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• The instrument to measure phasors is phasor measurement unit (PMU).

• PMUs have received great attention over the past two decades. They 
have been deployed widely in many countries for various applications.

• Recall from Section 1.2.2 that a sinusoidal wave can be represented by a 
phasor, which is a complex number with magnitude 𝑋 and phase angle 𝜃:

• Notice that the frequency (𝜔) is implicit in defining the phasor. 

𝑥 𝑡 = 2 𝑋 cos 𝜔𝑡 + 𝜃 𝑋∠𝜃
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• Example 3.1: The voltage at a motor load is measured as

and the current is measured as 

The angular frequency is ω = 2π × 60. These voltage and current waves 
and their phasor representations are shown below.

𝑣 𝑡 = 120 2 cos 𝜔𝑡

𝑣 𝑡 = 1.63 2 cos 𝜔𝑡 − 0.7532
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• If voltage and current waveforms are sinusoidal, as in Example 3.1, then 
the magnitude of the phasor is equal to the RMS value of the waveform. 

• However, in practice, voltage and specially current waveforms are often 
distorted and may not have purely sinusoidal waveform (see Chapter 4).

• Therefore, voltage and current phasors are defined based on the 
fundamental component of their respective waveforms. 

• Phasor measurements are obtained by applying Discrete Fourier 
Transform (DFT) to sampled data of voltage and current measurements.
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3.1.1. Phasor Calculation Using Discrete Fourier Transform

• Consider a window of N samples taken from one cycle of periodic signal 

𝑥 𝑡 = 2 𝑋 cos 𝜔𝑡 + 𝜃 . The samples are denoted by 𝑥(0), . . . , 𝑥(𝑁 −
1). Phasor 𝑋∠𝜃 corresponding to these N samples are obtained as

• PMUs must have enough computation power to do the DFT calculation 
within each reporting interval (see Section 2.3). For example, to support 
10 phasor readings per second, a PMU may internally sample voltage or 
current at a much higher rate, such as at 48 samples per cycle [2].

(Real Part)

(Imaginary Part)
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3.1.2. Time Reference to Measure Phase Angle

• The value of the phase angle 𝜃 depends on the time reference.

• One can change the time reference and obtain a different phasor 
representation for the same sinusoidal waveform, which has the same 
magnitude but a different phase angle. 

• In Example 3.1, let us shift the time axis to the right by 

(π/6)/ω seconds:

(π/3)/ω seconds:

(π/2)/ω seconds:
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• These phasor representations can be obtained by rotating the phasors 
in Example 3.1 by 30∘, 60∘, and 90∘ counterclockwise, respectively.

• Any of the above phasor representations correctly captures the relative
relationship between the voltage phasor and the current phasor.

• However, if we are using multiple PMUs, then we must use the same 
time reference so that the phasor measurements from different PMUs 
can be comparable with each other to be used in the same analysis.

𝑉

𝑉
𝑉

𝐼 𝐼
𝐼
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• These PMUs measure what is called synchrophasors, i.e., phasors 
whose phase angles are measured relative to a common reference.

• The common reference is a sinusoidal function, denoted by 𝑥𝑟𝑒𝑓 𝑡

at the nominal system frequency which is synchronized to the 
Universal Time Coordinated (UTC) standard time. 

• In this example, the reference 
signal 𝑥𝑟𝑒𝑓(𝑡) has a maximum 

at time 𝑡 = 0. Signal 𝑥(𝑡) has a 
positive zero crossing at time t 
= 0. The offset is −90∘. Thus, 
we have 𝜃 = −90∘ , or 
alternatively, 𝜃 = 270∘ .
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3.2.1. Precise Time Synchronization

• According to the IEEE C37.118 Standard, the clock must be accurate to 
better than one microsecond [141]. This is to ensure that the error in 
synchrophasor measurements is less than 1%; see Section 3.9.

• The most common way of time synchronization across PMUs is to use 
the Global Positioning System (GPS). It uses satellite-synchronized clocks.

• Each PMU is equipped with a GPS 
receiver. In this figure, two different 
types GPS receiver antennas are shown 
that are mounted outside a substation. 
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• All phasors that are measured by a group of GPS-synchronized PMUs 
are on the same time reference; hence, they are comparable.

• Time Stamps: For each synchrophasor, a PMU reports the magnitude, 
the phase angle, and the time stamp. An example is shown below. 
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• The UTC time stamp in the example on Slide 12 is in microseconds.

• The reporting rate is 60 Hz, i.e., one reading every 16.667 msec:

• Time stamps can be converted to actual date and time:

• Note: The phase angles in the third column in this example are given 
in the 0∘ to 360∘ range, as opposed to the −180∘ to 180∘ range.

− 1579101467916666
1579101467933333

16667
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First Row
Second Row
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3.2. Time Synchronization and Synchrophasors

Cambridge University Press  15

• Since all PMUs are time-synchronized, they can provide us with the 
desired synchrophasor measurements, which come from different 
measurement locations across the power system. 

• An example for time-stamped measurements from three PMUs:
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• Frame Per Second: The reporting rate of PMUs is sometimes stated in 
frames per second (fps), where each frame refers to one reading of the 
PMU, such as each row in the table on Slide 12. 

