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Abstract—While plug-in electric vehicles (PEVs) are expected
to provide economic and environmental benefits to the trans-
portation sector, they may also help the electric grid, both as a
potential source of energy storage and as a means to improve
power quality and reliability. In this paper, our focus is on the
latter, where PEVs offer reactive power compensation using P-Q
control at their charger inverters. In this regard, we develop a
new optimization-based P-Q control strategy for PEV charging
stations to be implemented in line distribution networks that are
in great need of reactive power compensation, either because
of serving large industrial loads or due to the inductive impact
of distribution level wind turbines. Our design is based on a
nonlinear power flow analysis, and the design objectives are
to perform voltage regulation and demand response. Through
various computer simulations, we assess our proposed PEV-based
reactive power compensation and compare it with the case where
no P-Q control is conducted at PEV charging stations.

Keywords—Plug-in electric vehicles, reactive power compen-
sation, P-Q control, power flow analysis, distributed generation.

I. INTRODUCTION

Reactive power compensation and voltage control are
among the key requirements of power distribution networks
to assure power quality and reliability. Traditionally, reactive
power compensation is highly needed in areas with large
inductive motor loads such as industrial regions. It is also
required in presence of wind turbines to support their induction
load to avoid generator voltage excursion. Note that, although
terminal voltage control is usually supported by the more
advanced (and more expensive) industrial-sized wind turbines
in large wind farms [1], the smaller wind turbines that are used
at the distribution level typically lack such embedded reactive
power compensation capabilities. Therefore, voltage control
and reactive power compensation continue to remain as two
major challenges in power distribution systems, in particular,
as distributed generation (DG) units become more popular.

Currently, reactive power compensation is done by a com-
bination of shunt capacitors, switchable capacitors, and static
var compensators (SVCs). Unlike shunt capacitors, switchable
capacitors and SVCs are capable of adjusting the reactive
power compensation level in response to changes in the grid
condition, e.g., in case of fluctuations in wind speed. However,
they are often considerably more expensive [2]. Therefore,
finding alternative options to conduct reactive power compen-
sation for distribution networks is of great practical interests.
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The possibility of using PEVs to discharge electricity back
to the grid has been already widely studied for vehicle-to-grid
(V2G) systems, e.g., see [3], [4]. More recently, it has been
shown that PEVs may also be capable of offering reactive
power compensation, not only in a V2G mode but also during
a regular charging cycle, with minimum impact on the battery
lifetime [5]-[8]. Therefore, in this paper, our focus is on PEV-
based reactive power compensation using P-Q control. In PEV-
based P-Q control, the operating mode of the PEV charger
inverter is set according to the reactive power compensation
and voltage control requirements of the distribution grid,
subject to the PEV inverter’s operational constraints.

In this paper, our focus is on line distribution networks, c.f.
[9], [10]. We consider a scenario where there is a great need for
reactive power compensation at the distribution network, due
to large industrial loads and distribution level wind turbines
that do not have embedded reactive power compensation
capabilities. We introduce the system model in Section II.
We formulate a PEV-based P-Q control optimization problem
based on an accurate nonlinear power flow analysis in Section
III, where we also explain how to solve the formulated
optimization problem. Through various simulations, in Section
IV, we assess our proposed design method and compare it with
the case where no P-Q control is conducted at PEV charging
stations. The paper is concluded in Section V.

A. Related Works

There are two types of studies in the literature that are
related to this study. First, those papers that use demand
response to tackle the intermittency in wind power generation.
For example, in [11], Neely et al. used Lyapunov theory to
design a centralized queueing system to run delay-tolerant
loads using wind power. In [12], He et al. proposed a multiple
timescale dispatch to integrate wind generators. In [13], Wu
et al. proposed new pricing schemes to encourage user partic-
ipation in wind power integration in microgrids. In [14], Li et
al. used stochastic programming to coordinate the charging of
PEVs based on the amount of wind and solar energy available.

The second group of papers that are related to this study
seek to conduct reactive power compensation by means other
than shunt capacitors, switchable capacitors, or SVCs. For
instance, in [15], Turitsyn et al. considered the possibility of
conducting reactive power control at photovoltaic (PV) units.
The same idea was further developed in [16]. The use of PEV
charger inverters to conduct reactive power compensation was
first discussed in [5]. In [17], Cvetkovic et al. showed the
possibility of using PEVs for frequency and voltage regulation.
A similar idea was also examined in [7] by taking into account
the PEVs’ charging deadlines. Game theory was used to
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Fig. 1. An example line distribution network with a reference bus, bus 0, and B = 6 distribution buses. There are two PEV charging stations at buses 1

and 4. There are also two wind DG units at buses 2 and 4. There are background loads at buses 1, 3, 5, and 6.

encourage PEV participation in reactive power compensation
in [8]. A common assumption in [5], [7], [8], [17] is that the
exact amount of active or reactive power that is needed from
the PEVs are known and given. As a result, the details on the
distribution network topology, power flow conditions, the size
and location of various types of background loads and DGs
are overlooked. We address these shortcomings in this paper.

