (1.3) represents a unitary

state-transformation in the column-vector representation with parameter θ and genera-

tor σj . The left-hand side of Eq. (1.3) can be interpreted as a rotation of the so-called

1σx =

(
0 1
1 0

)
, σy =

(
0 −ı
ı 0

)
, σz =

(
1 0
0 −1

)
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Bloch vector in 3-dimensional space with corresponding angle 2θ around the j-axis [7]

(see Appendix C for more details on this interpretation). Often in this dissertation

pure qubit states will be represented by wavefunctions, while quantum operations will

be represented using matrices and described by the corresponding rotations in three-

dimensional space.

The density matrix (usually denoted by ρ) of the pure state in Eq. (1.1) is

given by the outer product |ψ⟩⟨ψ|. Using the column-vector representation the density

matrix (in the computational basis) can be written as

ρ = |α|2 |0⟩⟨0|+ αβ∗|0⟩⟨1|+ α∗β |1⟩⟨0|+ |β|2 |1⟩⟨1| =

|α|2 αβ∗

α∗β |β|2

 , (1.4)

where the normalization condition is now expressed as Tr[ρ] = 1. Notice that Tr[ρ2] = 1,

this is because ρ represents a pure state (for a mixed state Tr[ρ2] < Tr[ρ]).

Next we discuss the state representation of multiple independent qubits. The

wavefunction of a multiple independent-qubit system can be expressed as the tensor

product of the individual qubit wavefunctions. In the case of two qubits (labeled a and

b) this means |ψab⟩ = |ψa⟩⊗|ψb⟩, where |ψab⟩, |ψa⟩, and |ψb⟩ are the wavefunctions of the

combined system, qubit a, and qubit b respectively. The individual qubit wavefunctions

can be represented in the computational basis as |ψi⟩ = αi|0⟩ + βi|1⟩, where i = a, b.

The combined-system wavefunction is then

|ψab⟩ = αaαb|00⟩+ αaβb|01⟩+ βaαb|10⟩+ βaβb|11⟩. (1.5)

The four new joint states |00⟩, |01⟩, |10⟩, and |11⟩ are called the computational basis

of the two qubit Hilbert space. When the joint state |ψab⟩ cannot be decomposed into

the tensor product of two individual qubit states, the qubits are said to be entangled.

The relationship of separability and entanglement extends to systems of more than two
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qubits in a similar manner.

1.3 Characterization of quantum processes

In general, a quantum procedure is defined as the transformation of all possible

initial states to their corresponding final states after the procedure is finished, this means

one must know the evolution of an infinite number of quantum states. We can describe

such a transformation using the following mathematical expression

ρfin = ε(ρin), (1.6)

where ρin and ρfin represent the initial and corresponding final quantum states of a

system subject to the quantum operation described by the superoperator ε. If a quantum

operation is linear, then it is sufficient to know the evolution of a smaller set of quantum

states. For instance, if we use Eq. (1.4) to define the arbitrary pure initial state of a

single qubit as

ρin = |α|2 |0⟩⟨0|+ αβ∗|0⟩⟨1|+ α∗β |1⟩⟨0|+ |β|2 |1⟩⟨1|, (1.7)

then a linear quantum operation can be represented as

ε(ρin) = |α|2 ε(|0⟩⟨0|) + αβ∗ε((|0⟩⟨1|) + α∗β ε(|1⟩⟨0|) + |β|2 ε(|1⟩⟨1|). (1.8)

Thus the evolution of only four initial states fully defines a linear single-qubit quantum

operation.

To facilitate the comparison of different quantum operations, it is desirable

to describe a procedure independent of the initial and final states of the system. For

few-qubit systems this is usually done using quantum process tomography (QPT) [7],

where a given procedure is defined by a matrix (usually referred to as the χ-matrix) in a

7



chosen, fixed operator basis. [In principle QPT is applicable to systems with an arbitrary

number of qubits, but in practice the resources required to describe a process involving

more than a few qubits quickly become unmanageable.] The method of QPT is only

applicable to linear quantum operations and cannot be rigorously defined for non-linear

operations. Since most quantum operations are linear, this requirement is not usually

important; however, many procedures discussed in this dissertation require the selection

of only certain special cases (which is a non-linear operation). We will discuss this

subtlety after reviewing the technique of QPT. All procedures in this dissertation are

designed to preserve an unknown single-qubit state, we therefore only need a description

of the actual evolution of our system in order to compare it to the ideal memory operation

(identity mapping of an arbitrary density matrix into itself). After introducing the usual

definition of the χ-matrix, we introduce the different measures used in this dissertation

for comparing the similarity of the two different procedures: ideal memory operation

and the actual evolution.

In the usual definition of the χ-matrix for a single-qubit operation, the transfor-

mation defined in Eq. (1.6) is equivalently expressed using the so-called “operator-sum

representation” as [7]

ε(ρin) =
N∑
j=1

KjρinK
†
j , (1.9)

where Kj are often called the “operator elements” of the quantum operation ε; for a

trace-preserving operation

N∑
m=1

K†
mKm = 1, where 1 is the identity matrix of appropriate

dimension. These operator elements can be expressed in terms of a complete, orthonor-

mal operator basis as Kj =
4∑

m=1

cj,mEm, where the matrices Em are the elements of the

chosen basis; Eq. (1.9) can then be written as

ε(ρin) =

4∑
m,n=1

χm,nEmρinE
†
n, (1.10)
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where χm,n =
N∑
j=1

cj,mc
∗
j,n are the (complex) elements of the so-called χ-matrix (some-

times referred to as the “process matrix”).

To characterize the similarity of two quantum procedures either the quan-

tum process tomography (QPT) fidelity Fχ or the average state fidelity Fav can be

used. The QPT fidelity is usually defined as [7, 38] Fχ = Tr(χdesiredχ), where χ is

the actual process matrix and χdesired in our case corresponds to the ideal quantum

memory operation, i.e. no evolution of the qubit. The average state fidelity is [7, 38]

Fav =
∫
Tr(ρfinU0|ψin⟩⟨ψin|U †

0) d|ψin⟩, where U0 = 1 is the desired unitary operator,

ρfin = ε(ρin) is the actual mapping from the initial state to the final density matrix, and

the normalized integral is over all pure initial states |ψin⟩ using the Haar measure. For

a trace-preserving operation Fav = (Fχd+1)/(d+1), where d = 2 is the dimension of a

single-qubit Hilbert space [38]. This relation holds for many of the protocols discussed

in this dissertation; however, for some procedures (i.e. uncollapsing and QED) there

is a problem [13] in defining the QPT fidelity Fχ because the procedure is selective;

then the quantum operation for normalized states is not linear and the corresponding

(trace-preserving) χ-matrix cannot be defined rigorously. In this case we will use the

scaled fidelity

F s
av = (3Fav − 1)/2, (1.11)

as for a trace-preserving operation.

In the past the QPT fidelity has been used in experiments which involve se-

lection of certain measurement results [14, 15, 16, 39], even though strictly speaking

it is inapplicable in this case. Nevertheless, the fidelity Fχ can still be defined in the

“naive” way by using 4 standard initial qubit states to calculate χ. However, we show

in subsequent chapters that this “naive” fidelity practically coincides with the more
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rigorous definition of the average state fidelity, when converted to the same scale using

Eq. (1.11). The next section presents a simple example of these characterization and

comparison methods.

1.4 Single qubit energy relaxation

This section presents the quantitative analysis of a single qubit subject to

energy relaxation, one of the two main sources of decoherence in phase qubits. We only

consider the zero-temperature limit since the typical phase qubit frequency is ∼6 GHz,

and therefore the energy ~ω ≃ 0.3 K is much larger than the experimental temperature

of ∼50 mK. Throughout this dissertation, whenever discussing energy relaxation the

zero-temperature limit is assumed (usually it will be mentioned explicitly). In this

section we introduce notations and fidelity measures used in subsequent chapters, and

describe a simple gedanken experiment that can be used for quantum error detection.

In Ch. 2, 3, and 4 we will discuss realistic experimental protocols, suitable for phase

qubits, to suppress the effect of this undesirable evolution.

Much of our analysis in this dissertation is based on unraveling the continuous

decoherence due to energy relaxation into discrete “relaxation” and “no relaxation”

scenarios. This unraveling is quite different (and more difficult) than, for example,

unraveling pure dephasing into “phase flip” and “no phase flip” scenarios. The main

reason for the difference is that the unraveled states for energy relaxation are related to

the initial state in a non-unitary way. The fidelity measures from the previous section

are calculated in two cases: when the occurrence of relaxation events is unknown and

when they are perfectly monitored. The material present in this section is system-

independent, the physical mechanism of energy relaxation in phase qubits is described

10



in Sec. 1.5.

Zero-temperature energy relaxation can be described in the following way. Af-

ter time t an initial state |ψin⟩ = α|0⟩ + β|1⟩ becomes the density matrix (in the com-

putational basis defined in Sec. 1.2 where the upper row and left column correspond to

the ground state |0⟩)

ρfin =

|α|2 + |β|2(1− et/T1) αβ∗e−t/2T1

α∗βe−t/2T1 |β|2e−t/T1

 (1.12)

This can also be represented using the Kraus operators:

ρfin = ArρinA
†
r +AnρinA

†
n, (1.13)

Ar =

0
√
p

0 0

 , An =

1 0

0
√
1− p

 , (1.14)

where p = 1− e−t/T1 , ρin = |ψin⟩⟨ψin|, and the Kraus operators satisfy the completeness

relation A†
rAr + A†

nAn = 1. This representation has an obvious interpretation as two

scenarios of the evolution. The first term in Eq. (1.13) corresponds to qubit relaxation

into the ground state |0⟩ with probability Pr = |β|2p. The second term is the no-

relaxation scenario, which occurs with the remaining probability Pn = |α|2+|β|2(1−p) =

1− Pr and transforms the qubit into the state

|ψn⟩ =
An|ψin⟩√

Pn
=
α|0⟩+ β

√
1− p |1⟩√
Pn

. (1.15)

The non-unitary evolution |ψin⟩ → |ψn⟩ is essentially the same as for a partial collapse

due to a null-result measurement in the experiment of Ref. [40] (discussed in Sec. 1.6).

Now let us find the averaged state fidelity Fav = Tr(ρf |ψin⟩⟨ψin|) using un-

raveling into the relaxation and no-relaxation scenarios. With probability Pr the state

fidelity is Fst,r = |⟨0|ψin⟩|2 = |α|2, and with probability Pn the state fidelity is Fst,n =

11



|⟨ψn|ψin⟩|2 = (|α|2+
√
1− p|β|2)2/Pn. Therefore for an initial state |ψin⟩ the state fidelity

is

Fst = Fst,rPr + Fst,nPn (1.16)

= |α|2|β|2p+ |α|4 + (1− p)|β|4 + 2|α|2|β|2
√

1− p, (1.17)

and the average fidelity Fav = Fst can be calculated by averaging |α|4, |β|4, and |α|2|β|2

over the Bloch sphere (see Appendix C for a more detailed discussion).

Applying the averages (C.3) and (C.4) to Eq. (1.17), we obtain the average

state fidelity

Fav =
2

3
+

√
1− p

3
− p

6
. (1.18)

Actually, there is an easier way to obtain this result. Instead of averaging Fst over the

Bloch sphere, it is sufficient [38, 41] (see also Appendix D) to calculate the average

only over 6 initial states: |0⟩, |1⟩, (|0⟩ ± |1⟩)/
√
2, and (|0⟩ ± i|1⟩)/

√
2. However, in

subsequent chapters this trick does not always help, so full integration over the Bloch

sphere is preferred. Using Eq. (1.11) it is easy to convert Eq. (1.18) into the QPT

fidelity: Fχ = (1 +
√
1− p− p/2)/2. Note that for small p

Fav ≈ 1− p

3
, Fχ ≈ 1− p

2
, p ≈ t

T1
≪ 1. (1.19)

The average state fidelity (1.18) is averaged over the two scenarios. Let us now

discuss the average state fidelity in each scenario separately, having in mind a gedanken

experiment in which an emitted photon or phonon is always captured and recorded,

thus allowing us to distinguish the two scenarios. If the relaxation has happened, then

Fst,r = |α|2 and averaging this over the Bloch sphere we obtain

Fav,r = |α|2 = 1/2. (1.20)
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Similarly, for the no-relaxation scenario Fav,n = (|α|2 +
√
1− p|β|2)2/[|α|2 + (1− p)|β|2],

which can be calculated using Eqs. (C.9)–(C.11):

Fav,n =
1

2
+

√
1− p(2− p)− 2(1− p)

p2
+

(1− p)(2
√
1− p− 2 + p)

p3
ln(1− p) (1.21)

For p ≪ 1 this gives Fav,n ≈ 1 − p2/24, showing a slow, quadratic in time decrease

of fidelity in the no-relaxation scenario in contrast to the linear decrease (1.19) of the

fidelity averaged over both scenarios. Therefore our gedanken experiment could be used

for quantum error detection: if no relaxation is recorded, we know that the initial state

is well-preserved at short times.

Note that we have averaged the state fidelities Fst,r and Fst,n over the Bloch

sphere with uniform weight, as in the standard definition [7, 38] of the averaged state

fidelity. Another meaningful averaging is using weights proportional to the probabil-

ities of the corresponding scenarios. [This would correspond to an equal number of

experimental runs for each point of a uniform mesh on the Bloch sphere, as opposed to

an equal number of “successful” (i.e. selected) runs for the previous definition.] Thus

defined average fidelities are

F̃av,r = |α|2Pr/Pr = 1/3, (1.22)

F̃av,n = (|α|2 +
√

1− p|β|2)2/Pn =
2− p+

√
1− p

3− 3p/2
, (1.23)

where Pr = p/2 and Pn = 1 − p/2 are the averaged probabilities of the two scenarios.

The advantage of this definition is a natural formula for the non-selected average fidelity:

Fav = F̃av,rPr + F̃av,nPn (1.24)

[see Eq. (1.16)]. In this dissertation when discussing selected scenarios (as for QED) we

will use both ways to average over the Bloch sphere. Note that F̃av,n ≈ 1 − p2/24 for

p ≪ 1, which is the same as for Fav,n (F̃av,n and Fav,n are practically indistinguishable

13



for p . 1/2), indicating that the difference between the two definitions is not very

significant in the cases that are of most interest for this dissertation.

1.5 Superconducting flux-biased phase qubits

This section is a very brief and cursory introduction to superconducting phase

qubits. For a more extensive description of phase qubit technology the reader is referred

to the large body of existing literature [1, 14, 40, 42, 43, 44, 45, 46]. For our purposes

it is sufficient to know the structure of the quantized states that will serve as the two-

level system (qubit), available control, and measurement technique. First, the potential

energy landscape is obtained from the circuit diagram of the flux-biased phase qubit.

Then, we describe the basic idea of how the qubit state is controlled. Discussion of

phase qubit measurement is reserved for the next section.

A circuit diagram illustrating the physical device used to create a flux-biased

phase qubit is shown in Fig. 1.1. The potential energy of the system can be written,

using Kirchoff’s law and Josephson’s equations, as

U(δ) = EJ

[
(δ − ϕ)2

2λ
− cos δ

]
, (1.25)

where EJ = Φ0I0/2π is the Josephson energy, λ = 2πI0L/Φ0 is the dimensionless

inductance, ϕ = 2πΦ/Φ0 is the dimensionless external magnetic flux, I0 is the critical

current, and L is the inductance. This potential energy landscape is shown in Fig. 1.2.

When operated near the critical current, the system can be modeled effectively as a

two-well system with various numbers of quantized states in each well. When operated

as a qubit, one well is kept “shallow” (3-5 levels), while the other is “deep” (100-500

levels). Within the “shallow” well, the lowest two energy eigenstates are used as the

qubit basis states. These two states are referred to as the ground and first excited states
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Figure 1.1: Circuit diagram for flux-biased phase qubit, where δ is the phase difference
across the Josephson junction, Φ is the external flux applied through the inductor-
junction loop, Ibias is the bias current used to apply the flux, L is the inductance of the
loop, and I0 is the critical current. The potential energy of this circuit is shown in Fig.
1.2(a) and the states which are used to create the phase qubit are shown in Fig. 1.2(b)

and are represented by wavefunctions |0⟩ and |1⟩ respectively.