• PMUs are required by the IEEE C37.118 Standard to report at least 10 
readings per second, i.e., at 10 fps, for a 60 Hz system [141]. 

• Different types of PMUs have different typical reporting rates; see 
Section 3.2.3. Some may report up to 120 fps. 
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3.2.2. Application of Time Synchronization

• PMUs have three desirable features when compared with the 
traditional voltage and current sensors that we discussed in Chapter 2:

1) They can measure phase angle; in addition to the magnitude.

2) They have high reporting rates. 

3) They have precise time stamps. 

• Items 2 and 3 have important applications even if we are not concerned 
with phase angle and only focus on measuring the magnitude. 
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• Example 3.2: Suppose we seek to extend the analysis in Example 2.9 
in Chapter 2 to identify whether a voltage event, lasting only a few 
milliseconds, is caused by a system-wide issue at the transmission level 
or a local issue at the distribution level. In this regard, we compare 
voltage measurements at two nearby feeders, as shown below:

• Given the small time scale of the analysis, even 1 or 2 seconds drift 
between the clocks of the two sensors may create misleading results.
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• Example 3.2 (Cont.): Therefore, PMUs with precise time 
synchronization are used for this analysis. 

• Four transient voltage events are marked on the figure. 

• Event  1 is visible in Feeder 2 but not in Feeder 1. 

• Events  2 and  4 are visible in Feeder 1 but not in Feeder 2. 

• Event  3 is visible in both feeders. 

• Therefore, event  3 is caused in transmission or sub-transmission 
systems while events 1 ,  2 , and 4 are caused in distribution systems.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications
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3.2.3. Different Types of PMU Technologies

• We will discuss different Performance Classes of PMUs in Section 3.9.1. 

• However, in terms of applications, we can informally divide the existing 
phasor measurement technologies into different groups. 

• Traditionally, PMUs have been installed at high voltage locations, such as 
at the transmission-level substations, to support system-wide monitoring 
of the power grid. Their typical reporting rate is 30 fps or 60 fps [146].

• Distribution-level PMUs (D-PMUs), also known as micro-PMUs, are 
rather installed at medium voltage distribution-level substations and low 
voltage load transformers. Their typical reporting rate is 120 fps [147].
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• There are other types of PMU technologies that could potentially be 
placed as separate groups with respect to their applications. 

• For example, Frequency Disturbance Recorders (FDRs) can be seen as a 
special type of PMUs that are are installed at ordinary 120 V outlets. 
They often serve as low-cost synchronized frequency sensors to analyze 
system-wide frequency disturbances, see Section 3.3.3. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.2. Time Synchronization and Synchrophasors

Cambridge University Press  22

3.2.4. Synchrophasor Data Concentration

• Several applications require access to data from multiple PMUs at 
remote locations. Also, PMUs have limited local data storage capacity.

• In practice, phasor data concentrator (PDC) devices are used to gather 
data from several PMUs, identify and reject bad data, align the time 
stamps, and create a coherent record of all collected synchrophasor data.

• A PDC often does data aggregation to align the data that it receives 
from multiple PMUs or other PDCs and transmits the combined data.
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• Note: The incoming data may have different reporting rates.

• The reporting rate at the output of the PDC may have to be adjusted 
accordingly. If the reporting rate in the PDC’s output stream is lower than 
the reporting rate in one of its input streams, then the PDC must conduct 
down-conversion on input data. If the reporting rate in the PDC’s output 
stream is higher than the reporting rate in one of its input streams, then 
the PDC may conduct up-conversion (extrapolation) on input data.

• Other functions of PDCs may include latency calculation, data 
validation, bad data detection, bad data correction, managing data 
communications, cyber-security, etc. [148].
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• A phasor is defined for a given frequency ω = 2πf.

• Ideally, the frequency should be the same and stay constant, at its rated 
value, all across the same power grid. For example, in North America, the 
frequency in each interconnection is rated at f = 60 Hz.

• However, in practice, the frequency constantly changes, as we saw in 
Section 2.9 in Chapter 2. Such changes are often considered normal. 

• Q: How does the changes in frequency affect measuring the phasors by 
PMUs, because phasors are defined for a given frequency.

• The impact is particularly on measuring phase angle. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications
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3.3.1. Impact of Frequency on Measuring Phase Angle

• The phase angle measurements in the table on Slide 12 change at every 
reading. In fact, the appear to constantly increase at a small pace. 

• These changes are mostly due to the fact that real-world power systems 
seldom operate at the nominal frequency 𝑓0 = 60 𝐻𝑧. Instead, they may 
operate at an off-nominal frequency 𝑓 = 𝑓0 + Δ𝑓, where Δ𝑓 ≠ 0.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications
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• Example 3.3: Consider the voltage phase angle measurements for a 
duration of 10 minutes as shown in the figure below.

• For the first few minutes, the phase angle decrements in cycles that run 
from 360∘ to 0∘ before wrapping around and jumping back to 360∘. 
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• Example 3.3 (Cont.): At around minute six, there is a reverse in this 
pattern of the curve in the figure, and the phase angle starts increasing.

• For the last few minutes, the phase angle increments in cycles that run 
from 0∘ to 360∘ before wrapping around and jumping back to 0∘.