II. SYSTEM MODEL

Consider a line distribution network such as the one in Fig.
1. Let B={0,1,---, B} denote the set of all buses, where
bus 0 is the reference bus that is connected to the substation.
Also, let Bp, Bp, and Bj, denote the sets of buses in which we
have PEV charging stations, wind DG units, and background
loads, respectively. For the distribution network in Fig. 1, we
have B={0,1,...,6}, Bp = {1,4}, Bp = {2,4}, and B, =
{1, 3,5, 6}. Note that, some buses may belong to multiple sets.
For example, Bp N Bp = {4}, because bus 4 is connected to
both a PEV charging station and a wind DG unit. For each
line between buses 7,i+1 € B, let P; and (Q; denote the active
and reactive power flow on the line. Also, let r; and z; denote
the line resistance and reactance. The voltage phasor at each
bus ¢ € B is denoted by V; and the current phasor over the
line between buses i, 4+ 1 € B is denoted by 1.

At reference bus 0, the substation injects complex power
P? + j@° into the distribution feeder, where P° denotes
the active power imported from the grid, and @° indicates
the reactive power provided by the shunt capacitor at the
substation. At bus ¢ € Bp, the complex power injection from
the PEV charging station is denoted by —PF + jQ¢. Note that,
PEVs drawn active power to charge their batteries and supply
reactive power to contribute in reactive power compensation.
At each bus ¢ € Bp, the complex power injection by the
wind DG unit is denoted by P’ — j@Q;". Note that, wind DG
units supply active power but draw reactive power due to their
inductive load. The exact values of P}’ and ()}’ depend on the
wind conditions; therefore, they can change from time to time.
Finally, at each bus ¢ € By, the complex power draw by the
background (i.e., non-PEV) load is denoted by PL + jQF.
Again, the exact values of P and QF depend on the demand
conditions; therefore, they can vary from time to time.

III. OPTIMAL P-Q CONTROL DESIGN

The utility company or an aggregator that operates the dis-
tribution grid is interested in utilizing the P-Q control potential

of PEVs towards regulating voltage and performing demand
response. In this regard, we assume that the utility constantly
monitors the distribution grid conditions and sends appropriate
P-Q control commands to the PEV charging stations. For this
purpose, the utility needs to solve an optimization problem
that takes into consideration the amount of background load
at each bus, the amount of power generation at each wind DG
bus, the number of plugged-in PEVs at each charging station,
charging deadline indicated by each PEV user, and the power
flow equations across the distribution network.

A. Power Flow Equations

In this paper, we use the non-linear power flow equations
that were introduced in [9] for radial distribution networks.
This model is usually referred to as the DistFlow model [9],
[18]. For notational simplicity, at each bus ¢ € B, we define

v; = |Vi]* > 0. (1)
Also, for each line between buses 7,7 + 1 € B, we define

(P)* 4 (Q4)? > 0.

L= |L” = 2)
Since bus 0 is a reference bus, we have
vo =1 p.u., (3)
Py = P?, 4)
Qo = Qs. 5)

From (1) and (2) and based on the DistFlow model in [9], at
each bus ¢ € B\ {0}, we have

Py= Py —rl; — P + P — PE, (6)
Qi = Qi1 —mili +Q° — QY — QF, (7
vi = vio1 = 2(riPiy + 2Qi1) + (] + )l (8)
Here, we assume that if ¢ ¢ Bp, then P = Q5 = 0;if i ¢ Bp,

then P¥ = Q¥ = 0; and if i ¢ Bp, then P! = Q. = 0.
Furthermore, we assume that Pg = Qg = 0.

B. PEV Operational Constraints

Consider a PEV charging station at bus ¢ € Bp. Let N;
denote the set of PEVs in this charging station. For each PEV
n € N;, let Br,i denote the departure time, i.e., the time when
the PEV must leave the charging station. The departure time is
also the charging deadline, i.e., the time by which the PEV’s
battery must reach its target charging level. At each time ¢,



the PEV’s state-of-charge (SOC) is denoted by ¢!, ;. The target
charging level is denoted by e;";. We assume that the charging
time is divided into time slots with an equal length AT. The
charging rate for each PEV n is updated once every time slot.
Let s in kVA denote the PEVs’ inverters’ maximum apparent
power capacity. Now, we are ready to introduce the following
constraints for the operation of each PEV n € N;:

€ni — efwl < P AT + (Br, — t)sAT, 9)

and
(pn,i)z + (Qn,i)2 < 5%

where —p,, ;+jg,,; denotes PEV n’s complex power injection
at bus ¢. Recall from Section II that PEVs draw active power
and supply reactive power. At each bus ¢ € Bp, we have