Control of the qubit state is achieved by sending high-frequency pulses through

the bias line in Fig. 1.1. The “shallow” well is approximated as a “cubic” potential (a

parabola with a cubic anharmonicity), which means that the energy eigenstates are not

equidistant as would be the case for a parabolic potential (i.e. the standard quantum

harmonic oscillator). Therefore, pulses that are resonant with the energy difference

between the two qubit basis states create coherent oscillations without populating higher

levels (this is simply the usual Rabi oscillation of a driven two-level quantum system).

By varying the amplitude and relative phase of the applied pulses any unitary operation

can be performed on the qubit state. Only the existence, not the detailed mechanism,

of this control is needed for the material presented in this dissertation. Subsequent

chapters discuss only unitary operations on general qubit states (as was presented in

Sec. 1.2 and is standard in the language of quantum computation). The validity and

characterization of these single qubit controls has been well studied [42, 43].

For the phase qubit, zero-temperature energy relaxation is when an excited

(or partially excited) qubit loses energy to its environment and eventually settles into

the ground state. In a finite-temperature system, energy relaxation also includes the

15



U

∆

aL U

∆

bL

I~I0

È0\

È1\

Figure 1.2: Representative plot of the potential energy as a function of the phase differ-
ence across the Josephson junction U(δ) of the flux-biased phase qubit circuit (shown
in Fig. 1.1). a) The potential energy of the phase qubit circuit is essentially a parabola
modulated by a cosine curve [see Eq. (1.25)]. b) When operated near the critical current
of the Josephson junction (I ∼ I0) the lowest two energy levels of the “shallow” well
form the basis states (labeled |0⟩ and |1⟩) of the phase qubit.

possibility of stray energy leaking into the qubit system and exciting its state; however,

as was mentioned in the previous section, the typical phase qubit frequency is ∼6 GHz,

and therefore the energy ~ω ≃ 0.3 K is much larger than the experimental temperature

of ∼50 mK. For this reason we only consider zero-temperature energy relaxation. Recall

from Sec. 1.4 that after time t the evolution of a density matrix subject to energy

relaxation is given byρ00 ρ01

ρ10 ρ11

 →

ρ00 + ρ11(1− et/T1) ρ01 e
−t/2T1

ρ10 e
−t/2T1 ρ11 e

−t/T1

 . (1.26)

where T1 is the characteristic relaxation time. Current relaxation times in experiments

with phase qubits are T1 ∼ 500 ns [14, 43].

As can be seen from Eq. (1.26) energy relaxation includes a certain amount

of dephasing (exponential decay of the off-diagonal density matrix elements), there are

two other sources of pure dephasing in the phase qubit. [The adjective “pure” signifies
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that there is decay of only the off-diagonal density matrix elements.] In the language of

density matrices this can be represented asρ00 ρ01

ρ10 ρ11

 →

 ρ00 ρ01 e
−t/Tϕ

ρ10 e
−t/Tϕ ρ11

 , (1.27)

where Tϕ is the characteristic dephasing time of the decoherence process. This type

of pure dephasing arises from the fast “jitter” of the energy level of state |1⟩ during a

single experimental run. [Another type of dephasing with a gaussian decay is caused by

the slow variation of the energy level during the many repeated experiments which are

necessary for quantum state (or process) tomography [7].] Current dephasing times for

phase qubits are Tϕ ∼ 400 ns [14, 43]. [In the RezQu architecture [44, 45] , the qubit

information is often stored in microwave resonators where pure dephasing is practically

absent T res
ϕ = ∞, and therefore T res

2 = 2T res
1 .] We mainly focus on suppression tech-

niques for the energy relaxation (although we briefly mention a quantum error detection

procedure for pure dephasing in Ch. 4). Pure dephasing is included in all numerical

simulations of proposed phase qubit experiments in Ch. 2 and 4.

In order to couple two phase qubits, their respective circuits are usually con-

nected by a capacitive or inductive element. In Ch. 3 and 4 the usual capacitive coupling

is assumed (as in previous experiments [42, 43, 46] and in the current RezQu architec-

ture [44, 45]). For these chapters it is sufficient to know that the ZZ-type interaction of

capacitive coupling gives rise to a natural entangling operation [43, 44, 45, 46] called a

controlled-phase gate in the language of quantum computing [7]. A more sophisticated

tunable inductive coupling is discussed in Ch. 5, where it is needed for the analyzed

flying qubit protocol.
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1.6 Measurement of phase qubits

In this section we discuss the three topics relating to the measurement of phase

qubits: the technique used to perform a standard projective measurement, the procedure

for performing a weak measurement, and the uncollapsing procedure for reversing a

weak measurement of known strength. In general, low frequency pulses applied via the

flux bias in Fig. 1.1 will lower the potential barrier between the two wells and allow a

previously trapped excitation in one well to tunnel into the other well; this process is

currently how measurement is performed. A schematic for the measurement of a phase

qubit appears in Fig. 1.3. When an excitation in an energy eigenstate of the shallow

well tunnels into the deeper well, it will quickly relax into a state with energy below that

which is needed to return to the shallow well. This tunneling corresponds to a change in

the superconducting phase across the Josephson junction (horizontal axis in Fig. 1.3),

this change in phase causes a change in the flux through the qubit circuit. The new flux

is detected using a standard SQUID (superconducting interference device) [47].

The tunneling process is described by the probability of jumping from eigen-

state |i⟩ after time t, which is given by

P
(i)
T (t) = 1− e−Γit, (1.28)

where Γi is the tunneling rate for state |i⟩. [The tunneling process for state |1⟩ is

illustrated in Fig. 1.3.] Since the barrier is smaller for higher energy levels, the tunneling

rate is larger for these states. During normal operation (no measurement), the well must

be kept deep so the states used for qubit operations will not tunnel. This increase in

depth comes at the cost of decreased anharmonicity (which is necessary to isolate the

qubit basis states for coherent control – see the previous section).

In order to projectively measure the qubit state, a low frequency pulse decreases
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Figure 1.3: In order to measure the phase qubit, the well containing the basis states
is “tilted”, which allows state |1⟩ to tunnel with rate Γ1. a) The probability of state

|1⟩ tunneling after time t is P
(1)
T (t) = 1− e−Γ1t. b) After state |1⟩ tunnels through the

potential barrier it quickly relaxes into the deeper well.

the shallow well depth for a time t such that state |1⟩ tunnels with certainty (Γ1t≫ 1),

while state |0⟩ still cannot tunnel (Γ0t = 0). If both conditions are met and a tunneling

event is detected, then it is known that the excitation must have spent its last moment

in state |1⟩ before tunneling (and thus leaving the qubit Hilbert space). If tunneling is

not detected, then the qubit is projected onto state |0⟩. In reality the tunneling rate

of state |0⟩ is not exactly zero, Γ0t ≪ 1, but this is negligible when compared to other

errors in the protocols discussed in this dissertation.

A partial (weak) measurement is possible using this setup when Γ1t ≈ 1 and

no tunneling event is detected (null-result). After such a measurement, of duration t, a

qubit initially in the state α|0⟩+ β|1⟩ will evolve as [15, 40, 48]

α|0⟩+ β|1⟩ → α|0⟩+ β
√
1− p |1⟩√

|α|2 + |β|2(1− p)
, (1.29)

where p = P
(1)
T = 1−e−Γ1t is the probability of tunneling from state |1⟩. The parameter

p is referred to as the “measurement strength” since the two limits p→ 0 and p→ 1 rep-
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resent no-measurement and full projective measurement respectively. Renormalization

is required since only null-result measurements are considered. It is natural to dis-

card cases when tunneling is detected since this corresponds to a destructive projective

measurement of state |1⟩ (the system is no longer in the qubit Hilbert space).

After a weak measurement of known strength p has been performed, the non-

unitary evolution of Eq. (1.29) can (surprisingly) be reversed, unlike the irreversible

“textbook” collapse after a projective measurement. This reversal is accomplished by

applying the following operations: swapping the states |0⟩ and |1⟩, applying another

weak measurement of the same strength as the first (in this case p), and finally swapping

the states once more. Swapping the two qubit basis states can be accomplished by

applying the specific unitary rotation Rx(π) from Sec. 1.2; this operation is referred to

as a π-pulse in the language of phase qubits or X-gate 2 in the language of quantum

computing. The state after the first weak measurement and π-pulse is

β
√
1− p |0⟩+ α|1⟩√

|α|2 + |β|2(1− p)
. (1.30)

If tunneling does not occur during the second measurement (which happens with prob-

ability Pnt = |α|2 + |β|2(1− p)) then the qubit state after this step is

β
√
1− p |0⟩+ α

√
1− p |1⟩√

|α|2(1− p) + |β|2(1− p)
. (1.31)

After canceling the factor of
√
1− p and using the normalization condition of the initial

state (|α|2 + |β|2 = 1), Eq. (1.31) becomes β|0⟩+ α|1⟩. Clearly, the second π-pulse will

return the qubit to its original superposition.

2Actually there is a (usually) insignificant phase difference between the usual definition of a π-pulse
and the Pauli X-gate, Rx(π) = −iX
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Chapter 2

Decoherence Suppression via

Weak Measurement Reversal

2.1 Introduction

In this chapter we present a procedure (similar to the usual quantum uncol-

lapsing) which probabilistically suppresses qubit decoherence due to zero-temperature

energy relaxation. As was introduced in Sec. 1.6, uncollapsing is a probabilistic rever-

sal [2] of a partial quantum measurement by another measurement with an “exactly

contradicting” result, so that the total classical information is zeroed, thus making it

possible to restore any initial quantum state. If the second measurement gives this de-

sired result, the initial state is recovered, while if the measurement result is different, the

uncollapsing attempt is unsuccessful. The probability of success (selection) decreases

with increasing strength of the first measurement, so that uncollapsing has zero proba-

bility for the traditional projective measurement. Perfect uncollapsing requires an ideal

(quantum-efficient) detector.

From Sec. 1.5 recall that the logic states of the phase qubit are represented by
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the two lowest energy levels in a quantum well, separated by ∼ 25 µeV, and energy re-

laxation presents the major decoherence process, often nearly dominating in comparison

with pure dephasing [43]. The experimental temperature of ∼ 50 mK in this system es-

sentially corresponds to the zero-temperature limit. This is exactly the regime in which

uncollapsing can be used to suppress qubit decoherence (a similar zero-temperature

regime with negligible pure dephasing is realized in transmon qubits [49]).

2.2 Ideal procedure

In order to protect the qubit from zero-temperature energy relaxation, we

first apply a partial quantum measurement (Fig. 2.1), which moves the qubit state

towards the ground state in a coherent but non-unitary way (Sec. 1.6). Then after

the storage period we apply the uncollapsing procedure (for the phase qubit consisting

of a π-pulse, second partial measurement, and one more π-pulse), which restores the

initial qubit state. The procedure is probabilistic, since it selects only specific results of

both measurements. (In this respect it is similar to linear optics quantum computing

[50], which also relies on specific measurement results.) If an energy relaxation event

happens during the storage period, then such a case will be preferentially rejected at the

selection of the second measurement result. However, there is a trade-off: by increasing

the strength of measurements we obtain stronger decoherence suppression, but decrease

the selection probability.

To analyze the procedure quantitatively we will use the techniques introduced

in Ch. 1. Let us assume that the initial state of the qubit in the rotating frame is

|ψin⟩ = α|0⟩ + β|1⟩. The partial measurement is performed in the standard for the

phase qubit way (see Sec. 1.6), by allowing state |1⟩ to tunnel out of the quantum well
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Figure 2.1: Illustration of the uncollapsing sequence used to suppress energy relaxation
in a superconducting phase qubit: partial measurement with strength p, relatively long
“storage” period, π-pulse, second measurement with strength pu, and π-pulse. The line
illustrates evolution of the element ρ11 of the qubit density matrix, other density matrix
elements are similarly restored. We select only null-result cases for both measurements.

with the probability p, while state |0⟩ cannot tunnel out 1. In the null-result case of no

tunneling the qubit state becomes 2

|ψ1⟩ = α1|0⟩+ β1|1⟩ =
α|0⟩+ β

√
1− p |1⟩√

|α|2 + |β|2(1− p)
, (2.1)

and the probability of no tunneling is P1 = |α|2 + |β|2(1− p).

After the storage period τ the qubit state is no longer pure because of (zero-

temperature) energy relaxation with the rate Γ = 1/T1. However, it is technically easier

for us to “unravel” this process into “jump” and “no jump” scenarios, and work with

pure states (this is a purely mathematical trick, which does not assume any jumps in

reality – see Sec. 1.4). So, we can think that after the storage time τ the qubit jumps

into the state |0⟩ with the total probability P
|0⟩
2 = P1|β1|2(1 − e−Γτ ), while it ends up

in the state

|ψ2⟩ = α2|0⟩+ β2|1⟩ =
α|0⟩+ β

√
1− p e−Γτ/2|1⟩√

|α|2 + |β|2(1− p) e−Γτ
(2.2)

1In phase qubits, there is a chance that state |0⟩ will tunnel during the measurement procedure, but
this is a small effect and does not significantly change the efficiency of the procedure presented in this
chapter.

2In real experiments with phase qubits [40] the partial measurement leads to an additional phase
shift between states |0⟩ and |1⟩. We neglect it in Eq. (2.1) because it can be easily compensated and
sometimes cancels out automatically [14, 17].
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with “no jump” probability

P nj
2 = |α|2 + |β|2(1− p) e−Γτ . (2.3)

Notice that we made the Bayesian-like update [48] of the qubit state |ψ2⟩ in the “no

energy jump” scenario (see Sec. 1.4); such update must be done even when the jump

is not monitored, as can be easily checked by comparing the resulting density matrices.

Also notice that the denominator in Eq. (2.2) is (P nj
2 )1/2, as expected from the general

theory of quantum measurement [7].

After applying the π-pulse the qubit state becomes either |1⟩ or α3|0⟩+β3|1⟩ =

α2|1⟩ + β2|0⟩ with the same probabilities P
|0⟩
2 and P nj

2 . Then after the second (uncol-

lapsing) measurement with strength pu, in the no-tunneling case the qubit remains in

the state |1⟩ with the total probability P
|1⟩
4 = P

|0⟩
2 (1− pu), while its state becomes

α4|0⟩+ β4|1⟩ =
β
√
1− p e−Γτ/2|0⟩+ α

√
1− pu |1⟩√

|α|2(1− pu) + |β|2(1− p) e−Γτ
(2.4)

with probability P nj
4 = |α|2(1 − pu) + |β|2(1 − p) e−Γτ . Finally, the second π-pulse

produces either the state |0⟩ with probability P
|0⟩
f = P

|1⟩
4 or the final state

|ψf ⟩ = β4|0⟩+ α4|1⟩ (2.5)

with probability P nj
f = P nj

4 .

It is easy to see that in the “no jump” scenario the best (exact) restoration of

the initial state is when

pu = 1− e−Γτ (1− p), (2.6)

and in this case the final state is

|ψf ⟩ = |ψin⟩ with probability P nj
f = (1− p) e−Γτ , (2.7)

|ψf ⟩ = |0⟩ with P
|0⟩
f = |β|2(1− p)2e−Γτ (1− e−Γτ ). (2.8)
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In the language of density matrices this means that both measurements produce null

results (no tunneling) with the selection probability Pf = P nj
f +P

|0⟩
f , and in such a case

the final qubit state is

ρf =
(
P nj
f |ψin⟩⟨ψin|+ P

|0⟩
f |0⟩⟨0|

)
/(P nj

f + P
|0⟩
f ). (2.9)

An important observation is that the “good” probability P nj
f scales as 1 − p

with the measurement strength p, while the “bad” probability P
|0⟩
f scales as (1 − p)2.

Therefore, choosing p close to 1, we can make the final qubit state arbitrarily close to the

initial state, even in the presence of a significant decoherence due to energy relaxation

(Γτ & 1). This is the main result of this chapter.

It is tempting to say that the decoherence is suppressed because the storage

state is close to the ground state, where the energy relaxation is naturally suppressed.

However, a better explanation of the effect is that for the basis state |0⟩ the energy

relaxation is absent by itself, while for the basis state |1⟩ the mechanism is the following:

the first measurement keeps it as |1⟩, but if the state jumps down to |0⟩ during the storage

period, then most likely there will be tunneling during the second measurement, and

therefore such events will be eliminated by the selection of only null-result cases.