• Q: What can we tell about the frequency of the system based on the 
above different patterns in the curve in this figure?
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• To understand the impact of frequency on phase angle measurements, 
first consider the case where a PMU with reference signal 𝑣ref(𝑡) is used 
to measure the phase angles for signal 𝑣1(𝑡) at frequency 𝑓1 = 60 Hz:

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

Reference Signl: 

Measured Voltage:

𝑣1 𝑡 = 2 cos(2𝜋𝑓1𝑡 + 270∘)
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• Next consider the case where a PMU with reference signal 𝑣ref(𝑡) is used 
to measure the phase angles for signal 𝑣2(𝑡) at frequency 𝑓1 = 61 Hz:

• Pay attention to the angular location of the black dots. 
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Reference Signl: 

Measured Voltage:

𝑣2 𝑡 = 2 cos(2𝜋𝑓2𝑡 + 270∘)
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• In the first case, we have:

• Accordingly, the black dot in the figure is always at 270∘; and the PMU 
reports 270∘ at all the reporting instances at 𝑡 = 0, 𝑡 = 0.0167, 𝑡 =
0.0333, 𝑡 = 0.0500, 𝑡 = 0.0667, 𝑡 = 0.0833, and 𝑡 = 0.1000.
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𝑣1 𝑡 = 2 cos(2𝜋𝑓1𝑡 + 270∘) = 2 cos(2𝜋𝑓0𝑡 + 270∘)

Measured Phase Angle
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• In the second case, we have:

• Accordingly, the black dot in the figure keeps changing; because it 
changes over time due to the time varying term 2𝜋Δ𝑓𝑡, where Δ𝑓 = 1 Hz. 

• The PMU reports at 270∘, 276∘, 282∘, 288∘, 294∘, and 300∘ at 𝑡 = 0, 
𝑡 = 0.0167, 𝑡 = 0.0333, 𝑡 = 0.0500, 𝑡 = 0.0667, 𝑡 = 0.0833, and 𝑡 =
0.1000, respectively. The increments in phase angle measurements are:  

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

𝑣2 𝑡 = 2 cos(2𝜋𝑓2𝑡 + 270∘) = 2 cos(2𝜋𝑓0𝑡 + 2𝜋Δ𝑓𝑡 + 270∘)

Measured Phase Angle

360∘ × Δ𝑓 × Δ𝑡 = 360∘/60 = 6∘.
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• Based on Slides 29-32, if the frequency is fixed, or it changes very slowly, 
then frequency can be estimated from the measured phase angles as:

or 
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𝑓 = 𝑓0 + Δ𝑓 = 𝑓0 +
1

2𝜋

Δ𝜃

Δ𝑡

𝑓 = 𝑓0 + Δ𝑓 = 𝑓0 +
1

360

Δ𝜃

Δ𝑡

(Δ𝜃 is in radian)

(Δ𝜃 is in degrees)
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• Unwrapping Phase Angle Measurements: If Δ𝜃 is calculated at a point 
where the phase angle measurement wraps around, then the phase angle 
measurement must be unwrapped before it is used to estimate frequency.

• In this example, the phase angle measurements are unwrapped by 
adding 360∘ to all measurements at time 𝑡 = 30 sec and beyond.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications
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3.3.2. Rate of Change of Frequency

• The formulations on Slide 33 are valid when the frequency is fixed.

• Q: What if we consider frequency as a function of time, denoted by 𝑓(𝑡)?

• Let’s use the first two terms in the Taylor series approximation to write:

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

𝑓(𝑡) = 𝑓0 + Δ𝑓 +
𝑑𝑓

𝑑𝑡
𝑡

Rate of Change of Frequency (ROCOF)
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• To find a way to estimate the ROCOF (and the time-varying frequency), 
consider measuring the phase angle of this sinusoidal signal:

• From the analysis of power system dynamics, we know that [149]:

where 𝜔(𝑡) = 2𝜋𝑓(𝑡) is the instantaneous angular frequency. Thus:
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𝑥 𝑡 = 2𝑋𝑐𝑜𝑠(𝜗(𝑡))

𝜔(𝑡) = 𝑑𝜗(𝑡)/𝑑𝑡,

𝜗 𝑡 = 2𝜋න
0

𝑡

𝑓 𝜏 𝑑𝜏 +𝜗 0

= 2𝜋𝑓0𝑡 + 2𝜋Δ𝑓𝑡 + 𝜋 ROCOF 𝑡2 + 𝜗 0

Phase Angle, relative to 𝑥ref 𝑡 with frequency 𝑓0
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• From the last equation on the previous slide, the relative phase angles 
with respect to the reference signal that are reported by the PMU at 
time instances 𝑡 = 0, Δ𝑡, 2Δ𝑡, . . . are obtained as

• As a special case, if ROCOF = 0, then we can use the above equations 
to obtain Δ𝜃 = 2𝜋Δ𝑓Δ𝑡 , which after reordering the terms would result 
in the same expression for the estimation of frequency as in Slide 33.