(10)

Pf="3" pui (11)
neN;
and
QY= Gni- (12)
neN;

When using level 1 chargers, s = 1.44 kVA; and when using
level 2 chargers, s = 7.68 kVA. Next, we explain the rational
behind (9) and (10). In (9), the left hand side indicates the
amount of energy that PEV n needs to draw from bus ¢ to
reach its target charging level. On the right hand side, the
first term indicates the amount of energy that PEV n draws in
the current time slot, given its current charging rate p,, ;. The
second term indicates the maximum amount of energy that
PEV n will be able to draw during the upcoming time slots
before the charging deadline 5, ;, assuming that it does not
provide reactive power. If the inequality in (9) holds, then PEV
n is assured to reach its target SOC by or before its charging
deadline. In (10), we simply make sure that the operation of
PEV n’s charger is within its supported capacity range.

C. Substation Operational Constraints

Next, we take into account the constraints associated with
the substation. Recall from Section II that P° gives the amount
of active power that the substation imports from the grid. In
practice, this amount is limited by the operational capacity of
the substation, which we denote by Ps. To avoid overloading
the substation transformers, we need to have

0< P$< Ps. (13)

D. Design Objective

Our design objective is two fold. First, we would like to
conduct demand response to lower the cost of electricity that
is imported to the distribution network by the substation. We
seek to achieve this objective by minimizing a cost function
C(P?), which is a convex and increasing function of the total
power imported by the substation into the distribution grid.
One popular choice of cost function is [19], [20]:

C(P®) = a(P*)* + bP* +c, (14)

where ¢ > 0 and b,c > 0 are cost parameters. Second, we
would like to conduct voltage regulation to improve power
quality. We seek to do this by minimizing a voltage regulation
function f(v1,...,vp). For example, we may have

= i — Vo, 15
f(vh 7UB) Itneag(h} ’UO| ( )
where we seek to minimize the maximum deviation of the
voltage magnitude at any grid bus from the reference value.

Based on the above two design objectives, we propose to
solve the following optimization problem to coordinate P-Q
control across all plugged-in PEVs on the distribution network:

minimize  C(P°) 4+ Af(vy,...
Egs. (1) — (13),

, U
) 5) (16)
subject to

where )\ is a weighting parameter to control the trade-off
between demand response and voltage regulation objectives.
The optimization variables are P; and @); for all < € B, P{ and
Q¢ for all i € Bp, py,; and g, ; forall i € Bp and all n € N,
v; and [; for all ¢ € B, and P?. Furthermore, the parameters
are P and QY for all i € Bp, P! and Q! for all i € By, and
Q°®. These parameters are updated at the beginning of each
time slot using the utility’s monitoring system. Accordingly,
problem (16) needs to be solved based on the new set of
collected parameters at the beginning of each time slot.

E. Convex Relaxation

Problem (16) in its current form is not a convex program.
Therefore, it is difficult to solve. The cause of non-convexity
in (16) is the strong non-linearity of the equality constraint
in (2). Inspired by [16], next, we propose to replace the
equality constraint in (2) with an inequality constraint. More
specifically, for each ¢ € B, we propose to replace (2) with

B 2 . 2
I > M (17)
v
After reordering the terms, the above inequality becomes:
(P)? +(Qi)* < livi. (18)

Unlike the constraint in (2), the above constraint is tractable.
In fact, (18) is a rotated quadratic cone constraint that forms
a convex set [21]. Therefore, after replacing (2) with (18), the
relaxed optimization problem becomes convex:

minimize  C(P°) + Af(vi,...,vB)

(1), (3) — (13), (18),

where the optimization variables and parameters are the same
as those in problem (16). In [10], Li ef al. proposed several
checkable conditions to make sure that the above convex
relaxation are perfect. Clearly, if perfect relaxation is achieved,
i.e., if the inequality in (17) holds as equality, then solving
problem (19) is equivalent to solving the original problem in
(16). We will investigate the achievability of perfect relaxation
in our simulation studies at the end of Section IV.

. (19)
subject to



TABLE 1
LOADS AND WIND DG UNITS ACTIVE AND REACTIVE POWER DATA.