2.3 Results for the ideal procedure

The state fidelity Fst = Tr(ρf |ψin⟩⟨ψin|) between the desired unevolved state

|ψin⟩ and the actual state ρf given by Eq. (2.9) is Fst = 1 − |β|2P |0⟩
f /Pf . In order to

average Fst over the initial state we use the integration result

|β|4
A+B|β|2

=
1

2B
− A

B2
+
A2

B3
ln(1 +

B

A
), (2.10)
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where the overline denotes averaging over the Bloch sphere (see Appendix C). Using

A = 1 and B = (1− p)(1− e−Γτ ) [see Eqs. (2.7)–(2.9), the common factor (1− p)e−Γτ

is canceled], we thus find

Fav =
1

2
+

1

C
− ln(1 + C)

C2
, C = (1− p)(1− e−Γτ ), (2.11)

and the corresponding scaled fidelity F s
av = (3Fav−1)/2 – see Eq. (1.11). It is important

to notice that while the fidelity F s
av increases with the measurement strength p, this

happens for the price of decreasing the average selection probability Pf = (1−p)e−Γτ (1+

C/2). In particular, for p→ 1 we have F s
av → 1, but Pf → 0.

Recall from Sec. 1.3 that in experiments the one-qubit process fidelity Fχ is

usually defined by starting with four specific initial states: |0⟩, |1⟩, (|0⟩ + |1⟩)/
√
2,

and (|0⟩ + i|1⟩)/
√
2, measuring the corresponding final states ρf , then calculating the

χ-matrix, and finally obtaining Fχ. Even for a non-linear quantum operation this is

a well-defined procedure (just the result may depend on the choice of the four initial

states), so it is meaningful to calculate Fχ defined in this (naive) way. It is obvious

that such defined Fχ coincides with the usual Fχ for a linear trace-preserving operation,

which gives the same final states for the four chosen initial states. Next, we use the fact

[38](see also Appendix D) that the average fidelity Fav for this “substitute” operation is

equal to Fst averaged over only 6 initial states: |0⟩, |1⟩, (|0⟩±|1⟩)/
√
2, and (|0⟩±i|1⟩)/

√
2.

Since in our case Fst given by Eq. (1.17) is phase-insensitive, we get Fav = [Fst(|0⟩) +

Fst(|1⟩) + 4Fst(
|0⟩+|1⟩√

2
)]/6, which gives

Fav =
1

6
+

1

6(1 + C)
+

4 + C

3(2 + C)
. (2.12)

Then the “naive” fidelity is simply Fχ = (3Fav − 1)/2.

The efficiency of the energy relaxation suppression by uncollapsing is illustrated
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Figure 2.2: Fidelity of the quantum state storage using uncollapsing, as a function of
the first measurement strength p for e−Γτ = 0.3. Thick lines show F s

av, while thin lines
(practically indistinguishable from thick lines) show Fχ. Solid and dashed lines are for
two choices of the second measurement strength pu. The horizontal dotted line indicates
fidelity without uncollapsing.

in Fig. 2.2 by plotting (solid lines) the scaled average fidelity F s
av and the “naive” fidelity

Fχ as functions of the measurement strength p for a quite significant energy relaxation:

e−Γt = 0.3. Notice that F s
av and Fχ are practically indistinguishable (within thickness

of the lines), despite different functional dependencies in Eqs. (2.11) and (2.12). Also

notice that even for p = 0 the fidelities differ from the fidelity without uncollapsing

(Fχ = 1/2 + e−Γτ/4 + e−Γτ/2/2 ≈ 0.6), shown by the dotted line in Fig. 2.2. This

is because we assumed pu = 1 − e−Γτ (1 − p), so pu ̸= 0 even for p = 0, and the

second measurement improves the fidelity. If we choose pu = p (dashed lines) as in

the standard uncollapsing [14, 2], then the case p = 0 is equivalent to the absence of

any suppression procedure. [The dashed lines are calculated in a similar way, assuming

pu = p in Eq. (2.4).] It is interesting to notice that if we numerically maximize the

fidelity F s
av by optimizing over pu, then we can get larger F s

av (for the same p) than in

the case pu = 1 − e−Γτ (1 − p); however, this will decrease the selection probability Pf ,

and for the same Pf such optimization slightly decreases F s
av.
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2.4 Non-ideal procedure

So far we assumed that the energy relaxation happens only during the storage

period, while there is no decoherence during the uncollapsing procedure (measurements

and π-pulses). Even though this assumption is justified since the storage period for a

quantum memory is supposed to be relatively long, let us take a step closer to reality

and take into account energy relaxation during all durations illustrated by horizontal

lines in Fig. 1 (except the last one, which is after the procedure is finished). The energy

relaxation (still zero-temperature) will be characterized by parameters κi = exp(−Γτi),

i = 1–4, where τ1 is the duration before the first measurement, τ2 = τ is the storage

period, τ3 is the duration between the first π-pulse and second measurement, and τ4 is

between the second measurement and second π-pulse (the measurements and π-pulses

are still assumed ideal). Using the same derivation as above and selecting only the

null-result cases for both measurements, we can show that for the initial state |ψin⟩ =

α|0⟩+ β|1⟩ the final state can be unraveled (into three scenarios) as

|ψnj
f ⟩ =

α
√
κ3κ4(1− pu)|0⟩+ β

√
κ1κ2(1− p)|1⟩

(P nj
f )1/2

(2.13)

with the “no jump” probability

P nj
f = |α|2κ3κ4(1− pu) + |β|2κ1κ2(1− p), (2.14)

the state

|ψf ⟩ = |0⟩ (2.15)

with probability

P
|0⟩
f = |α|2[1− κ3 + κ3(1− pu)(1− κ4)]

+ |β|2[1− κ1 + κ1(1− p)(1− κ2)][1− κ3 + κ3(1− pu)(1− κ4)], (2.16)
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and also

|ψf ⟩ = |1⟩ (2.17)

with probability

P
|1⟩
f = |β|2[1− κ1 + κ1(1− p)(1− κ2)]κ3(1− pu)κ4] (2.18)

(all terms in these formulas have rather obvious physical meaning). The actual density

matrix is then

ρf = (P nj
f |ψnj

f ⟩⟨ψnj
f |+ P

|0⟩
f |0⟩⟨0|+ P

|1⟩
f |1⟩⟨1|)/(P nj

f + P
|0⟩
f + P

|1⟩
f ) (2.19)

and the selection probability is

Pf = P nj
f + P

|0⟩
f + P

|1⟩
f . (2.20)

It is also rather simple to take into account the additional decoherence due to the pure

dephasing with rate Γφ. It can be shown that the only change will be the pure dephasing

of the state (2.13) with the factor κφ = exp(−Γφ
∑4

i=1 τi).

The state fidelity can then be calculated in a straightforward way, and the

averaging over the initial state can be performed as above using the integration result

(2.10) and similar result

|α|4/(A+B|β|2) = −(3/2B)− (A/B2) + (1/B)(1 +B/A)2 ln(1 +B/A) (2.21)

(see Appendix C). The final result for the scaled average fidelity F s
av is analytical, but

rather lengthy (as well as for Fχ and Pf ).

Solid lines in Fig. 2.3 show the p-dependence of the fidelities F s
av and Fχ (they

are still indistinguishable, being within the thickness of the line), for which we choose

pu from the equation

κ3κ4(1− pu) = κ1κ2(1− p) (2.22)
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Figure 2.3: Solid lines: fidelities F s
av and Fχ of the state storage (still practically in-

distinguishable from each other), taking into account the energy relaxation and pure
dephasing during all parts of the uncollapsing procedure, for several sets of parame-
ters (see text). Dashed lines: corresponding selection probabilities Pf (reverse order of
curves). Dotted lines: corresponding fidelities without uncollapsing (p = pu = 0).

which comes from Eq. (2.13) and generalizes the equation 1 − pu = e−Γτ (1 − p) from

the previous section. For all solid lines we assume k2 = 0.3. The upper line is for the

ideal case κ1 = κ3 = κ4 = κφ = 1 (so it is the same as in Fig. 2.2). For all other lines

κφ = 0.95, while κ1 = κ3 = κ4 = 1, 0.999, 0.99, 0.9 (from top to bottom). Dotted lines

show corresponding fidelities in the absence of uncollapsing (p = pu = 0; then

F s
av = Fχ = 1/4 + κE/4 + κφ

√
κE/2, (2.23)

where κE = κ1κ2κ3κ4). The dashed lines show the average selection probability Pf of

the procedure; these lines go in the opposite sequence (from bottom to top) compared

to the solid and dotted lines.

As we see from Fig. 2.3, the uncollapsing essentially does not affect decoherence

due to pure dephasing (κφ). Energy relaxation during the elements of the procedure
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(κ1, κ3, κ4) has a less trivial effect: for small p it just reduces the fidelity, while for

p → 1 it causes the fidelity to drop down to 0.25 (this value corresponds to complete

decoherence). The fidelity decrease is mainly affected by κ3). Notice that the lowest solid

line does not show a noticeable increase of the fidelity (with increasing p) before it starts

to decrease. This behavior is similar to the results of the uncollapsing experiment [14],

in which the “storage” time between the first measurement and π-pulse was not longer

than other durations. Changing the experimental protocol of [14] by relative increase

of the storage time, we would expect to observe an initial increase of the fidelity (with

increasing p), thus confirming that uncollapsing can suppress decoherence. Notice

that all solid lines in Fig. 2.3 are significantly above the standard fidelity (dotted lines,

p = pu = 0) for moderate measurement strength p. Significant increase of the fidelity

is especially remarkable in view of the fact [11] that arbitrary Hamiltonian evolution

cannot even slightly improve the fidelity in our case. So, the uncollapsing (which involves

selection of certain measurement results) is the only known to us way of improving the

qubit storage fidelity against energy relaxation, which does not rely on encoding a logical

qubit in a larger Hilbert space.

Our idea also works for entangled qubits. Suppose now that the qubit is

entangled with other qubits, which do not decohere. Parameterizing initial state as

α|0⟩|ψ0⟩ + β|1⟩|ψ1⟩, it is easy to show that Eq. (2.13) changes only trivially, and the

contribution to the state fidelity from the “no jump” scenario does not change at all,

while several terms in the contribution from |0⟩ and |1⟩ will be multiplied by |⟨ψ0|ψ1⟩|2.

Therefore, the results of this procedure do not change qualitatively for entangled qubits,

though they change quantitatively.
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Chapter 3

Repetitive quantum codes in the

presence of energy relaxation

3.1 Introduction

In this chapter repetitive coding is analyzed in the presence of energy relax-

ation. Normally the three-qubit repetitive code is used to protect against a bit-flip

(π-pulse) of any one of the three qubits (see Appendix B for a description of this usual

implementation). If multiple errors happen much less frequently than single errors, then

this code will indefinitely protect an arbitrary qubit state from bit-flip errors (by quick

repetition relative to the rate of multiple errors). The purpose of the work in this chapter

is to determine if repetitive coding can efficiently be used to protect a qubit from energy

relaxation. It is shown that repetitive codes can be used for quantum error detection

(QED), but cannot be used for the usual quantum error correction (QEC). QED is a

selective process ideologically similar to the probabilistic decoherence suppression of Ch.

2, but requiring a larger Hilbert space.

Again we focus on decoherence suppression for superconducting phase qubits.
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In the past, pure dephasing was by far the dominant source of decoherence in this sys-

tem, and QEC protecting against pure dephasing would be most important. An example

of such a procedure was considered theoretically in Ref. [51]. The idea was to use the

standard 3-qubit repetitive code, which protects from bit flips (i.e. X-rotations). By

using additional Hadamard gates for each physical qubit, the X-rotations are converted

into Z-rotations, and therefore the same code can be used to protect against pure de-

phasing. In the language of quantum computing this is simply the standard phase-flip

code [7].

In recent years, pure dephasing in superconducting qubits was significantly

reduced by various technological advances [43, 31, 32, 33], and now energy relaxation

is becoming most important. In particular, when quantum information is stored in

a superconducting resonator [52, 44], pure dephasing is negligible in comparison with

energy relaxation. This is why we focus on the operation of repetitive N -qubit quantum

codes in the presence of energy relaxation. Repetitive codes are chosen because of their

relative simplicity in the encoding and decoding (unfortunately, the standard 5-qubit or

7-qubit stabilizer codes [3, 5, 4, 6, 7, 53] are not feasible for superconducting qubits in

the near future). To reduce the number of qubits in a procedure we use the standard

compact scheme [19, 51], in which the ancilla qubits used for encoding are also used for

the error syndrome measurement. As a reminder, we assume that the energy relaxation

happens at zero temperature, which is essentially the case for superconducting phase

qubits, since the typical qubit frequency is ∼6 GHz, and therefore the energy ~ω ≃ 0.3

K is much larger than the experimental temperature of ∼50 mK.

Even though energy relaxation may look similar to a bit-flip, it actually can be

thought of as a combination of two quantum errors: bit-flip and bit-phase-flip (which

correspond to X-rotation and Y -rotation). This is the reason why, as we show later
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explicitly, repetitive codes do not work for QEC against energy relaxation. However,

these codes can be efficiently used for quantum error detection (QED). In QED we detect

that an error happened but cannot restore the undamaged quantum state (in particular,

the QED idea was implemented in Ref. [54] for phase errors in liquid-state NMR and

has been recently investigated in Ref. [28] for detecting photon erasures). Even though

QED is of much more limited use than QEC, it is still an interesting procedure, and

experimentally can be considered as a first step towards full QEC. We show that for

QED against energy relaxation it is sufficient to use 2-qubit encoding and that there is

not much benefit to use more qubits, unless a somewhat more sophisticated procedure

is used.

3.2 General procedure

The procedure for repetitive N -qubit encoding in the presence of (Markovian)

zero-temperature energy relaxation is shown in Fig. 3.1. The goal is to preserve an

arbitrary initial state

|ψin⟩ = α|0⟩+ β|1⟩ (3.1)

of the main (upper) qubit, where |0⟩ is the ground state and |1⟩ is the excited state.

In this chapter we consider only preservation of the initial state (“memory” operation),

so in discussing the fidelity of a procedure we always imply comparison with the ideal

memory operation.

The encoding in Fig. 3.1 is performed with N − 1 controlled-NOT (CNOT)

gates, acting on N − 1 ancilla qubits, which all start in the state |0⟩. This produces the

N -qubit wavefunction α|0N ⟩+ β|1N ⟩, where the notation |xN ⟩ represents the product-

state of N qubits, all being in the state x (see Sec. 1.2). After the encoding, all qubits
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Figure 3.1: N -qubit repetitive coding algorithm with one control qubit initially contain-
ing the quantum information. The controlled-X block represents CNOT gates from the

main qubit to each ancilla qubit individually. T
(i)
1 represents energy relaxation of the

ith qubit (i = 1 for the main qubit, i ≥ 2 for ancilla qubits).

are subjected to decoherence due to zero-temperature energy relaxation with relaxation

time T
(i)
1 for the ith qubit, i = 1, 2, . . . N . We will mostly consider the case when the

decoherence is the same for all qubits, T
(i)
1 = T1. After the decoherence during time t,

the logic state is decoded by using N − 1 CNOT gates in the same way as was done for

the encoding, and all N − 1 ancilla qubits are measured in the computational basis. In

the absence of decoherence (t = 0) the state after decoding is (α|0⟩ + β|1⟩) |0N−1⟩, so

that the initial state of the main qubit is restored and the measurement results for all

ancillas are 0. The decoherence disturbs the final state, which probabilistically changes

the measurement results and corresponding final state of the main qubit.

Even when the measurement result is all N −1 zeros (for which we will use the

bold-font notation 0), the state of the main qubit is not exactly |ψin⟩; however, we will

see that it is close to |ψin⟩. A measurement result different from 0 indicates an error.

There are three ways to handle this situation. First, the measurement result can be sim-

ply ignored; in this case there is obviously no benefit from using the encoding/decoding

procedure. Second, we can reject such cases and keep only realizations with the mea-
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surement result 0; we will refer to this selective procedure as quantum error detection.

Third, we can apply a quantum operation to the main qubit to make its state closer to

|ψin⟩. This operation will depend on the measurement result, and the procedure is then

quantum error correction.

For simplicity in this section we neglect decoherence (and other imperfections)

during encoding, decoding, and measurement; it will be taken into account in the next

chapter when we will discuss realistic experiments with phase qubits. As was discussed

in Sec. 1.3, to characterize the efficiency of a procedure either the quantum process

tomography (QPT) fidelity Fχ or the average state fidelity Fav can be used – we mainly

consider the latter.