• However, in general, ROCOF is often not zero and not known in advance.
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• The system of equations in the previous slide can be used to 
simultaneously estimate Δ𝑓 and ROCOF. This is done by using a window 
of 𝑁 phase angle measurements. We can derive:

• Note: matrix A depends only on Δ𝑡. Therefore, for a given 𝑁, it can be 
pre-calculated and stored as a constant for use in real time.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications
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• The unknowns can now be estimated using the LS method:

• Once Δ𝑓 and ROCOF are estimated, the frequency itself is estimated as
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𝑓 𝑡 = 𝑓0 + Δ𝑓 + ROCOF 𝑡
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• Example 3.4: One can use the phase angle measurements in the first 
𝑁 = 10 rows in the table on Slide 13 to estimate 

and 

Accordingly, we can estimate the frequency as 

Here, is a 9 × 1 vector and is a 9 × 2 matrix.
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Δ𝑓 ≈ 0.008528

ROCOF ≈ 0.002193
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• The frequency estimations corresponding to the phase angle 
measurements on Slide 27 are shown below for 𝑁 = 120 (window size). 
Frequency crosses 60 Hz at around minute six, i.e., the time when there 
is a reverse in the pattern of changes in phase angle measurements.

• Increasing the window size 𝑁 can result in more smooth frequency 
estimations. However, one should not use excessively long windows to 
avoid degrading the accuracy of the estimated frequencies.
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3.3.3. Synchronized Frequency Measurements

• Major events can cause sudden changes in the frequency of the power 
system all across an entire interconnection. 

• Time synchronization across PMUs, together with the fact that PMUs 
can estimate frequency, can result in another application for PMUs, 
namely their ability to provide synchronized frequency measurements.

• This can helps us observe the system-wide impact of frequency events.
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• Example 3.5: A group of six FDRs (see Slide 21) are installed at six 
different locations on the on the Western Interconnection in the United 
States as part of the FNET/GridEye project [133].

• They are used to obtain time-synchronized frequency measurements
(based on the analysis of phasor measurements) at these six locations.

• The frequency suddenly drops due to a major generator loss event.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

Generator Loss Location

FDR Location

Western 
United States
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• Example 3.5 (Cont.): The lost generator is located in Southern California. 
As a result, frequency changes are first seen by the FDRs in Southern and 
Northern California. The relative timing of the frequency events at 
different locations can help estimate the location of the lost generator.
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• The Relative Phase Angle Difference (RPAD) is the difference between 
the phase angles in two synchrophasors on the same interconnection.

• For example, given the voltage synchrophasors 𝑉1∠𝜃1 and 𝑉2∠𝜃2 at 
locations 1 and 2 on the same interconnection, such as at the two ends 
of a transmission line, the corresponding RPAD is obtained as:

• Time synchronization is critical to calculate RPAD. If the two phasors are 
not synchronized, then RPAD calculation is practically useless.

• RPAD is almost always calculated for voltage synchrophasors but not for 
current synchrophasors. Also, phase angle measurements must be 
unwrapped before they can be used to calculate RPAD; see Slide 34.
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3.4.1. Approximate Relationship Between RPAD and Power Flow

• Recall from Section 1.3.1 in Chapter 1 that the flow of real power 
between two buses on an AC power network depends on the voltage 
angle difference between the two buses. When the line impedance is 
dominantly inductive, as in the case of most transmission lines, the real 
power flow between bus 1 and bus 2 is approximated as

• where X12 is the line inductance, 𝑉1∠𝜃1 is the voltage phasor at 
location 1, and 𝑉1∠𝜃1 is the voltage phasor at location 2.
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• From the equation on the previous slide, active power flow in a power 
transmission line is nearly proportional to the sine of RPAD of voltages at 
the two terminals of the line. Since many of the planning and operational 
considerations in a power network are concerned with the flow of active 
power, measuring RPAD across transmission lines is of interest.
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• RPAD may also serve as a rough approximation of the active power flow 
between two regions. An example is shown below for the case of a study 
based on the data from the Texas synchrophasor network [113].

• Location 1 is an astronomical observatory in West Texas, a region which 
has a relatively small population but is home to some of the largest wind 
farms in the United States. Location 2 is a university campus in East 
Texas, a region which is home to the state’s largest population centers.
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• We can compare the daily profile of RPAD on the previous slide with the 
daily profile of the amount of wind power generation in West Texas:

• Since the majority of the wind power that is generated in West Texas is 
consumed in East Texas, the overall shape of the wind power generation 
profile on this slide is roughly approximated by the overall shape of the 
active power flow (and RPAD) between the two regions on Slide 49.
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3.4.2. Sustained and Transient Events in RPAD

• RPAD measurements can be used to identify various system-wide 
events in power systems. Two examples are shown below [113].

• The event in Figure (a) is a sustained step change in RPAD at 0.24∘ due 
to transmission line tripping. A line tripping results in redirecting power 
flow to surrounding transmission lines, thus causing a change in RPAD.
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• The event in Figure (b) on the previous slide includes a sudden change 
in RPAD at 0.25◦; however RPAD returns to its initial value. This is the 
result of a transmission line reclosing event [113]. 

• The duration of the event is about 1.5 seconds. 

• Here, the fault is rather temporary; therefore, the transmission line 
reclosing operation is successful, and the power flow returns to its 
original value within a short period of time. 

• RPAD also returns to its pre-fault value.
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3.4.3. Impact of Inter-Area Oscillations

• RPAD measurements can identify and characterize inter-area oscillations.