Minutes Py, Qr Py Qw
5 0.147, 0.233 | 0.025, 0.047 || 0.090, 0.109 | 0.023, 0.016
10 0.147, 0.230 | 0.025, 0.046 || 0.084, 0.079 | 0.022, 0.018
15 0.143, 0.225 | 0.024, 0.045 || 0.102, 0.087 | 0.020, 0.019
20 0.137, 0.228 | 0.023, 0.046 || 0.107, 0.093 | 0.017, 0.021
25 0.138, 0.230 | 0.023, 0.046 || 0.107, 0.097 | 0.019, 0.018
30 0.141, 0.235 | 0.024, 0.047 || 0.099, 0.087 | 0.021, 0.019
35 0.144, 0.240 | 0.024, 0.048 || 0.116, 0.107 | 0.020, 0.021
40 0.147, 0.238 | 0.025, 0.048 || 0.102, 0.095 | 0.023, 0.018
45 0.141, 0.235 | 0.024, 0.047 || 0.096, 0.098 | 0.021, 0.022
50 0.140, 0.233 | 0.023, 0.047 || 0.101, 0.095 | 0.017, 0.021
55 0.137, 0.235 | 0.023, 0.047 || 0.094, 0.099 | 0.021, 0.021
60 0.135, 0.238 | 0.023, 0.048 || 0.107, 0.114 | 0.021, 0.020

IV. SIMULATION RESULTS

Consider a line distribution network with B = 10 buses.
For each line between buses 7,7 + 1 € B, we have r; = 0.02
and x; = 0.06. The base apparent power is 1 MVA. We have
B, = {6,10}, Bp = {5,7}, and Bp = {4,8}. A simulation
period of one hour is divided into 12 time slots of length
5 minutes. The loads and wind DG powers at different time
slots are selected randomly as shown in Table I. The cost
function parameters are a = 0.01, b = 0.5, and ¢ = 0; and the
weighting factor is A = 0.5. The arrival times, departure times,
initial charge levels, and target charge levels for a total of 40
PEVs are generated randomly and shown in Table II. Here, a
negative arrival time indicates that the PEV is already plugged
in at the beginning of the simulation period; and a departure
time greater than 60 indicates that the PEV will remain at the
charging station at the end of the simulation period.

First, we examine the bus voltages as shown in Fig. 2.
We can see that if no P-Q control is conducted, adding the
extra load of PEVs can further lower the already low voltage
magnitudes along the distribution line, especially at the end
buses. However, once P-Q control is conducted, the voltage
profile improves significantly to the extent that at almost all
buses we achieve a voltage magnitude that is close to 1 p.u.

Next, we examine the voltage magnitude variations during
all 12 time slots. The results are shown in Fig. 3 for bus
7, which is connected to a wind DG unit. We can see that
the voltage fluctuations are minimized when our proposed P-
Q control mechanism is used. With P-Q control, the amount
of active power drawn and reactive power supplied by three
different PEVs that are connected to the first charging station
are as in Fig. 4. Note that, the charging periods are coordinated
to achieve the best voltage profile that is observed in Fig. 3.

Recall from Section III-E that we used convex relaxation
to transform problem (16) into the convex problem in (19).
If the perfect relaxation is achieved, i.e., if the inequality in
(17) holds as equality, then the solution obtained by solving
problem (19) is also optimal to the original problem in (16).

TABLE I
PEVS ARRIVALS, DEPARTURES, AND CHARGING DATA

Charging Station 1 Charging Station 2

On 57L 52 e’rnn Qn ﬁ”l 697, EW
0 75 8.0 15.6 30 65 8.6 16.2
-10 115 9.3 16.5 35 80 3.6 6.7
-10 75 9.3 16.5 15 40 11.8 145
45 115 23 42 55 90 1.0 1.7
-55 70 15.0 16.5 -5 40 8.6 13.7
5 115 74 14.3 -50 85 143 16.5
25 75 4.8 9.3 35 75 3.6 6.7
10 40 8.0 11.8 0 75 8.0 15.6
-55 35 15.0 16.5 -20 20 10.5  13.1
-30 10 11.8  13.1 5 75 74 14.3
-20 25 105 137 15 100 6.1 11.8
-25 30 112 15.0 -50 95 143 16.5
30 70 42 8.0 0 80 8.0 15.6
40 55 1.0 1.7 -30 65 11.8 16.5
-50 55 143 16.5 20 110 5.5 10.5
-20 75 10.5 16.5 -50 75 143 16.5
-30 65 11.8 16.5 35 80 3.6 6.7
10 70 6.7 13.1 -15 110 9.9 16.5
0 45 8.0 13.7 0 110 8.0 15.6
10 45 13.7 16.5 -50 20 143 165
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Fig. 2. Voltage profile at all buses during the second simulation time slot.

This issue is investigated in Fig. 5. Here, we can see that the
convex relaxation gap is always very low (below 0.03%), i.e.,
we always achieve almost perfect relaxation.

V. CONCLUSIONS

We proposed a new optimization-based P-Q control strategy
for PEV charging stations in line distribution networks. Our
design was based on a nonlinear power flow analysis, and
our design objectives were to conduct voltage regulation and
demand response. Our simulation results showed that the
proposed PEV-based reactive power compensation scheme is
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very effective in regulating voltage at different buses with
different background loads and wind conditions.
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