3.3 Two-qubit encoding

Let us use the procedure of Fig. 3.1 with only one ancilla qubit. The encoded

state is then α|00⟩+β|11⟩. The state evolution due to energy relaxation can be unraveled

into four scenarios: no relaxation, relaxation in either the first (main) or second (ancilla)

qubit, and relaxation in both qubits. The corresponding wavefunctions and probabilities

after time t of energy relaxation are

α|00⟩+ β
√
1− p1

√
1− p2|11⟩√

Pnn
,

prob. Pnn = |α|2 + |β|2 (1− p1)(1− p2),

|01⟩, prob. Prn = |β|2 p1(1− p2),

|10⟩, prob. Pnr = |β|2 (1− p1)p2,

|00⟩, prob. Prr = |β|2 p1p2,

(3.2)

where

p1 = 1− e−t/T
(1)
1 , p2 = 1− e−t/T

(2)
1 (3.3)
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are the single-qubit probabilities of relaxation from the excited state |1⟩. This simple

unraveling is possible because the energy relaxation occurs only in component |11⟩ of

the superposition, and in this component the qubits are unentangled. This is why the

probabilities of the scenarios are the simple products of individual probabilities. The

validity of Eq. (3.2) can also be checked by considering particular time moments at

which the relaxation events happen and integrating over these moments; this is a more

direct but more cumbersome way.

After the decoding procedure consisting of one CNOT operation, the two-qubit

state is a product-state in all four scenarios:

α|0⟩+ β
√
1− p1

√
1− p2|1⟩√

Pnn
⊗ |0⟩, prob. Pnn,

|01⟩, prob. Prn,

|11⟩, prob. Pnr,

|00⟩, prob. Prr,

(3.4)

with a definite result of the ancilla qubit measurement in each scenario. The state of

the main qubit is different from the initial state |ψin⟩ in all four scenarios, and the

corresponding state fidelities are [|α|2 + |β|2
√
1− p1

√
1− p2]

2/Pnn, |α|2, |β|2, and |α|2.

As discussed in the previous section, we consider three ways to proceed: ignore

the measurement result, select only result 0, or try to correct the main qubit state. If

the measurement result is ignored, then all four scenarios are added up and the average

fidelity is

F ign
av = [|α|2 + |β|2

√
1− p1

√
1− p2]2

+|α|2Prn + |β|2Pnr + |α|2Prr, (3.5)

where the averaging is over the Bloch sphere (see Sec. 1.3 or Appendices C and B for

more information). Using the formulas for the probabilities from Eq. (3.2) and the
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averages |α|2, |β|2, |α|4, |β|4, and |α|2|β|2 from Eqs. (C.3)–(C.5), we obtain

F ign
av =

2

3
+

√
(1− p1)(1− p2)

3
− p1

6
(3.6)

For small p1,2 (at short time t) it is F ign
av ≈ 1 − p1/3 − p2/6, and it is obviously worse

than the case without encoding/decoding of the main qubit – see Eqs. (1.18) and (1.19).

Note that Eq. (3.6) can also be obtained by averaging the state fidelity only over the 6

initial states (see Appendix D).

In quantum error detection we consider ancilla measurement result 1 as an

error and select only the cases when the measurement gives 0. This selects scenarios

with either no relaxation or two relaxation events [see the first and last lines of Eq.

(3.4)]. The averaged (with uniform weight) state fidelity in this case is

F qed
av =

[|α|2 + |β|2
√
1− p1

√
1− p2]2 + |α|2Prr

Pnn + Prr
(3.7)

(the fraction is averaged over the Bloch sphere), which can be calculated using Eqs.

(C.9)–(C.11):

F qed
av =

1

2
+
s− 1

B
+
p1 + p2 − 2 + 2s

B2

+
(1 +B)2 + s2 − (1 +B)(2s+ p1p2)

B3
ln(1 +B), (3.8)

where B = 2p1p2 − p1 − p2 and s =
√
1− p1

√
1− p2. For the small-error case (at short

time t) this gives

F qed
av ≈ 1− (p21 + p22)/24− 5p1p2/12, p1,2 ≪ 1. (3.9)

If we average over the Bloch sphere with weight proportional to the probability

Pnn+Prr of the measurement result 0 (this alternative averaging is discussed in Sec. 1.4

in the context of a single qubit), then

F̃ qed
av =

[|α|2 + |β|2
√
1− p1

√
1− p2]2 + |α|2Prr

Pnn + Prr

, (3.10)
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(the numerator and denominator are averaged separately), which gives

F̃ qed
av =

2− p1 − p2 +
3
2p1p2 +

√
1− p1

√
1− p2

3[1 + p1p2 − (p1 + p2)/2]
. (3.11)

[Note that instead of using Eqs. (C.3)–(C.5), the 6-point averaging trick can be used

separately for the numerator and denominator of Eq. (3.10) – see Appendix D.] At short

times this gives F̃ qed
av ≈ 1− (p21 + p22)/24− 5p1p2/12, same as for F qed

av [see Eq. (3.9)].

Figure 3.2 shows the QED fidelity defined in both ways, F qed
av and F̃ qed

av , as

functions of the one-qubit relaxation probability, assuming similar qubits, p1 = p2 = p.

For p . 0.3 both fidelities are significantly higher than the fidelity F 1q
av for an unencoded

single qubit [given by Eq. (1.18)], which itself is higher than the fidelity F ign
av when the

ancilla measurement result is ignored [Eq. (3.6)].

Now let us discuss whether or not the state of the main qubit can be made

closer to |ψin⟩ using the measurement result information, as in quantum error correction.

If the measurement result is 0, then the qubit state is described by the first and last

lines of Eq. (3.4). It is rather obvious that in this case no unitary operation can improve

further the average fidelity [for QEC we are interested in averaging with the weight

proportional to probability – see Eq. (1.24)]. This statement is rigorously proven in

Appendix D. So, no correction should be applied for measurement result 0. (Actually,

a non-unitary operation due to partial collapse can increase the fidelity in this case

[14, 15, 17, 13, 55, 56], but we consider only unitary operations, as it should be in the

usual QEC.) When the measurement result is 1, the main qubit is in the state |0⟩ with

probability Prn/(Prn+Pnr) or in the state |1⟩ with remaining probability Pnr/(Prn+Pnr)

– see Eq. (3.4). In the case p1 = p2 this is the fully mixed state, and any unitary

operation does not change it. Thus a meaningful error correction is impossible, and

therefore F qec
av = F ign

av (see Fig. 3.2).
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Figure 3.2: Average state-preservation fidelities for the two-qubit encoding (compared
with no encoding), as functions of the one-qubit energy relaxation probability p =
1− e−t/T1 (same for both qubits, p1 = p2 = p). The solid lines show the QED fidelities

F qed
av and F̃ qed

av given by Eqs. (3.8) and (3.11). (F qed
av assumes averaging over the Bloch

sphere with uniform weight, while for F̃ qed
av the weight is proportional to the probability

of the “no error” measurement result 0.) The dashed line shows the QEC fidelity F qec
av ,

which coincides with F ign
av , for which the measurement result is ignored, Eqs. (3.6) and

(3.12). The dotted line shows the one-qubit fidelity F 1q
av without encoding, Eq. (1.18).

QEC performs worse than no encoding, while QED provides a significant improvement
for p . 0.3.
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Actually, if p2 > p1, then a slight improvement of fidelity is possible by applying

the π-pulse (exchanging states |0⟩ and |1⟩) when the measurement result is 1. This makes

the resulting state closer to |1⟩ than to |0⟩, and correspondingly on average closer to

|ψin⟩, because the probability of measuring 1 increases with |ψin⟩ being closer to |1⟩.

The optimality of this procedure for measurement result 1 is proven in Appendix D. It

is easy to calculate the fidelity change due to the π-pulse (the easiest way is to average

over the 6 initial states and to work with unnormalized states – see Appendix D). The

resulting optimal QEC fidelity for the 2-qubit encoding of Fig. 3.1 is

F qec
av =

2

3
+

√
(1− p1)(1− p2)

3
− min(p1, p2)

6
. (3.12)

3.4 N-qubit encoding

We now extend our discussion of the protocol of Fig. 3.1, now including N − 1

ancilla qubits. The encoded state is then α|0N ⟩ + β|1N ⟩. The state evolution can be

unraveled into 2N scenarios depending on which qubits relax. However, there are 2N−1

measurement results, and each of them corresponds to two scenarios. If the main qubit

does not relax, then the measurement result directly shows which ancilla qubits relax

(i.e. result 1 indicates the relaxation event – see Appendix E), while if the main qubit

relaxes, then the relaxation scenario is shown by the complement of the measurement

result (i.e. result 0 indicates relaxation).

The measurement result 0 (all zeros) indicates that the main qubit is either in

the state

|ψnone⟩ =
1√
Pnone

(
α|0⟩+ β|1⟩

∏N

j=1

√
1− pj

)
, (3.13)
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where Pnone = |α|2 + |β|2
∏N

j=1(1− pj) is the probability that no qubits relax, or in the

state |0⟩ if all qubits relax, with the corresponding probability Pall = |β|2
∏N

j=1pj . For

any other measurement result the main qubit is either in state |0⟩ or |1⟩, with easily

calculable probabilities of the scenarios. For simplicity we assume pj = p below.

As in the previous discussions, we consider three possible ways to proceed:

ignore the measurement result, select only cases with measurement result 0 (QED), or

try to improve the fidelity when an error is detected (QEC). If the measurement result

is ignored, the average fidelity (calculated in a similar way as above) is

F ign
av =

2

3
+

(1− p)N/2

3
− p

6
; (3.14)

it obviously decreases with increasing number of ancilla qubits.

In quantum error detection we select only cases with measurement result 0.

Then the state fidelity is

F qed
st =

(|α|2 + |β|2(1− p)N/2)2 + |α|2Pall

Pnone + Pall
, (3.15)

and averaging it over the Bloch sphere with uniform weight we obtain

F qed
av =

−3 + S + (1− p)N

2B
+

−1 + S − (1− p)N

B2

+
(1 +B)2 + (1− p)N − S(1 +B)

B3
ln(1 +B), (3.16)

where B = −1 + (1 − p)N + pN and S = 2(1 − p)N/2 + pN . For N = 2 this equation

corresponds to Eq. (3.8). The small-error approximation for N ≥ 3 is

F qed
av ≈ 1−N2p2/24, p≪ 1. (3.17)

It is interesting to note that this approximation does not work for N = 2, for which

F qed
av ≈ 1 − p2/2, as follows from Eq. (3.9). The reason is that Pall scales as pN , and

therefore for N ≥ 3 Eq. (3.17) does not have a quadratic contribution from the scenario
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when all qubits relax; the infidelity comes only from the difference between |ψnone⟩ and

|ψin⟩. In contrast, for N = 2 the fidelity F qed
av is further decreased by p2/3 due to

relaxation of both qubits.

From Eqs. (3.17) and (3.9) we see that the best QED fidelity in the small-error

case (p ≪ 1) is achieved by the 3-qubit encoding, N = 3; then 1 − F qed
av ≈ (3/8) p2.

However, this is only the factor 4/3 better (smaller) than for N = 2. Therefore, from

the experimental point of view the 2-qubit encoding (which is easier to realize than the

3-qubit encoding) seems to be most natural.

If we use the averaging of the QED state fidelity (3.15) with weights propor-

tional to the probability Pnone + Pall of the measurement result 0, then we essentially

need to average the numerator and denominator of Eq. (3.15) separately, thus obtaining

F̃ qed
av =

2

3

1 + (1− p)N + (1− p)N/2 + 1
2p

N

1 + (1− p)N + pN
. (3.18)

In the small-error case (p ≪ 1) for N ≥ 3 this gives F̃ qed
N ≈ 1 −N2p2/24, same as Eq.

(3.17) for F qed
N .

Figure 3.4(a) shows the QED fidelities F qed
av and F̃ qed

av for N = 2, 3, and 4. We

see that the difference between F qed
av and F̃ qed

av becomes larger with increasing N , but

the difference is small at small p. Note that the QED fidelity for the 2-qubit encoding

becomes better than for the 3-qubit encoding for p & 0.3.

Now let us discuss the possibility of QEC protocols, which use unitary cor-

recting operations depending on the measurement result. If the result is 0, then the

unnormalized density matrix of the main qubit is Pnone|ψnone⟩⟨ψnone| + Pall|0⟩⟨0|. As

is proven in Appendix D, no unitary operation can increase the fidelity in this case (in

contrast to non-unitary partial-collapse operations [14, 15, 17, 13, 55, 56]). For all other

measurement results, the main qubit is in the incoherent mixture of the states |0⟩ and
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Figure 3.3: (a) The QED fidelities F̃ qed
av (solid lines) and F qed

av (dashed lines) for the
encoding using N = 2, 3, and 4 physical qubits, as functions of the single-qubit en-
ergy relaxation probability p. The dotted line shows the fidelity F 1q

av for an unencoded
qubit. (b) The optimal QEC fidelity F qec

av (solid lines) and the fidelity F ign
av when the

measurement result is ignored (dashed lines) for N = 2, 3, and 4.
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|1⟩; the unnormalized density matrix is P0,m|0⟩⟨0|+P1,m|1⟩⟨1|, where the corresponding

probabilities are P1,m = |β|2(1 − p)
∏

i=2,N f(mi) and P0,m = |β|2p
∏

i=2,N f(1 − mi),

where f(1) = p, f(0) = 1 − p, and mi is the measurement result for the ith ancilla

qubit. As is shown in Appendix D, the maximum fidelity is then achieved by applying

the π-pulse (exchanging |0⟩ and |1⟩) if P1,m < P0,m and doing nothing if P1,m ≥ P0,m.

Calculating the corresponding qubit state fidelity (compared with the initial state),

summing over the 2N−1 measurement results, and averaging over the Bloch sphere, we

obtain the QEC fidelity

F qec
av =

1

2
+

1

3
(1− p)N/2 +

1

6
(1− p)N

+
1

6
max[p− pN , (1− p)− (1− p)N ]. (3.19)

The QEC fidelity as well as the fidelity F ign
av for ignoring the measurement

result are shown in Fig. 3.4(b) for N = 2, 3, and 4. The curves for F qec
av and F ign

av

coincide at p ≤ 1/2, because in this case the optimal correction is no correction. We

see that for any N the QEC fidelity is smaller than the no-encoding fidelity F 1q
av , so the

error correction by a repetitive code does not protect against energy relaxation.

3.5 Discussion

Our results show that repetitive codes do not work for QEC protection against

energy relaxation. This is because energy relaxation is very different from a bit flip (or

phase flip or bit-phase flip), for which repetitive codes work well. In the language of

quantum stabilizer codes [7] the event of energy relaxation corresponds to the “sum”

of two errors: bit flip (X-operation) and bit-phase flip (Y -operation) – see the Kraus

operator Ar in Eq. (1.14). So, a stabilizer code should be able to protect against both of

these errors to protect against energy relaxation events. [Actually, a weaker error due
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to the “no relaxation” Kraus operator Ar in Eq. (1.14) also requires protection against

phase flip (Z-operation) errors.] For example, the standard 5-qubit and 7-qubit QEC

codes [3, 4, 5, 6, 7, 53] protect against all 3 types of errors (X,Y, Z), and therefore can

protect against energy relaxation.

Using the approach of stabilizer codes and the quantum Hamming bound [7],

let us calculate the minimum number of qubitsN to protect againstX and Y errors. The

Hilbert space of the dimension 2N can be divided into 2N−1 orthogonal two-dimensional

subspaces (“copies” of the qubit space); these subspaces should be able to distinguish

the cases with various errors and no error. Since the number of possible errors is 2N ,

we have an inequality 2N−1 ≥ 1 + 2N . From this inequality we find N ≥ 5 (the same

minimum as for all 3 types of quantum errors). Notice, however, that an approximate

QEC for energy relaxation is possible for N = 4 [57] (see also [58, 59]). This code breaks

the above limitation because the relaxation event is treated as one error, not as a “sum”

of X and Y (the drawback though is a slightly probabilistic operation). In any case, the

QEC codes protecting against energy relaxation are much more complicated than the

repetitive codes.