• Recall from Section 2.6.1 in Chapter 2 that an inter-area oscillation 
indicates an unintentional periodic exchange of power across different 
regions of a power grid. Based on the approximate relationship between 
RPAD and active power exchange that we saw in Section 3.4.1, oscillations 
in RPAD measurements across two regions can be considered as an 
indication of inter-area oscillations between the two regions. 

• Inter-area oscillations often carry a frequency between 0.15 Hz and 1 Hz, 
or sometimes up to 2 Hz; depending on the interconnection.
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• Example 3.6: Two oscillation events in RPAD measurements are shown 
below. For the damped transient event in Figure (a), the duration of the 
event is 4.4 seconds and the largest swing is 0.96◦. The frequency of the 
oscillation, i.e., for its dominant mode, is 0.59 Hz. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.4. Relative Phase Angle Difference

Cambridge University Press  55

• Example 3.6 (Cont.): For the damped transient event in Figure (b), the 
duration is 4.8 seconds and the largest swing is 1.33◦. The oscillation has 
a strong mode at 0.64 Hz. This oscillation in this event was known to be 
caused by a sudden loss of a 810 MW power generation unit [113]. 

• The frequencies of both of the oscillatory events in Figures (a) and (b) 
fall within the typical range of inter-area oscillations.

• Note: By extending the above analysis and similarly examining all the 
oscillation events in RPAD measurements over several hours or days, we 
can obtain the statistical characteristics of the inter-area oscillations and 
other types of low-frequency oscillations in the power system.
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• Example 3.7: Figures below are two scatter plots for the frequency 
versus damping ratio of the oscillation modes in the RPAD measurements 
across the two PMUs in Texas that we previously saw on Slide 49.
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Low-Wind Conditions

(Wind power penetration: 4.6% ~ 5.0%)

High-Wind Conditions

(Wind power penetration: 15% ~ 18%)
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• Example 3.7 (Cont.): We can see that the points in Figure (b) are more 
tightly clustered at certain frequencies, while the points in Figure (a) are 
more scattered, specially at frequencies above 1.5 Hz.

• Furthermore, some of the points in Figure (b) are shifted toward the 
left, which indicates that they have smaller damping ratios, compared 
to the points in Figure (a). This means that some of the oscillation 
modes in the system are not damped as quickly during high-wind 
conditions as they do during low-wind conditions. 

• The type of scatter plots that we saw on Slide 57 can be used to 
characterize the oscillation modes in the system under different 
operating conditions; see the detailed study in [113].
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3.5.1. Phasor Differential Calculation

• Phasor Differential (PD) is the difference between two phasor 
measurements that are obtained from the same PMU. 

• PD is often obtained when an event occurs. 

• Suppose 𝑋before and 𝑋after denote the phasor measurements before
and after the event. The PD corresponding to the event is obtained as:
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• Example 3.8: Consider a capacitor bank switching event that is 
captured by a PMU that measures the phasor of current.

The measurements for magnitude and the measurements for phase 
angle are shown in Figures (a) and (b) below, respectively.
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• Example 3.8 (Cont.): The phasors of current before and after the 
event are measured as (as marked on the figure on the previous slide): 

and

• The PD corresponding to the above current phasors is obtained as
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• PD can also be defined based on voltage phasor measurements. 

• For the capacitor bank switching event in Example 3.8, the voltage 
phasors before and after the event are measured as

respectively. Accordingly, we can obtain:

• Together, Δ𝐼 and Δ𝑉 model the impact of the event at the current and 
voltage phasor measurements at the location of the PMU.
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• Comparison between PD and RPAD: They have several differences:

1) RPAD is a scalar; PD is a phasor.

2) RPAD is measured between two PMUs; PD is measured for one PMU.

3) RPAD uses only phase angle measurements; PD uses both phase 
angle measurements and magnitude measurements.

4) RPAD is usually measured for voltage phasors only; PD is measured 
for both voltage phasors and current phasors.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.5. Phasor Differential and Differential Synchrophasors

Cambridge University Press  64

3.5.2. Impact of Off-Nominal Frequency on PD Calculation

• Calculating PD can be affected by the operation of the power grid at off-
nominal frequencies. From Section 3.3, if Δ𝑓 ≠ 0, then there is an offset in 
the measured phase angles across any two subsequent phasor readings. 

• This offset can cause error in measuring the PD corresponding to an 
event. Therefore, we may want to remove it before the PD is calculated.

• From Slide 33 and after reordering the terms:

• Here, Δ𝑡 denotes the time between the two measurements, such as the 

time between measuring 𝑋before and measuring 𝑋after. 
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• Example 3.9: Consider the phase angle measurements of current phasor 
in Example 3.8. There is a major sudden change in the phase angle due to 
the event. There is also a relatively small but continuous change in the 
phase angle that is not related to the event, but rather related to Δ𝑓.

where Δ𝑡 = 0.5 seconds and Δ𝜃 = 335.7∘ − 338.1∘ = −2.4∘.
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Δ𝑓

Δ𝑡

By following the analysis in Section 
3.3.1, we can check the changes in 
the phase angle during the first 0.5 
seconds, i.e., before the event 
occurs, and obtain the deviation in 
the off-nominal frequency as:
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• Example 3.9 (Cont.): Next, we can use the equation on Slide 64 to make 

the following “correction” in the phase angle measurement for 𝐼after:

where Δ𝑡 = 1 second is the time difference between 𝐼after and 𝐼before.

Thus, the actual change in the phase angle that is caused by the event in 
this example is less than what the initial measurement had suggested:
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3.5.3. Differential Snchrophasors

• Recall that a PD is a phasor. It can be obtained at every PMU. 

• Since the PMU measurements are time-stamped, the PDs that are 
obtained at multiple PMUs can be time-synchronized. 

• If 𝑋before is measured at the same time at all PMUs, and 𝑋after is 
measured at the same time at all PMUs, then the set of Δ𝑋 calculations 
that are provided by the PMUs form differential synchrophasors. 

• Differential synchropasors capture how the voltage and current phasors 
are simultaneously affected across the interconnected power system as 
the result of the same event.
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• Example 3.10: Consider a power distribution system with five buses 
and four lines. Suppose two PMUs are installed at bus 1 and bus 5 to 
measure voltage phasors and current phasors at these two buses.

• Suppose an impedance switching event, such as a capacitor bank 
switching event or a motor load switching event, happens at Bus 3.
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• Example 3.10 (Cont.): The PDs at the PMU at bus 1 are obtained as:

Similarly, the PDs at the PMU at bus 5 are obtained as

If the “before” and “after” instances are time-synchronized, then the 
above measurements result in a vector of differential synchrophasors:
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3.5.4. Application in Event Location Identification

• In Example 3.10, suppose the location of the event is unknown, i.e., we 
do not know the fact that the change in impedance occured at bus 3. 

• The question is: Can we use the synchronized phasor measurements at 
PMU 1 and PMU 2 to identify the location of the event?

• Recall that the impedance switching event in Example 3.10 was 
represented by the following differential synchrophasors:

• By using these differential synchrophasors and by taking the following 
four steps, we can identify the location of the event.
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• Step 1: Forming the Equivalent Circuit Model

• According to the compensation theorem in circuit theory [156], once 
an element changes in a circuit, such as due to a switch operation (event), 
the amount of changes in nodal voltages and branch currents on the 
circuit can be obtained by forming an equivalent circuit. 

• In the equivalent circuit, the element that has changed is replaced by a 
current source that injects a current phasor equal to the difference in the 
current phasor that goes through the element before and after the event. 

• Note: This is directly related to the concept of PD. 

• In the equivalent circuit, any other voltage source or current source in 
the circuit is replaced by its internal impedance.
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• Step 1: Forming the Equivalent Circuit Model (Cont.)

• The construction of the equivalent circuit is shown below:

• Here, the event is a change in impedance 𝑍event. 

• The voltage and current phasors before and after the event are shown 
above, in Figures (a) and (b), respectively. The equivalent circuit based on 
the compensation theorem is shown above in Figure (c).
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• Step 1: Forming the Equivalent Circuit Model (Cont.)

• We can similarly construct the equivalent circuit corresponding to the 
event in Example 3.10. The equivalent circuit is shown below:

• The only source in this equivalent circuit is the current source at bus 3 
(marked in blue) that represents the event. 

• All nodal voltages are represented in terms of their phasor differences 
before and after the event; denoted by Δ𝑉1, Δ𝑉2, Δ𝑉3, Δ𝑉4, and Δ𝑉5.
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• Step 1: Forming the Equivalent Circuit Model (Cont.)

• Similarly, all branch currents are represented in terms of their phasor 
differences before and after the event: Δ𝐼12, Δ𝐼23, Δ𝐼34, and Δ𝐼45. 

• The differential synchrophasors from PMU 1 and PMU 2 give us four 
measurements on the equivalent circuit: Δ𝑉1, Δ𝑉5, Δ𝐼12, and Δ𝐼45 = −𝐼54.

• The differential synchrophasors for Δ𝑉2, Δ𝑉3, Δ𝑉4, Δ𝐼23, Δ𝐼34, Δ𝐼1, Δ𝐼2, 
Δ𝐼3, Δ𝐼4, Δ𝐼5, and Δ𝐼event are still unknown.

• Furthermore, the location of current source Δ𝐼event is also unknown.

• The known parameters (pseudo-measurements) in this analysis are line 
impedances 𝑍12, 𝑍23, 𝑍34, 𝑍45 and node admittances 𝑌1, 𝑌2, 𝑌3, 𝑌4, 𝑌5.
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• Step 2: Nodal Voltage Calculation Starting from PMU 1

• Let 𝑘 denote the bus number where the switching event occurs, which 
is not known. In Example 3.10, we have 𝑘 = 3.

• As a hypothetical assumption, suppose we know parameter k; i.e., we
•know the location of the event. Suppose we even know phasor Δ𝐼event. 

• Under this hypothetical assumption, we can use the measurements in 
PMU 1, together with the known parameters, and successively apply the 
KVL and KCL to the equivalent circuit to obtain Δ𝑉1, Δ𝑉2, Δ𝑉3, Δ𝑉4, Δ𝑉5.

• The formulations are shown on the next slide.
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• Step 2: Nodal Voltage Calculation Starting from PMU 1 (Cont.)

• Analysis of equivalent circuit starting from PMU 1: 

• Note 1: Δ𝐼event is used in the calculation of Δ𝑉4 and Δ𝑉5. 