Even though the repetitive codes are not good for QEC protection against

energy relaxation, we have shown that they can be well used for QED. Moreover, only

2-qubit encoding is sufficient for that. An interesting question is whether or not it is

beneficial to do many cycles of QED, correspondingly decreasing the time of each cycle

and therefore the error probability p in each cycle (such division into shorter cycles

is beneficial for QEC [3, 4, 5, 6, 7]). The simple answer is that such division into

shorter cycles does not help much for the protocol of Fig. 3.1. The reason is that even

when no relaxation events happen, the qubit state changes – see Eq. (3.13), because

the absence of relaxation preferentially indicates state |0⟩ and plays the same role as
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the partial collapse [14]. Rewriting Eq. (3.13) in a non-normalized way as |ψ̃none⟩ =

α|0⟩ + β|1⟩
∏N

j=1 exp(−t/2T1,j), we see that division into several QED cycles does not

change the final wavefunction |ψ̃none⟩ as long as the total time t is the same. Therefore,

since for N ≥ 3 this evolution is the main reason for imperfect QED fidelity at p ≪ 1

(see discussion in the previous section), there is not much benefit of using the QED

cycles. Nevertheless, some improvement of the QED fidelity will be due to a decrease of

the probability Pall that all qubits relax. Since this probability scales as pN ≈ (t/T1)
N ,

the division into M cycles is expected to decrease the corresponding contribution to the

procedure infidelity by the factor MN−1. This improvement will be most significant for

N = 2: it will essentially change the approximation F qed
av ≈ 1− p2/2 given by Eq. (3.9)

into F qed
av ≈ 1− p2/6 given by Eq. (3.17) for N = 2.

A more important improvement of the QED fidelity can be achieved if the

no-relaxation evolution (3.13) of |ψnone⟩ is compensated. One way is to apply a partial

measurement [13, 14, 55, 56] to the main qubit after the procedure, essentially eliminat-

ing the evolution (3.13) for the price of a further decrease of the selection probability

(probability of success). Another, easier way is to apply π-pulses, exchanging states |0⟩

and |1⟩, between (after) the QED cycles (these π-rotations can be around any axis in

the equatorial plane of the Bloch sphere). Then for an even number of equal-duration

QED cycles, the no-relaxation evolution (3.13) will be compensated exactly (as in the

uncollapsing procedure [2, 14, 13, 55, 56, 15, 17]), and the QED infidelity 1− F qed will

be only due to the contribution from Pall. (The use of π-pulses resembles dynamical

decoupling of the “bang-bang” type [60]; however, the resemblance is accidental, since

dynamical decoupling cannot protect against the energy relaxation [11].)

For an estimate of the corresponding QED fidelity, let us consider the proce-

dure with total duration t . T1, divided intoM cycles of duration t/M each (M is even).
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In each cycle p ≈ t/MT1 ≪ 1, and if we assume Nt/MT1 ≪ 1, then |ψnone⟩ ≈ |ψin⟩

in Eq. (3.13). The probability that the N -qubit relaxation (which remains undetected)

happened in the first cycle is Pall = |β|2pN , and similar probability for the second cycle

(after π-pulse) is |α|2pN . Therefore, in a selected QED realization (with all measure-

ment results 0) the probability to have an undetected relaxation event is (M/2)pN ,

independent of the initial state (we assume this probability to be small, then we can

neglect the double-events). If such an undetected relaxation event happens, then the

average fidelity is F̃av = |α|2|β|2/|α|2 = 1/3. The QED fidelity then can be calculated

as 1− (1− 1/3)× (M/2)pN , which gives

F qed
av ≈ F̃ qed

av ≈ 1−M(t/MT1)
N/3. (3.20)

[If the above assumption Nt/MT1 ≪ 1 is violated, then the factor 1/3 changes, but

the scaling remains the same.] We see that for this procedure the division into a larger

number of cyclesM is beneficial, as well as using more qubits (N) for the encoding. Note

that our QED procedure does not prevent the relaxation events from happening, so the

average probability of observing the “no error” result 0 in all M cycles is approximately

exp(−tN/2T1).

3.6 Summary

In this chapter we have analyzed the performance of N -qubit repetitive quan-

tum codes in the presence of energy relaxation. As expected, these codes are not usable

for quantum error correction. However, they can be used for quantum error detection.

The best QED performance for weak energy relaxation is provided by the 3-qubit repet-

itive encoding [see Eq. (3.17) and Fig. 3.4(a)], while the 2-qubit encoding is sufficient

and gives only slightly lower fidelity [see Eq. (3.9)]. We have found that the main con-
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tribution to the QED infidelity for N ≥ 3 comes from the non-unitary change of the

quantum state in the case when no relaxation happens. Therefore, the QED infidelity

can be strongly decreased if the QED algorithm is complemented with partial quantum

measurement or, alternatively, if the protocol is divided into the even number of cy-

cles and complemented with π-pulses in between (this resembles dynamical decoupling,

though only superficially). In this case the fidelity improves with dividing the total

duration into a larger number of cycles and using more qubits for the encoding [see Eq.

(3.20)].

Note that the QED fidelity cannot be introduced in the usual way [as Fχ =

Tr(χdesiredχ)] via the process χ-matrix. In the analysis we have used the state fidelity,

averaged over the Bloch sphere, with the usual conversion into Fχ via Eq. (1.11). For the

state fidelity averaged with the weight proportional to the selection probability (denoted

F̃ qed
av ) the usual trick of averaging over the 6 initial states can be used (see Appendix

D), while for the state fidelity averaged with uniform weight (denoted F qed
av ) we had

to average over the Bloch sphere explicitly, using Eqs. (C.3)–(C.11). In the analysis

we used unraveling of the decoherence evolution into the “error scenarios”, which is in

general similar to the standard approach used in the quantum error correction, but is

different in the way that each scenario describes a non-unitary process.
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Chapter 4

Two-qubit error detection and

correction for phase qubits

4.1 Introduction

In this chapter we propose and analyze two-qubit error detection/correction

protocols designed for experimental implementation with the current technology of su-

perconducting phase qubits (see Sec. 1.5). We will discuss several similar protocols

(including a QED protocol for energy relaxation); for all of them the goal is to preserve

an arbitrary initial state |ψin⟩ = α|0⟩+ β|1⟩ of a qubit.

We focus on simple two-qubit QEC/QED protocols, somewhat similar to those

in Ref. [54], which can be readily implemented using the present-day technology of phase

qubits [44]. After a description of the ideal operation, realistic experimental parameters

are used in the numerical simulation of these protocols. In the first protocol and its

variations, we assume that as in most of the previous experiments [19, 20, 21, 22, 24, 25,

26, 27, 28, 29, 30] the errors are intentionally induced by particular operations pretended

to be unknown. The algorithms can mainly be used for QED; however, when the type of
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particular error is known (which is the case for intentional errors in an experiment), the

algorithms can also be used for QEC. We also analyze numerically the operation of a

protocol, in which the errors during a storage period are due to actual energy relaxation

of two qubits (assuming storage in resonators of a RezQu-architecture device [44, 45]

with phase qubits). This protocol can only be used in the QED mode. The main result

of the simulations is that the analyzed protocols can be realized at the present-day level

of phase qubit technology.

4.2 Two-qubit error detection and correction protocol

The first procedure (which we will mostly consider) is shown in Fig. 4.1; it is

designed to preserve the state |ψin⟩ of the upper (main) qubit. Encoding is performed

by preparing the lower (ancilla) qubit in the state (|0⟩ + |1⟩)/
√
2 by starting with the

ground state |0⟩ and using the Y -rotation over the angle π/2 (denoted as Y/2), and then

applying the controlled-Z (CZ) gate between the two qubits. [Note that the CZ gate

is the natural entangling operation for the phase qubits [43, 44, 46].] This produces the

entangled two-qubit wavefunction

[α|0⟩ ⊗ (|0⟩+ |1⟩) + β|1⟩ ⊗ (|0⟩ − |1⟩)]/
√
2, (4.1)

where the leftmost entry represents the main qubit. After encoding, the decoherence

process is simulated by applying a unitary rotation to one of the qubits. For this

encoding we consider a set of four possible rotations: RX
1 (2θ), RY

1 (2θ), R
Y
2 (2θ), and

RZ
2 (2θ), where the subscript indicates the qubit number (1 for the main qubit), the

superscript is the rotation axis on the Bloch sphere (see Sec. 1.5), and the argument

2θ is the rotation angle on the Bloch sphere (the corresponding rotation angle in the
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Figure 4.1: Two-qubit experimental protocol for realizing quantum error detec-
tion/correction. Notations E1 and E2 represent the four detectable error rotations:
RX

1 (2θ), RY
1 (2θ), R

Y
2 (2θ), and RZ

2 (2θ). Notations Y/2 and −Y/2 represent RY (π/2)
and RY (−π/2), respectively.

wavefunction language is θ).

After the error rotation has been applied, the resultant state is decoded by

inverting the encoding operation and the ancilla qubit is measured in the computational

basis. In the absence of error rotation, the state after decoding is (α|0⟩ + β|1⟩) ⊗ |0⟩,

so that the initial state of the main qubit is restored and the measurement result for

the ancilla qubit is 0. The error rotation disturbs the final state, which probabilistically

changes the measurement result to 1 and also changes the final state of the main qubit.

4.3 Analysis of the ideal case

Let us start by analyzing the effect of the error rotation RX
1 (2θ) (X-rotation

of the main qubit). It transforms the encoded state (4.1) into the state

[α(cos θ|0⟩ − i sin θ|1⟩)⊗ (|0⟩+ |1⟩)

+β(−i sin θ|0⟩+ cos θ|1⟩)⊗ (|0⟩ − |1⟩)]/
√
2, (4.2)

which after decoding (but before measurement) becomes

cos θ |ψin⟩|0⟩+ i sin θX|ψin⟩|1⟩, (4.3)
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where X is the Pauli-X-matrix transformation [7]. It is clear that we obtain ancilla

measurement result 0 with probability cos2 θ, and then the state of the main qubit

is restored to |ψin⟩, or obtain result 1 with probability sin2 θ, which leaves the main

qubit in the state X|ψin⟩. [In this section we use the standard quantum computing

notations [7](see also Sec. 1.2), in which the Pauli matrices act on column vectors with

the upper element corresponding to the state |0⟩. Note that for one-qubit wavefunctions

RX(π) = −iX.]

In quantum error detection we select only result 0, and this gives the perfect

state preservation fidelity, F qed
st = 1, for any initial state. We can also use the approach

of quantum error correction and apply the X gate [i.e. RX(π)] to the main qubit when

the error result 1 is measured. This produces the initial state |ψin⟩ for both measurement

results with perfect fidelity, F qec
st = 1. Therefore, the QED and QEC fidelities averaged

over the Bloch sphere are also perfect,

F qed
av = F qec

av = 1. (4.4)

Notice, however, that for QEC we had to know that an error is due to the X-rotation

applied to the first qubit. This is different from “real” error correction, in which we do

not know the type of error, but is acceptable for a demonstration experiment.

Let us also calculate the storage fidelity if the measurement result is ignored

(or, equivalently, the ancilla qubit is not measured). From Eq. (4.3) we obtain the state

fidelity for the main qubit F ign
st = cos2 θ+sin2 θ ⟨ψin|X|ψin⟩2, which after averaging over

the Bloch sphere becomes

F ign
av = cos2 θ + (sin2 θ)/3. (4.5)

Note that if the rotation RX(2θ) is applied to a qubit without encoding, then the average

fidelity is still given by Eq. (4.5), so the encoding with ignored measurement result (or
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no measurement) does not affect the average preservation fidelity (moreover, it does not

affect the state fidelity for any initial state).

Now let us analyze in a similar way the case when the error is introduced by the

Y -rotation of the main qubit, RY
1 (2θ). Then the two-qubit state before the measurement

is

cos θ |ψin⟩|0⟩+ i sin θ Y |ψin⟩|1⟩, (4.6)

so that the measurement result 0 still restores the initial state |ψin⟩ of the main qubit,

while for the measurement result 1 the state of the main qubit is Y |ψin⟩, thus requiring

the Y -gate correction [i.e. RY (π) = −iY ]. The QED and QEC fidelities are still perfect,

Eq. (4.4), while the fidelity with ignored result is still given by Eq. (4.5). Note that

the correcting Y -gate is different from the correcting X-gate in the previous case, so we

need to know the type of the error to apply the proper correction (in a demonstration

experiment the error rotation is applied intentionally, so its type is obviously known).

Now let us consider the error due to the Y -rotation of the ancilla qubit, RY
2 (2θ).

Then the state before the measurement is

cos θ|ψin⟩|0⟩+ sin θZ|ψin⟩|1⟩, (4.7)

and therefore in the case of measurement result 1 the Z-gate correction is needed to

restore |ψin⟩, while for the measurement result 0 no correction is needed. Equations

(4.4) and (4.5) are still valid.

Finally, for the Z-rotation of the ancilla qubit, RZ
2 (2θ), the state before the

measurement is

|ψin⟩(cos θ |0⟩+ i sin θ |1⟩). (4.8)

The final state of the main qubit is insensitive to this rotation, and therefore no correc-

tion is needed for both measurement results. In this case Eq. (4.4) is still valid, while
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Eq. (4.5) is replaced by F ign
av = 1.

We have discussed the effect of four error rotations: RX
1 (2θ), RY

1 (2θ), R
Y
2 (2θ),

and RZ
2 (2θ). The two remaining rotations, RZ

1 (2θ) and RX
2 (2θ), gradually change the

final state of the main qubit (both produce its Z-rotations) but always produce final

state |0⟩ of the ancilla qubit. Therefore, these errors are undetectable and are excluded

from our set of error rotations.

As discussed above, for QEC we need to know which one out of four error types

has been applied. In contrast, for QED we do not need to know the error type; for all of

them the measurement result 0 indicates the perfect state of the main qubit. Moreover,

for QED these types of error rotations can be applied simultaneously, as long as the

rotation angles are relatively small, to make negligible the second-order terms (which in

the QEC/QED language correspond to double-errors).

It is most natural to view the analyzed procedure as a QED protocol. However,

we would like to emphasize that its interpretation as a QEC protocol is also possible:

the proper correction is possible when we know which error process is applied. (In

the existing QEC experiments the types of allowed errors are almost always limited;

in our protocol the number of allowed types is further reduced to one out of four.)

Most importantly, our simple two-qubit protocol demonstrates the main “miracle” of

QEC, that continuous quantum errors can be transformed into discrete errors, and then

corrected.

4.4 Realization using phase qubits

So far we considered the ideal case when there is no physical decoherence of

qubits, and the loss of fidelity is only due to intentional rotations of the qubit states. In
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this section we discuss a more realistic experimental situation, with added decoherence

during the protocol. We will have in mind the present-day technology of superconducting

phase qubits [43, 44, 46].

Note that the phase qubit technology provides a high-fidelity measurement

(about 95% [43], so we consider it perfect in the simulations); however, it takes a signifi-

cant time to read out the measurement result (longer than the qubit decoherence time).

While this is not a problem for the QED, the QEC at present cannot be done in real

time. Nevertheless, there is a simple way to go around this difficulty in an experiment.

The resulting state of the main qubit is measured by using the quantum state tomogra-

phy (QST), so the experiment is necessarily repeated many times. It is easy to separate

the QST data for ancilla measurement results 0 and 1. In this way two different density

matrices of the main qubit are obtained for ancilla measurement 0 and 1. For the result

1 it is then easy to calculate the density matrix after the correcting operation (if it were

applied in real time). Finally adding the two density matrices (with weights equal to

the probabilities of ancilla measurement results), the qubit density matrix for the QEC

procedure is obtained.

Recall from Sec. 1.5 that in phase qubits [43, 44, 46] the main sources of

decoherence are single-qubit energy relaxation (with T1 on the order of 0.5 µs) and pure

dephasing (with a comparable or a little shorter dephasing time Tφ). The decoherence is

somewhat reduced in the RezQu architecture [44, 45], in which the quantum information

is often transferred between the phase qubits and resonators (resonators have much

longer T1 and practically no pure dephasing). We have simulated the procedure of Fig.

4 in a simplified way, which does not explicitly reproduce the RezQu implementation of

the protocol, but still uses a reasonable account of realistic decoherence.

For simplicity for each qubit we assume T1 = T2 (so that the pure dephasing

56



time is Tφ = 2T1). We assume that single-qubit rotations [including RY (±π/2) of ancilla

qubit, preparation of the main qubit, and error rotations] take 10 ns each, CZ gates

take 40 ns each, and there are 5 ns spacings between the operations. Then the whole

protocol of Fig. 4 (ending before measurement of ancilla qubit and tomography of the

main qubit) takes 135 ns. We calculate the evolution of the two-qubit density matrix by

breaking the procedure into small time steps and applying energy relaxation and pure

dephasing to each qubit (for simplicity the CZ gate is simulated as a gradual accumu-

lation of the phase, as would be for the dispersive gate). We start with 6 initial states

of the main qubit [|0⟩, |1⟩, (|0⟩ ± |1⟩)/
√
2, (|0⟩ ± i|1⟩)/

√
2, labeled by index j = 1, . . . 6

below], and from the final two-qubit density matrices we calculate reduced unnormal-

ized one-qubit density matrices ρ0,j and ρ1,j , corresponding to ancilla measurement

results 0 and 1 (the probabilities of these results are then Trρ0,j and Trρ1,j). The av-

eraged preservation fidelity with ignored measurement results is then (see Appendix D)

F ign
av = (1/6)

∑
j Tr[(ρ0,j + ρ1,j)ρ

in
j ], where ρ

in
j = |ψj⟩⟨ψj | is the unchanged initial state.

The averaged (weighted) QED fidelity is then F̃ qed
av =

∑
j Tr(ρ0,jρ

ideal
j )/

∑
j Trρ0,j , and

the QEC fidelity is F qec
av = (1/6)

∑
j Tr[(ρ0,j+ρ

corr
1,j )ρinj ], where the corrected density ma-

trix ρcorr1,j is obtained from ρ1,j by applying the ideal correcting operations (X,Y, Z, I)

discussed in the previous section.

Figure 4.2 shows the average fidelities F̃ qed
av (solid lines), F qec

av (dotted lines),

and F ign
av (dashed lines), as functions of the rotation angle 2θ (in units of π) for the

intentional X-rotation of the main qubit, RX
1 (2θ). The three sets of lines are for three

values of T1 = T2: 300 ns, 500 ns, and 700 ns. Note that we present the average fidelities

Fav, but they can be easily converted into the process matrix fidelities Fχ via Eq. (1.11).

Also note that the range from 1/3 to 1 for Fav (used for the vertical axis in Fig. 4.2)
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Figure 4.2: Numerical results for the average QED fidelity F̃ qed
av (solid lines), the QEC

fidelity F qec
av (dotted lines), and the fidelity F ign

av with ignored ancilla measurement results
(dashed lines), as functions of the angle 2θ of intentional X-rotation of the main qubit,
RX

1 (2θ). The simulated protocol of Fig. 4.1 has a duration of 135 ns. We assume qubits
with T1 = T2 = 300 ns, 500 ns, and 700 ns.
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Figure 4.3: Same as in Fig. 4.2, but for four types of intentional qubit state rotations:
RX

1 (2θ), RY
1 (2θ), R

Y
2 (2θ), and RZ

2 (2θ). Qubits with T1 = T2 = 500 ns are assumed.
Results for rotations RX

1 (2θ) and RY
1 (2θ) practically coincide.

corresponds to the range from 0 to 1 for Fχ.

From Fig. 4.2 we see that even for T1 = T2 = 300 ns the QED fidelity is

significantly higher than the fidelity with ignored measurement result (recall that the

procedure duration is 135 ns). The difference between F̃ qed
av and F ign

av becomes larger

for longer decoherence time (500 ns and 700 ns). The QEC fidelity is below the QED

fidelity (and even below F ign
av ) for small θ, but becomes above F̃ qed

av and F ign
av at large θ.

It is interesting to notice that F ign
av at 2θ ≈ π is much closer to the ideal

value 1/3 [see Eq. (4.5)] than to the ideal value 1 at 2θ ≈ 0. This property can be

understood using the equivalent language of the process fidelity Fχ = Tr(χdesiredχ)

– see Eq. (1.11). Since the desired operation is the absence of evolution, Fχ = χII

in the standard notations for the one-qubit 4×4 matrix χ [7, 25, 46, 44]; note that

χII + χXX + χY Y + χZZ = 1. Ideally χII = 1 for 2θ = 0 and χXX = 1 for 2θ = π.
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Since decoherence spreads these ideal unity values to the three other diagonal elements

of χ, we would expect that F ign
χ at 2θ = π should be (very crudely) three times less than

1− F ign
χ at 2θ = 0. This roughly corresponds to what we see in Fig. 4.2.

Figure 4.2 shows the results only for the X-rotation of the main qubit, RX
1 (2θ).

The results for all four considered rotations, RX
1 (2θ), RY

1 (2θ), R
Y
2 (2θ) and R

Z
2 (2θ), are

shown in Fig. 4.3 for T1 = T2 = 500 ns. The results for X and Y -rotation of the main

qubit are practically indistinguishable from each other. The QED and QEC fidelities

for Y -rotation of the ancilla qubit are very close to the corresponding fidelities for the

rotation of the main qubit. For Z-rotation of the ancilla qubit the operation with ignored

measurement coincides with the QEC operation (because no correction is applied for

measurement result 1), and the QED fidelity F̃ qed
av is higher than F ign

av = F qec
av only at

2θ . π/2, and only by a small amount. Obviously, the rotation RZ
2 (2θ) is not good for

demonstrating an advantage of this encoding, in contrast to other rotations.

Overall, from Figs. 4.2 and 4.3 we see that the current technology of phase

qubits is good enough for demonstrating the operation of the considered two-qubit

QED/QEC protocol. In an experiment, the larger value of the QED fidelity in compar-

ison with the case of ignored measurement result is the demonstration that the QED

procedure is beneficial. Similarly, the QEC operation can also be demonstrated (though

with the caveat discussed in the previous sections).

4.5 Related protocols

The protocol of Fig. 4.1 can be easily modified to change the set of four de-

tectable/correctable error operations. For example, if we desire protection from Y and

Z rotations of both qubits [i.e. RY
1 (2θ), R

Z
1 (2θ), R

Y
2 (2θ), and R

Z
2 (2θ)], we can add ±π/2
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Figure 4.4: Modified two-qubit QED/QEC algorithms. The protocol shown in (a) de-
tects/corrects errors due to rotations RY

1 , R
Z
1 , R

Y
2 , and R

Z
2 ; it can be used to protect

from natural pure dephasing of the qubits. The protocol in (b) is designed for error
rotations RX

1 , RY
1 , R

X
2 , and RY

2 . Therefore, it can be used as a QED procedure for
errors due to energy relaxation of both qubits (stored in resonators).

Y -rotations of the main qubit before and after the error rotations – see Fig. 4.4(a). Such

encoding also protects from natural pure dephasing of both qubits.

For protection from X and Y rotations of both qubits [i.e. RX
1 (2θ), RY

1 (2θ),

RX
2 (2θ), and RY

2 (2θ)], we can add ∓π/2 Y -rotations of the ancilla qubit before and

after the errors – see Fig. 4.4(b). Such encoding can be used in the QED mode for the

energy relaxation of both qubits. (This procedure essentially realizes the idea of Fig.

3.1 for two qubits; the only difference is the encoding α|00⟩ − β|11⟩ instead of encoding

α|00⟩+ β|11⟩ considered in Sec. 4.3.)

In the RezQu architecture based on phase qubits [44, 45], the protocol of Fig.

4.4(b) can be efficiently used for storing the information in the resonators. We have

simulated the operation of this protocol, assuming that the encoding/decoding is done

with the phase qubits having relaxation times T1 = T2, while in between encoding

and decoding the information is moved to resonators for a relatively long storage. The
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procedure (without the storage time) is slightly longer than what was considered in

the previous subsection: 155 ns instead of 135 ns (we still do not simulate explicitly

the move operations between the qubits and resonators). Solid lines in Fig. 4.5 show

the corresponding QED fidelities F̃ qed
av as functions of the single-qubit energy relax-

ation probability p = 1− exp(−tstorage/T resonator
1 ) during the storage (in experiment [44]

T resonator
1 ≫ T1, though our results do not need this assumption). The QEC operation is

impossible in this case (for real energy relaxation in resonators); however, as seen from

Fig. 4.5, the QED operation can be reliably demonstrated experimentally.

4.6 Summary

In this chapter we have considered simple two-qubit protocols of quantum error

detecton/correction, suitable for present-day experiments with superconducting phase

qubits [44]. In the protocol of Fig. 4.1 the errors are simulated by intentional unitary

rotations of the qubit states (two types of rotations for each qubit). In this case not only

the QED, but also the QEC operation is possible if we know the applied type of error

rotation. Most importantly, this experiment would demonstrate the QEC “miracle” of

converting continuous quantum errors into discrete errors, which are then correctable.

The numerical simulations (Figs. 4.2 and 4.3) with account of decoherence during the

protocol show that the experimental QED and QEC fidelities are expected to be sig-

nificantly higher than the fidelity with ignored result of the ancilla qubit measurement.

Therefore, the QED and QEC benefits can be demonstrated experimentally.

A slightly different protocol, shown in Fig. 4.4(b), can be used as a QED pro-

cedure for errors due to natural energy relaxation of qubits stored in resonators of a

RezQu-architecture device [44, 45] based on phase qubits. The numerical simulations
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(Fig. 4.5) show that such experiment can also be realized with the present-day technol-

ogy, demonstrating the benefits of encoding a logical qubit in several (two in this case)

physical qubits. While the measurement-free QEC experiment has been recently realized

with superconducting transmon qubits [30], the experiments proposed and analyzed in

this chapter would be the first measurement-based QED/QEC protocols realized with

superconducting qubits.
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Chapter 5

Quantum Information Transfer

5.1 Introduction

In this chapter we investigate a recently proposed procedure [8] for transferring

the state of a microwave qubit from one resonator to another resonator via a supercon-

ducting transmission line with nearly perfect efficiency using tunable couplers. The

original proposal shows that in principle the use of two tunable couplers, instead of just

one [61], should make an experimental demonstration possible with current supercon-

ducting technology. The details of the ideal procedure will be introduced in Sec. 5.2. In

Sec. 5.3 we consider procedural errors due to deviations from the ideal transfer protocol,

including timing errors, maximum coupling strength, and imperfect control. In Sec. 5.4

we study the effect of a mismatch of the emitting and receiving resonator frequencies.

The procedure is shown to be robust against all considered errors except the resonator

frequency mismatch, which will require active compensation during experimental imple-

mentation.
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Figure 5.1: The physical system used for the microwave qubit transfer protocol. Two
resonators are connected to the ends of a transmission line by tunable couplers. We
consider the transfer of a classical field, initially in the emitting resonator, which is
sent to the receiving resonator. [In our case the state of the microwave qubit can be
treated as a classical field.] The fields in the transmission line [A(t)] and in the receiving
resonator [B(t)] are shown along with their respective directions.

5.2 Ideal procedure

The physical system used for the qubit transfer is shown in Fig. 5.1. Two res-

onators are connected to the ends of a transmission line by the previously demonstrated

tunable inductive couplers of Ref. [62]. The microwave qubit can be treated as a classical

field [61], we therefore consider transfer of the field amplitudes labeled A(t) and B(t) in

the figure.

Notice that the use of the scattering matrix is the same for quantum mechanics

and microwave physics. In general the scattering matrix can be written as

S =

r1 tR1/R2

t r2

 , |t1|2R1/R2 + |r1|2 = 1, (5.1)

where r1 and t are the reflection and transmission coefficients for a wave incident from the

left, R1 and R2 are the wave impedances of the material on the left side (subscript 1) and

right side (subscript 2) of the coupler, r2 = −r∗1t/t∗ is the reflection coefficient for a wave

incident from the right, and the energy conservation can be written as |t|2R1/R2+ |r|2 =

1. The time dependence of the field B(t) in Fig. 5.1 can be written as a differential
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equation in terms of the reflection (from the left) and transmission coefficients of the

receiving resonator as

Ḃ = −rrec e
iϕ − 1

τrt
B +

trec e
iϕ

τrt
A, (5.2)

where τrt is the round-trip time of the resonator and ϕ describes the deviation of the

effective resonator length from the perfect value. For the lowest frequency mode, τrt =

2π/ω for a λ/2 (half-wavelength) resonator or τrt = π/ω for a λ/4 (quarter-wavelength)

resonator.

The transfer protocol is illustrated in Fig. 5.2. In order to transfer the state of

a microwave qubit between two resonators the transmission coefficients of the tunable

couplers are varied in time such that back-reflection into the transmission line is nulled

at the receiving resonator. In the first half of the procedure the emitting coupler is

slowly opened to its maximum value while the receiving coupler is kept maximally

transparent. In the second half of the procedure the emitting coupler is kept maximum

and the receiving coupler is slowly closed. There is some energy lost since the perfect

cancelation of back-reflection cannot be accomplished until a sufficient amplitude is

present in the receiving resonator. This has been treated analytically in the original

paper. Also previously treated is the energy lost from the incomplete transfer due to

the necessarily finite duration of any experimental procedure. The effect of these errors

will be seen in the next section as the inefficiency of the procedure without any deviation

from the ideal parameters.

The transfer efficiency η is defined as the ratio of the energy in the receiving

resonator to the initial energy stored in the emitting resonator η = Erec/Eem (as was

done in the original paper [8]). In simulations the final energy of the receiving resonator

is calculated as the square of the field amplitude given by the solution of Eq. (5.2). In the
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Figure 5.2: In order to transfer the state of a microwave qubit between two resonators
the transmission coefficients of the tunable couplers are varied in time such that back-
reflection into the transmission line is nulled at the receiving resonator. In the first half
of the procedure the emitting coupler is slowly opened to its maximum value while the
receiving coupler is kept maximally transparent. In the second half of the procedure the
emitting coupler is kept maximum and the receiving coupler is slowly closed.

ideal procedure, a desired efficiency is achieved by using specific procedural parameters.

In our simulations we choose (design) the parameters of the transfer protocol for various

desired efficiencies (ηdesign = 0.9, 0.99, and 0.999) and investigate the efficiency loss

caused by deviations from these ideal parameters.

The ideal time dependence of the transmission coefficients is shown in Fig.

5.2. During the first half of the procedure, the transmission coefficient of the emitting

coupler should be

tem =
temmax

√
τ embu /τ

rec
bu√(

1 +
τembu
τ recbu

)
e(tm−t)/τembu − 1

, 0 < t < tm (5.3)

where temmax is the maximum value of the transmission coefficient for the emitting coupler,

τ embu and τ recbu are the buildup times for the emitting and receiving resonators, and tm is

the time that the emitting coupler reaches its maximum value. After tm the emitting

coupler is kept at its maximum value for the remainder of the procedure

tem = temmax, tm < t < te. (5.4)
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The transmission coefficient of the receiving coupler should be controlled in a similar

(but reversed) way. During the first half of the procedure (t < tm) it should be kept

maximum tem = temmax, and then closed as

trec =
trecmax

√
τ recbu /τ

em
bu√(

1 +
τ recbu
τembu

)
e(t−tm)/τ recbu − 1

, tm < t < te. (5.5)

As was mentioned above, the parameters of the procedure are chosen to achieve

a desired transfer efficiency. In this chapter we simulate the protocol and calculate

the transfer efficiency when the parameters are non-ideal. To separate the effect of

each possible error, we vary just one parameter from its ideal value at a time. For

simulations we assume both resonators are quarter-wavelength (λ/4) with a frequency

of f = 6 GHz and the tunable couplers have a maximum possible transmission coefficient

of tmax = 0.05. Other necessary parameters are calculated using the following relations

[8]:

τrt =
1

2f
, τbu =

τrt

|tmax|2
, tm = τbu ln

(
1

1− ηdesign

)
, te = 2tm. (5.6)

Notice that the procedure duration (2tm or te) is determined by the desired efficiency

ηdesign.

5.3 Procedural errors

In this section we investigate the effect of deviations from the ideal time depen-

dencies for the emitting and receiving couplers. These procedural errors will necessarily

be present in any experiment due to hardware limitations. We show that the procedure

is robust to these errors (even relatively large deviations from the ideal procedure will

not drastically decrease the efficiency). In this section we assume that the resonators
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are identical, and we replace Eqs. (5.3)-(5.5) with imperfect shapes

tem =
T1

√
τ1/τ2√(

1 + τ1
τ2

)
e(t1−t)/τ1 − 1

, 0 < t < t1, (5.7)

trec =
T2

√
τ2/τ1√(

1 + τ2
τ1

)
e(t−t2)/τ2 − 1

, t2 < t < te, (5.8)

where ti is the switching time, Ti is the maximum value of the transmission coefficient,

and τi is the shaping parameter for the emitting (i = 1) and receiving (i = 2) resonators.