• Note 2: In obtaining Δ𝑉3, we used the fact that 𝑌2Δ𝑉2 = Δ𝐼2 and the fact 
that Δ𝐼12 − Δ𝐼2 = Δ𝐼23. Similar facts are used in obtaining Δ𝑉4 and Δ𝑉5.
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Δ𝑉1 = Δ𝑉1 ← Direct Measurement from PMU 1

Δ𝑉2 = Δ𝑉1 − Δ𝐼12 𝑍12
Δ𝑉3 = Δ𝑉2 − Δ𝐼12 − 𝑌2Δ𝑉2 𝑍23
Δ𝑉4 = Δ𝑉3 − Δ𝐼12 − 𝑌2Δ𝑉2 − 𝑌3Δ𝑉3 + Δ𝐼event 𝑍34
Δ𝑉5 = Δ𝑉4 − Δ𝐼12 − 𝑌2Δ𝑉2 − 𝑌3Δ𝑉3 − 𝑌4Δ𝑉4 + Δ𝐼event 𝑍45
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• Step 2: Nodal Voltage Calculation Starting from PMU 1 (Cont.)

• However, since we do not actually know the location of the event, 
i.e., parameter 𝑘, and we also do not know Δ𝐼event, we cannot use 
the equations on Slide 76 in their current form. 

• If we drop Δ𝐼event from the previous equations, they become:

• Notice that the equality signs in the last two lines are now replaced 
with the inequality signs due to not being able to include Δ𝐼event.
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Δ𝑉1 = Δ𝑉1 ← Direct Measurement from PMU 1

Δ𝑉2 = Δ𝑉1 − Δ𝐼12 𝑍12
Δ𝑉3 = Δ𝑉2 − Δ𝐼12 − 𝑌2Δ𝑉2 𝑍23
Δ𝑉4 ≠ Δ𝑉3 − Δ𝐼12 − 𝑌2Δ𝑉2 − 𝑌3Δ𝑉3 𝑍34
Δ𝑉5 ≠ Δ𝑉4 − Δ𝐼12 − 𝑌2Δ𝑉2 − 𝑌3Δ𝑉3 − 𝑌4Δ𝑉4 𝑍45
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• Step 3: Nodal Voltage Calculation Starting from PMU 2

• Similar to the analysis in Step 2, we can use the measurements in 
PMU 2 and successively apply the KVL to obtain the following:

• Again, notice the inequality signs in the last two lines.
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Δ𝑉5 = Δ𝑉5 ← Direct Measurement from PMU 2

Δ𝑉4 = Δ𝑉5 + Δ𝐼45 𝑍45
Δ𝑉3 = Δ𝑉4 + Δ𝐼45 + 𝑌4Δ𝑉4 𝑍34
Δ𝑉2 ≠ Δ𝑉3 + Δ𝐼45 + 𝑌4Δ𝑉4 + 𝑌3Δ𝑉3 𝑍23
Δ𝑉1 ≠ Δ𝑉2 + Δ𝐼45 + 𝑌4Δ𝑉4 + 𝑌3Δ𝑉3 + 𝑌2Δ𝑉2 𝑍12
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• Step 4: Minimum Discrepancy

• Let us denote the expressions on the right hand side on Slide 77 as

• Let us denote the expressions on the right hand side on Slide 78 as

• Discrepancy between the nodal voltage calculations in Step 2 at each 
bus and the nodal voltage calculations in Step 3 at the same bus:
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• Step 4: Minimum Discrepancy (Cont.)

• When it comes to calculating Δ𝑉3, the corresponding expression in Step 
2 and the corresponding expression in Step 3 are both equal to Δ𝑉3; thus, 
Φ3 = 0. However, that is not the case at any other bus. At any bus other 
than bus 3, we face an inequality either in Step 2 or in Step 3.

• Thus, the discrepancy index Φ𝑖 is not zero at any bus other than bus 3:
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Φ1 ≠ 0
Φ2 ≠ 0
Φ3 = 0
Φ4 ≠ 0
Φ5 ≠ 0
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• Step 4: Minimum Discrepancy (Cont.)

• In practice, the discrepancy may not be precisely zero at the event bus 
because of the error in phasor measurements and the inaccuracy in the 
known parameters. Therefore, instead of looking for a zero discrepancy 
at a bus, we look for the minimum absolute value of the discrepancy 
across all the buses to identify the location of the event. 

• In this regard, the location of the event, i.e., parameter 𝑘 is obtained as

• The magnitude of Φ𝑖 is used here, because discrepancy is a phasor. 
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• Example 3.11: Consider the impedance switching event in Example 
3.10 in Section 3.5.3. Suppose the voltage and current phasors before
and after the event are measured as shown in the table below:

• The line impedances are 𝑍12 = 𝑍23 = 𝑍34 = 𝑍45 = 0.0025 + 𝑗0.0050
per unit. The admittances at buses 2, 3, and 4 in the equivalent circuit 
are 𝑌2 = 0.7 − 𝑗0.4, 𝑌3 = 0.5 − 𝑗0.3, and 𝑌4 = 1.0 − 𝑗0.5 per unit.
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• Example 3.11 (Cont.): The differential synchrophasors are obtained as

By conducting Steps 2 and 3, we can obtain: 
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• Example 3.11 (Cont.): The discrepancy indexes are obtained as

Accordingly, the minimum discrepancy is obtained at bus 3.