For the ideal procedure t1 = t2 = tm, τ1 = τ recbu , and τ2 = τ embu , but in this

section we simulate a procedural error by allowing these parameters to independently

deviate from their ideal values. To simulate a procedure, we solve Eq. (5.2) (with ϕ = 0)

in the high-Q limit Re(1− r2) ≈ 1− |r2| ≈ |t|2 /2, and a similar equation for the field in

the transmission line A

Ȧ = −|tem|2

2τrt
A. (5.9)

The differential equations in Eqs. (5.2) and (5.9) are in general not analytically solvable

– we used the standard fourth-order Runge-Kutta method to find numerical solutions

for a given set of parameters.

First we look at the effect of an imperfect switching time for the emitting

coupler, t1 in Eq. (5.8). The transfer efficiency η is shown as a function of switching time

in Fig. 5.3. The two sets of lines correspond to two desired efficiencies ηdesign = 0.99

and 0.999, which correspond to the ideal switching times tidealm ≈ 154 ns and 230 ns.

The relative switching error on the horizontal axes is used because the different desired

efficiencies require different durations (i.e. different tm). Solid lines show the efficiency

when the switching time of the receiving resonator is kept constant (t2 = tm) and the

other is varied (t1 = tm + δt). Dashed lines show the efficiency when both switching

times differ from the ideal value by the same factor t1 = t2 = tm + δt. In both cases the
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Figure 5.3: Efficiency of the transfer procedure with an error in the switching time. The
two sets of lines correspond to the desired efficiencies ηdesign = 0.999 and 0.99, which
correspond to the ideal switching times tidealm ≈ 154 ns and 230 ns. Solid lines show the
efficiency when the switching time of the receiving resonator is kept constant (t2 = tm)
and the other is varied (t1 = tm + δt). Dashed lines show the efficiency when both
switching times differ from the ideal value by the same factor t1 = t2 = tm+ δt. In both
cases the horizontal axis corresponds to δt/tm.

horizontal axis corresponds to (δt−tm)/tm. Clearly the absolute timing error illustrated

by the dashed lines is not a hindrance for experimental implementation (this is equivalent

to changing the duration, which by design will change the maximum efficiency possible).

Even for the relative error (solid lines) a large deviation δt = ±0.05 tm corresponds to

an efficiency loss of only (ηideal − η)/ηideal ∼ 2%. A ±5% error in timing should be easy

to achieve and will not be a limiting factor in realizing the flying microwave qubit using

this procedure.

The next error we consider is the shaping of the transmission coefficients’ time

dependence (ideally τ embu = τ recbu = 331
3 ns). This is simulated by varying the value of

τ1 and τ2 in Eqs. (5.7) and (5.8). This method of varying the shaping was chosen for
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Figure 5.4: Efficiency of the transfer procedure with an error in the shaping parameter
(ideally τ embu = τ recbu = 331

3 ns). The two sets of lines correspond to the desired efficiencies
ηdesign = 0.999 and 0.99. Solid lines are when τ1 is fixed to its ideal value τ1 = τ embu and
τ2 = τ recbu + δτ = τ is varied. Dashed lines show the transfer efficiency when the shaping
parameters are equal and both deviate from the ideal value τ1 = τ2 = τ recbu + δτ = τ . In
both cases the horizontal axis is given by τ .

its relative simplicity (the single parameter τ can move the shape between a sharp step

function and triangular ramp). The transfer efficiency as a function of switching time is

shown in Fig. 5.4. Solid lines show the efficiency when τ1 is fixed to its ideal value τ1 =

τ embu and τ2 = τ recbu + δτ = τ is varied. Dashed lines show the efficiency when the shaping

parameters are equal and both deviate from the ideal value τ1 = τ2 = τ recbu + δτ = τ . In

both cases the horizontal axis is given by τ . For both errors the decrease of efficiency is

small (< 2%) for a reasonably large deviation of (τ − τ recbu )/τ recbu ∼ ±8%.

Next we consider errors in the maximum value of the transmission coefficient.

This is simulated by varying the value of T1 and T2 in Eqs. (5.7) and (5.8). The

transfer efficiency as a function of the maximum transmission coefficient is shown in

Fig. 5.5. Solid lines show the efficiency when T1 is fixed to its ideal value T1 = trecmax
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Figure 5.5: Efficiency of the transfer procedure with an error in the maximum value of
the transmission coefficient. The two sets of lines correspond to the desired efficiencies
ηdesign = 0.999 and 0.99. Solid lines are when T1 is fixed to its ideal value T1 = trecmax and
T2 = trecmax+δT = T is varied. Dashed lines show the transfer efficiency when the shaping
parameters are equal and both deviate from the ideal value T1 = T2 = trecmax + δT = T .
In both cases the horizontal axis is given by T .

and T2 = trecmax + δT = T is varied. Dashed lines show the efficiency when the shaping

parameters are equal and both deviate from the ideal value T1 = T2 = trecmax + δT = T .

In both cases the horizontal axis is given by T . For both errors the decrease of efficiency

is small (< 2%) for a reasonably large deviation of (T − trecmax)/t
rec
max ∼ ±5%.

5.4 Frequency difference

In both the analytical treatment of the original proposal and our analysis so

far, we have assumed that the emitting and receiving resonators have equal and constant

frequencies during the transfer. In this chapter we relax this assumption and investigate

the effect of unequal, but still constant, frequencies. In general, varying the transmission
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Figure 5.6: Efficiency of the transfer procedure between two resonators with different
frequencies. The graph shows the results for a procedure designed to achieve η = 0.9999
(Solid line), 0.995 (Dashed line), and 0.99 (Dotted line). Notice the horizontal axis is in
units of δω · τbu, where δω is the frequency difference between the two resonators and
τbu = 331

3 ns. The horizontal width of ∼ 0.4 at η = 0.94 corresponds to a frequency
mismatch of 0.5 MHz. Since we have assumed 6 GHz resonators this is only a ∼ 0.02%
tolerance for resonator frequency mismatch.

coefficients of the inductive couplers changes the effective frequency of the resonators,

creating a much more complicated situation. However, for the purposes of this investi-

gation we only need the upper-bound estimate given by simulation with constant (fixed)

frequency mismatch.

In general, in order to simulate this procedure with different frequencies we

would need to modify both Eqs. (5.2) and (5.9). However, this can be done in a simple

way by keeping the resonator frequencies equal and modifying Eq. (5.2) to include a

phase shift for the incoming field as seen by the receiving resonator. The evolution of

the field in the receiving resonator can then be written (again assuming the high-Q limit
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and ϕ = 0) as

Ḃ = −|trec|2

2τrt
B +

trec
τrt

A ei δω t, (5.10)

where δω = 2π(frec − fem) is the frequency difference of the two resonators. For our

simulation we have used the same ideal values as the previous section.

The transfer efficiency as a function of the fixed frequency mismatch is shown

in Fig. 5.6 for three desired efficiencies ηdesign = 0.9999, 0.995, and 0.99. Notice that

for all procedures a small mismatch δω ∼ 0.5 MHz corresponds to a 2-4% decrease

in the efficiency. This procedure has a very low tolerance for the frequency mismatch

(δω/2πf) ≪ 1%. Although this is a very crude estimate, it illustrates that the effective

frequency change during transmission coefficient modulation will likely require active

compensation.

5.5 Summary

In this chapter we numerically studied deviations from the ideal qubit transfer

protocol originally proposed in Ref. [8]. We considered procedural errors arising from

experimental implementation and the effect of a resonator frequency mismatch. In Sec.

5.3 we simulated the procedure with three deviations from the ideal time-dependence of

the transmission coefficients given in Eqs. (5.3)-(5.5). The slow decrease of solid lines in

Fig. 5.3 shows that an error in only one of the switching times is not a limiting factor

for the procedure. Figure 5.4 shows that neither an error in just one (solid lines) nor

both (dashed lines) of the shaping parameters for the transmission coefficients’ time-

dependence causes a drastic decrease in the transfer efficiency. Similarly, Fig. 5.5 shows

that neither an error of just one (solid lines) nor both (dashed lines) of the maximum

transmission coefficients are cause for concern. In Sec. 5.4 we present the efficiency of
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the transfer protocol when performed with resonators that have unequal frequencies.

The rapid decrease of the efficiency in Fig. 5.6 illustrates the necessity of maintaining

nearly equal resonator frequencies throughout the duration of the transfer protocol.
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Chapter 6

Conclusion

In this dissertation we examined several protocols relevant for experiments

with superconducting qubits. In Ch. 2 a novel application of quantum uncollapsing that

protects a qubit state from decoherence due to zero-temperature energy relaxation was

proposed and analyzed. This procedure preferentially selects the cases without energy

decay events. Stronger decoherence suppression requires smaller selection probability;

a desired point in this trade-off can be chosen by varying the measurement strength.

Following our original proposal, the procedure was successfully demonstrated in an-

other group using a photonic polarization qubit, and was later extended to protect an

entangled qubit pair. Currently, the uncollapsing (which involves selection of certain

measurement results) is the only known to us way of improving the qubit storage fi-

delity against energy relaxation, which does not rely on encoding a logical qubit in a

larger Hilbert space.

In Ch. 3 we have analyzed the performance of N -qubit repetitive quantum

codes in the presence of energy relaxation. As expected, these codes are not usable for

quantum error correction; however, they can be used for quantum error detection. The
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best QED performance for weak energy relaxation is provided by the 3-qubit repetitive

encoding, while the 2-qubit encoding is sufficient and has only a slight decrease in

performance. We have found that the main contribution to the QED infidelity for N ≥ 3

comes from the non-unitary change of the quantum state in the case when no relaxation

happens. We have discussed how this effect can be compensated for by dividing the

QED procedure into an even number of cycles with π-pulses between each cycle.

In Ch. 4 we have considered simple two-qubit quantum error detecton/correction

protocols, suitable for present-day experiments with superconducting qubits. In the first

protocol the errors are simulated by applying intentional unitary rotations to the qubit

states (two types of rotations for each qubit). In this case not only QED, but also QEC

operation is possible when we know the type and location of the applied error rotation.

Most importantly, this experiment would demonstrate the QEC “miracle” of converting

continuous quantum errors into discrete errors, which are then correctable. In the other

protocols, which can only be used for QED, the detectable errors are due to energy re-

laxation during an extended storage period. Our numerical simulations, which account

for realistic decoherence during the entire duration of each procedure, show that the

QEC/QED protocols can be presently realized with superconducting phase qubits.

In Ch. 5 we investigated the robustness of a procedure for transferring the state

of a microwave qubit from one resonator to another resonator via a long transmission

line, the emission and capture of microwave energy is achieved using tunable couplers.

The ideal procedure assumes perfect control of the tunable couplers. We studied de-

viations from the ideal procedure by simulating experimental imperfections of required

pulse shaping, and our results show that the procedure is robust to these errors. Addi-

tionally, we have found that it is necessary to maintain nearly equal resonator frequencies

during the transfer procedure.
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Appendix B

Three-qubit repetitive coding

As was mentioned in section 1.1, one of the main techniques for decoherence

suppression [7] is quantum error correction, where one logical qubit is stored in some

number of entangled physical qubits in such a way that errors can be identified and

corrected. In this section repetitive coding (the simplest example of quantum error

correction) is introduced. It is well known that the three-qubit repetitive code allows

a bit-flip of an unknown qubit to be uniquely detected and corrected. [see Ref. [7] for

the standard analysis of this code – usually referred to as the bit-flip code for obvious

reasons]. After a very brief introduction to classical repetitive coding, the quantum code

is presented in a slightly different manner than usual in order to illustrate the “compact”

scheme of using the ancilla qubits for syndrome measurement.

In classical error correction information is represented in bits, a bit is a variable

which can only take one of two values – denoted here as {0} or {1}. One possible error

that can occur on a bit is called a bit-flip, this is when the value of the bit is exchanged

for its counterpart: if the bit is {0} before the bit-flip, it is {1} after and vice-versa. The

bit-flip of {0} will be represented as {0} � {1} (and similarly the bit-flip {1} � {0}).
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If a bit of information is stored redundantly in three identical copies {0} → {000}, or

{1} → {111}, it is easy to see that a simple majority vote is sufficient to protect a bit

of information from a single bit-flip since,

{000} � {100} or {010} or {001}, (B.1)

or

{111} � {011} or {101} or {110}. (B.2)

In quantum computation an unknown two-level quantum state is the analogy

of the classical bit. However, full information about an unknown quantum state cannot

be obtained (no-cloning theorem [7]), which means direct redundancy is not possible.

The alternative is to “smartly” entangle multiple qubits such that information can be

obtained about the evolution of the system without learning about (and thus destroying)

the original superposition. In the general theory of QEC this “smart” entanglement is

represented as a quantum controlled-gate. A two-qubit controlled-gate performs an

single-qubit quantum operation on one of the qubits (target) conditioned on the state

of the other qubit (control). For repetitive coding the controlled-NOT (CNOT) gate is

used, which conditioned on the state of the control qubit performs a Pauli X-gate on the

target qubit only if the control qubit is in state |1⟩. [The Pauli X-gate is defined as the

usual Pauli X-matrix acting in the computation basis defined in 1.2.] This operation

transforms the two-qubit basis states as

|00⟩ → |00⟩, |01⟩ → |01⟩, |10⟩ → |11⟩, |11⟩ → |10⟩. (B.3)

This transformation is equivalent to switching the coefficients in front of states |10⟩ and

|11⟩, while leaving the other two states unchanged.

Repetitive coding is performed by using a CNOT gate from an unknown qubit

state onto individual ancilla qubits in known states. The bit-flip code is performed
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Figure B.1: Quantum circuit diagram for 3-qubit repetitive code (commonly referred to
as the bit-flip code in traditional quantum error correction). A qubit initially in state
|ψin⟩ = α|0⟩+β|1⟩ is encoded into the entangled three-qubit state |ψen⟩ = α|000⟩+β|111⟩
using a CNOT gate from the main qubit to the two ancilla qubits (both initially in state
|0⟩). After a bit flip of any one of the three qubits, the qubits are decoded using the same
CNOT gates (in the reverse sequence) and the ancilla qubits are projectively measured
in the computational basis (called syndrome measurement). The main qubit is returned
to its initial state |ψin⟩ by applying an appropriate correction operation for a given
syndrome measurement result. The code can also be used for quantum error detection;
in this case the main qubit is kept for the syndromes that require no correction operation,
while in other cases it is known that the procedure has failed.

using three qubits (labelled 1, 2, and 3), the main qubit (qubit 1) is initially in the state

|ψ1⟩ = α|0⟩ + β|1⟩ and ancillas are in |ψ2⟩ = |ψ3⟩ = |0⟩, where the unknown state |ψ1⟩

is what should be protected. As described in Sec. 1.2 the initial state of the system, in

the three-qubit computational basis, can be written as |ψin⟩ = α|000⟩+ β|100⟩.

The quantum circuit diagram for three-qubit repetitive coding is shown in Fig.

B.1. First, a CNOT gate is applied with the main qubit as control onto each ancilla

qubit, which transforms the state to

|ψen⟩ = α|000⟩+ β|111⟩. (B.4)

This primary entangling operation is referred to as encoding. If a bit-flip occurs on one
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of the qubits after encoding, then the three-qubit wavefunction becomes

|ψ{1}
en ⟩ = α|100⟩+ β|011⟩, (B.5)

|ψ{2}
en ⟩ = α|010⟩+ β|101⟩, (B.6)

|ψ{3}
en ⟩ = α|001⟩+ β|110⟩, (B.7)

where |ψ{n}
en ⟩ means the nth qubit was bit-flipped.

To decode and detect the errors, the inverse of the encoding procedure is per-

formed, namely CNOT gates with the main qubit as control onto each ancilla. This

produces the separable (decoded) states

|ψ{none}
de ⟩ = (α|0⟩+ β|1⟩)⊗ |00⟩, (B.8)

|ψ{1}
de ⟩ = α|111⟩+ β|011⟩ = (β|0⟩+ α|1⟩)⊗ |11⟩, (B.9)

|ψ{2}
de ⟩ = α|010⟩+ β|110⟩ = |ψ1⟩ ⊗ |10⟩, (B.10)

|ψ{3}
de ⟩ = α|001⟩+ β|101⟩ = |ψ1⟩ ⊗ |01⟩, (B.11)

where the state of qubit 1 has been separated explicitly from the state of the ancilla

qubits for syndrome measurement. [If no bit-flip occurred, the state is returned to |ψin⟩

since the CNOT gate is its own inverse operation.] To detect an error the ancilla qubits

are measured and four results are possible: {00} if no bit-flip occurred or {11}, {10}, or

{01} if the bit-flip affected qubit 1, 2, or 3 respectively. Since these measurement results

uniquely identify which error has occurred they are referred to as the “syndrome” of

each error.

At this stage, the procedure can be continued in three ways: ignore the syn-

drome measurement and do nothing, apply an appropriate correction for each syndrome,

or discard some cases. The last two options are quantum error correction and detection

respectively. For QEC, a π-pulse is applied to the main qubit only if syndrome {11} is
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measured and nothing is done otherwise. If this approach is taken then |ψ1⟩ is recovered

in all cases. In QED, if we choose to discard cases when syndrome {11} is measured,

then |ψ1⟩ will be recovered in all retained cases. The benefit in this selective proce-

dure is that no measurement-conditioned operations are required (which are currently

experimentally difficult).
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Appendix C

Averaging over the Bloch sphere

This appendix contains some general results for averaging over the Bloch

sphere, relevant for both selective and non-selective procedures. In order to represent

an arbitrary qubit state |ψ⟩ on the Bloch sphere, Eq. (1.1) is rewritten as

α|0⟩+ β|1⟩ = cos[θ/2]|0⟩+ sin[θ/2] eiϕ|1⟩ (C.1)

by defining α ≡ cos[θ/2] and β ≡ sin[θ/2] eiϕ. This representation has a geometric

interpretation as a point on a unit sphere (called the Bloch sphere). Integrating over

the surface of this sphere is equivalent to integrating over all possible pure states of a

two-level system. Averaging any function (let’s call it f) of θ and ϕ (or α and β) over

the Bloch sphere is thus calculating as

f(θ, ϕ) =
1

4π

∫ 2π

ϕ=0

∫ π

θ=0
f(θ, ϕ) sin[θ] dθ dϕ. (C.2)

For the purposes of this dissertation the following general results are sufficient

90



to calculate all necessary averages over the Bloch sphere:

|α|4 = |β|4 =
∫ π

0

(1 + cos θ)2

4

sin θ

2
dθ =

1

3
, (C.3)

|α|2|β|2 =
∫ π

0

(1 + cos θ)(1− cos θ)

4

sin θ

2
dθ =

1

6
, (C.4)

|α|2 = |β|2 = 1

2
, |α|6 = |β|6 = 1

4
, (C.5)

|α|2|β|4 = |α|4|β|2 = 1

12
, |α|4|β|4 = 1

30
, (C.6)

1/(A+B|β|2) = (1/B) ln(1 +B/A), (C.7)

|β|2/(A+B|β|2) = (1/B)− (A/B2) ln(1 +B/A), (C.8)

|β|4/(A+B|β|2) = 1

2B
− A

B2
+
A2

B3
ln(1 +B/A), (C.9)

|α|4
A+B|β|2

=
−3

2B
− A

B2
+

(A+B)2

B3
ln(1 +B/A), (C.10)

|α|2|β|2
A+B|β|2

=
1

2B
+

A

B2
− A(A+B)

B3
ln(1 +B/A), (C.11)

where A and B are constants and |α|2 = (1 + cos θ)/2 and |β|2 = (1− cos θ)/2.
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Appendix D

Six-point averaging and optimal

unitary corrections

In this appendix we prove that no additional unitary operation can improve

the fidelity of the protocol discussed in Ch. 3 (for 2-qubit or N -qubit encoding) in the

case of “no error” measurement result (0 or 0). We also prove that for a measurement

result which indicates an error, the optimal correction is either identity or the π-pulse,

exchanging |0⟩ and |1⟩. Along the way we also discuss the trick [38, 41] of using only 6

initial states for averaging the state fidelity over the Bloch sphere.

Let us first consider an arbitrary (not necessarily trace-preserving) linear one-

qubit quantum operation, which transforms initial states |1⟩, |0⟩, |±⟩ ≡ (|0⟩ ± |1⟩)/
√
2,

|± i⟩ ≡ (|0⟩± i|1⟩)/
√
2 into the density matrices ρ0, ρ1, ρ±, ρ±i. The center of the Bloch

sphere (|0⟩⟨0| + |1⟩⟨1|)/2 = I/2 is transformed into ρc. Because of the linearity, only

four linearly independent initial states are sufficient to define the operation. So, for an

initial state with the Bloch sphere coordinates {x, y, z},

ρin = (I + xX + yY + zZ)/2, (D.1)
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where {X,Y, Z} are the Pauli matrices ( x = 1 corresponds to |+⟩, y = 1 corresponds

to |+ i⟩, z = 1 corresponds to |0⟩), the final state is

ρfin = ρc + x(ρ+ − ρc) + y(ρ+i − ρc) + z(ρ0 − ρc). (D.2)

To compare this operation with a unitary U , we calculate the state fidelity

Tr(ρfinρ
U
fin) (the superscript U in a notation means that it relates to the unitary U),

Fst = Tr{[ρc + x(ρ+ − ρc) + y(ρ+i − ρc) + z(ρ0 − ρc)]

×[ρUc + x(ρU+ − ρUc ) + y(ρU+i − ρUc ) + z(ρU0 − ρUc )]}. (D.3)

Note that ρUc = I/2, since a unitary operation does not change the Bloch sphere center.

In averaging Fst over the Bloch sphere we average over the coordinates {x, y, z} and

use the obvious relations x = y = z = xy = xz = yz = 0, x2 = y2 = z2 = 1/3, thus

obtaining

F =
1

2
Trρc +

1

3
Tr[(ρ+ − ρc)(ρ

U
+ − ρUc )

+(ρ+i − ρc)(ρ
U
+i − ρUc ) + (ρ0 − ρc)(ρ

U
0 − ρUc )]. (D.4)

Note that in general we deal here with non-normalized density matrices, in contrast to

the formalism used in Ch. 3. Therefore, compared with notations of Ch. 3, F = Fav =

F̃av only for a trace-preserving operation, while for a non-trace-preserving operation

F = F̃avP , where P is the average probability of selection [see Eq. (1.24)], and there is

no direct relation between F and Fav.

Using Eq. (D.4) it is easy to see why averaging over the Bloch sphere is equiv-

alent to averaging over only 6 initial states: |0⟩, |1⟩, |±⟩, and | ± i⟩. The state fidelity

F+ for the initial state |+⟩ is given by Eq. (D.3) with x = 1 and y = z = 0. The state

fidelity F− for the initial state |−⟩ is similar, but x = −1. It is easy to obtain the sum,

93



F+ + F− = Trρc + 2Tr[(ρ+ − ρc)(ρ
U
+ − ρU+)], which is similar to the terms in Eq. (D.4).

Similarly finding the sums F+i + F−i and F0 + F1, we obtain [38, 41]

F = (F0 + F1 + F+ + F− + F+i + F−i)/6. (D.5)

Note that this relation remains valid for non-trace-preserving operations, when we

are working with a linear operation and non-normalized states. The same six-point-

averaging relation is valid for the average probability of selection P , because P = Trρfin

and therefore P = Trρc (even two-point averaging is sufficient for P , when we choose

two opposite points on the Bloch sphere). Therefore the six-point-averaging trick is

useful for finding F̃av = F/P .

Now let us discuss why an additional unitary cannot improve the QEC proto-

cols of Ch. 3 when the “no error” measurement result 0 (or 0) is obtained. The final

state in this case is an incoherent mixture of the results of two linear operations:

α|0⟩+ β|1⟩ → α|0⟩+ kβ|1⟩, α|0⟩+ β|1⟩ → k̃β|0⟩, (D.6)

where the real positive constants k and k̃ should obviously satisfy inequality k2+ k̃2 ≤ 1.

For this operation it is easy to find explicitly

ρc = (1 + k̃2 + k2)I/4 + (1 + k̃2 − k2)Z/4, (D.7)

ρ+ = ρc + kX/2, ρ+i = ρc + kY/2, ρ0 = (Z + I)/2. (D.8)

Then using Eq. (D.4) we obtain

F =
1

4
(1 + k2 + k̃2) +

1

6
Tr[kX(ρU+ − ρUc )

+kY (ρU+i − ρUc ) +
1− k̃2 + k2

2
Z(ρU0 − ρUc )]. (D.9)

(Note that comparing the operation with U we assume the correction operation U †.)

Optimizing each term under the trace over the unitary U separately, we see that the
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first term is maximized by unitaries, which transform |+⟩ → |+⟩; the maximum for the

second term is achieved when | + i⟩ → | + i⟩, and the maximum for the third term is

achieved when |0⟩ → |0⟩ (note that k ≥ 0 and 1− k̃2 + k2 ≥ 0). Since the no-evolution

operation satisfies all these conditions, it provides the maximum fidelity,

Ubest = I, F =
1 + k + k2 + k̃2/2

3
. (D.10)

Note that the average probability of the process (D.6) is P = (1 + k2 + k̃2)/2, so

F̃av = (2/3)(1 + k + k2 + k̃2)/(1 + k2 + k̃2). In particular, this is an alternative way of

deriving Eq. (3.11) by using k =
√
1− p1

√
1− p2 and k̃ =

√
p1p2.

Now let us discuss what is the optimal unitary correction operation after ob-

taining the measurement result 1 in 2-qubit encoding or any result except 0 in N -qubit

encoding. Then the resulting state is an incoherent mixture of two linear operations:

α|0⟩+ β|1⟩ → kβ|1⟩, α|0⟩+ β|1⟩ → k̃β|0⟩. (D.11)

Finding explicitly the resulting density matrices

ρ0 = 0, ρc = ρ+ = ρ+i =
k̃2

2
|0⟩⟨0|+ k2

2
|1⟩⟨1|, (D.12)

we obtain from Eq. (D.4)

F =
k2 + k̃2

4
+
k2 − k̃2

12
Tr[Z(ρU0 − ρUc )]. (D.13)

Therefore if k ≥ k̃, then the maximum fidelity Fmax = (2k2 + k̃2)/6 is achieved for any

unitary U , which does not change |0⟩ (same for the correcting operation U †). However, if

k ≤ k̃, then the optimal U transforms |0⟩ → |1⟩ (same for U †) and Fmax = (k2+2k̃2)/6.
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Appendix E

Explicit error scenarios for

N-qubit repetitive code

In this appendix the techniques used to analyze the N -qubit repetitive code

(Ch. 3) are discussed. After applying a CNOT from the main qubit in figure 3.1 to

each ancilla qubit, the N -qubit wavefunction is α|0N ⟩+β|1N ⟩. If the main qubit relaxes

then the decoding will not change the state of any ancilla qubits since relaxation will

put the main qubit into state |0⟩ and a CNOT from this state does not change the

target qubit. Therefore after decoding, the measurement result 0 for an ancilla qubit

indicates that relaxation has occurred. If the main qubit does not relax during the

storage period (between encoding and decoding), then relaxation of an ancilla qubit is

indicated by measurement result 1. There are 2N scenarios: No qubits relax, one qubit

relaxes, two qubits relax, . . ., N − 1 qubits relax, all N qubits relax. Each of the 2N−1

possible syndromes (string of N − 1 1’s and 0’s from measurement of the ancilla qubits)

correspond to a set of two scenarios (one when the main qubit relaxes and the other

when it does not).
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If no qubits relax (all N − 1 ancilla measurements are 0), the final state

will be
∣∣ΨN

0

⟩
= 1√

∆j
(α |0⟩N + β(1 − p)

N
2 |1⟩N ), where ∆N = |α|2 + |β|2 (1 − p)N .

The full spectrum of other possibilities is contained in Table E.1. Let us introduce

the notation used in Table E.1 by first discussing the case when just two qubits re-

lax. If the main qubit is one of the two which relax then the final state of the sys-

tem before decoding is one of the following (we label the qubit number for clarity as

a subscript): |01021314 . . . 1N−11N ⟩, |01120314 . . . 1N−11N ⟩, |01121304 . . . 1N−11N ⟩, . . .,

|01121314 . . . 0N−11N ⟩, or |01121314 . . . 1N−10N ⟩. This set of possibilities will be written

as
∣∣0, {01, 1N−1}

⟩
and the number of possibilities is found using simple combinatorics

(i.e. there are
(
N−1
N−2

)
ways to place the N − 2 ”1’s” within the N − 1 spaces in the

curly braces. If the main qubit does not relax, the final state before decoding is one of

the following: |11020314 . . . 1N−11N ⟩, |11021304 . . . 1N−11N ⟩, . . ., |11021314 . . . 1N−10N ⟩,

|11120304 . . . 1N−11N ⟩, . . ., |11120314 . . . 0N−11N ⟩, |11120314 . . . 1N−10N ⟩, . . .. Employing

the same notation as before we can summarize all of these possibilities as
∣∣1, {02, 1N−2}

⟩
and record the number of possibilities as

(
N−1
2

)
. If we assume identical qubits, then all

cases when two errors occur happen with probability |β|2 p2(1− p)N−2. Now, it can be

seen that Table E.1 contains the whole of possibilities for the N − 1 ancilla qubit state

after storage.

If the syndrome measurement (after decoding) is ignored, then the final state

can be partitioned according to whether the main qubit will be in state
∣∣ψN

0

⟩
(no qubits

relaxed), |0⟩ (N − q qubits relax), |1⟩ (q −N qubits relax), or |0⟩ (all N qubits relax).
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Table E.1: In this table the N -qubit wavefunctions for all possible relaxation errors after
repetitive coding are summarized.

number of errors
∣∣ψN

s

⟩
number of cases probability

0
∣∣ψN

0

⟩
1 ∆N

1
∣∣0, {1N−1}

⟩ (
N−1
N−1

)
|β|2 p1(1− p)N−1

1
∣∣1, {01, 1N−2}

⟩ (
N−1
1

)
|β|2 p1(1− p)N−1

2
∣∣0, {01, 1N−2}

⟩ (
N−1
N−2

)
|β|2 p2(1− p)N−2

2
∣∣1, {02, 1N−3}

⟩ (
N−1
2

)
|β|2 p2(1− p)N−2

3
∣∣0, {02, 1N−3}

⟩ (
N−1
N−3

)
|β|2 p3(1− p)N−3

3
∣∣1, {03, 1N−4}

⟩ (
N−1
3

)
|β|2 p3(1− p)N−3

...
...

...
...

N − 2
∣∣0, {0N−3, 12}

⟩ (
N−1
2

)
|β|2 pN−2(1− p)2

N − 2
∣∣1, {0N−2, 11}

⟩ (
N−1
N−2

)
|β|2 pN−2(1− p)2

N − 1
∣∣0, {0N−2, 11}

⟩ (
N−1
1

)
|β|2 pN−1(1− p)1

N − 1
∣∣1, {0N−1}

⟩ (
N−1
N−1

)
|β|2 pN−1(1− p)1

N |0⟩N 1 |β|2 pN

After such partitioning the final state is

ρNign = ∆N

∣∣ψN
0

⟩ ⟨
ψN
0

∣∣+ N−1∑
q=1

(
N − 1

N − q

)
|β|2 pq(1− p)N−q |0⟩ ⟨0|

+
N−1∑
q=1

(
N − 1

q

)
|β|2 pq(1− p)N−q |1⟩ ⟨1|+ |β|2 pN |0⟩ ⟨0| .

(E.1)

Using the following relations

N−1∑
q=1

(
N − 1

q

)
pq(1− p)N−q = (1− p)− (1− p)N

N−1∑
q=1

(
N − 1

N − q

)
pq(1− p)N−q = p− pN ,

(E.2)

the final state can be written without the large sums and averaging becomes simple

using the results in Appendix C. The average state fidelity of the main qubit when

ancilla measurement results are ignored is thus

Fst =
2

3
+

1

3
(1− p)

N
2 − 1

6
p. (E.3)

The results in Ch. 3 come from similar calculations based on this technique of partitioned

combinatorics.
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