Therefore, bus 3 is the event bus, i.e., we have 𝑘 = 3.
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• Other Methods:

• The method in Steps 1 to 4 is important because it shows one of the key 
applications of differential synchrophasor measurements.

• However, there are also many other methods that one can use to 
identify the location of events. In particular, there is a rich literature on 
identifying the location of faults by using phasor measurements. 

• A common approach is to try to estimate the distance between the 
location of the sensor and the location of the fault [157–159]. Other 
examples for the methods to identify the location of a fault include [160–
164]. There are also few methods to identify the location of events that 
are benign, yet they can reveal how different components operate in the 
power system. For example, there are studies on how to identify the 
location of a capacitor bank in distribution systems, e.g., in [165, 166].
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• Traditionally, most PMUs are installed on power transmission networks. 

• Since the power system is mostly balanced at the transmission level, it is 
often not necessary for the PMUs to report phasor measurements on all 
three phases. They may measure one phase only; or they may report only 
the positive sequence of the three-phase voltage and current phasors. 

• However, when it comes to power distribution systems; voltage and 
current phasors are commonly unbalanced; therefore, it is beneficial to 
measure the voltage and current phasors on all three phases. 

• Hence, D-PMUs often report phasors measurements on all phases [167].
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• An example for voltage phasor measurements at a three-phase load is 
shown below. The unbalance in magnitude is evident in Figure (a). There is 
also slight unbalance in phase angle in Figure (b); at a fraction of a degree. 

• Note: To check the unbalance in phase angle, we need to use the 
measurements in Figure (b) to calculate the instantaneous phase angle 
difference between any two phases to see how much it deviates from 120◦.
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3.6.1. Symmetrical Components

• Suppose 𝑉𝐴, 𝑉𝐵, and 𝑉𝐶 denote the unbalanced three-phase voltage 
phasor measurements. The symmetrical components are defined as

• Note: Each of the above set of phasors includes three balanced phasors. 

• Vectors 𝑉0, 𝑉+, and 𝑉− are defined on the next slide. 
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• Vectors 𝑉0, 𝑉+, and 𝑉− are obtained from 𝑉𝐴, 𝑉𝐵, and 𝑉𝐶 as follows:

Vector 𝛼 = 𝑒𝑗2𝜋/3 is a phase shift operator, 1 + 𝛼 + 𝛼2 = 0, and 𝛼3 = 1. 
By multiplying 𝛼 to a phasor, we shift (increase) its phase angle by 1200. 
By multiplying 𝛼2 to a phasor, we shift (increase) its phase angle by 2400. 

• Note: If a set of three-phase measurements are balanced, then it has 
only the positive sequence. Negative and zero components can 
characterize the unbalanced nature of the three original phasors. 
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• The original unbalanced three-phase phasors can be expressed as the 
sum of three sets of symmetrical components:

• Example 3.12: Consider the following voltage phasor measurements:

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.6. Three-Phasor and Unbalanced Phasor Measurements

Cambridge University Press  92

• Example 3.12 (Cont.): From Slide 90, we can obtain: 

Zero components are obtained as
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• Example 3.12 (Cont.): Positive components are obtained as

Negative components are obtained as
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• Analysis of Faults: Symmetrical components can be used to analyze 
severe unbalanced conditions, such as those that are caused by faults. 

• For example, in an open phase system, see Figure (a), or in a phase-to-
ground fault, see Figure (b), there are often major negative sequence 
currents and possibly major zero sequence currents; see [168–170].
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3.6.2. Unbalanced Events

• Apart from faults that are often severely unbalanced, some benign
events may also be unbalanced and affect only one or two phases. 

• Unbalanced events can be detected by applying various event detection 
methods that we learned in Section 2.7.2 in Chapter 2 to 

• The negative-sequence or 

• The zero-sequence measurements (or both). 
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• Example 3.13: Consider the three-phase voltage measurements in 
Figure (a). Only the magnitudes of the measured voltage phasors are 
shown here. An unbalanced event is marked with two arrows. This event 
affects only two phases, A and B. It does not affect Phase C.

• The magnitude of the corresponding negative sequence voltage 
phasors, i.e., the magnitude of 𝑉−, is shown in Figure (b).
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• Example 3.13 (Cont.): We can see in Figure (b) that the event has a very 
clear signature in this figure on the negative sequence. 

• Any event detection method, such as the methods that we learned in 
Section 2.7.2 in Chapter 2, can be applied to the time series in Figure (b) 
in order to detect this unbalanced event.

• Note: Even though the unbalanced event is not at all severe (i.e., unlike 
most faults), the analysis of symmetrical components is still very useful. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.6. Three-Phasor and Unbalanced Phasor Measurements

Cambridge University Press  98

3.6.3. Voltage Unbalance Factor

• Recall from Section 2.8.2 in Chapter 2 that phase unbalance can 
negatively affect the operation of induction motors. 

• We previously discussed PU (Phase Unbalance) in Chapter 2 as a metric
to quantify the extent of phase unbalance. PU can also be calculated 
based on phasor measurements; see Exercise 3.18.

• Since motors are influenced mostly by the negative-sequence voltage, 
another metric is the Unbalance Factor (UF), which is defined as [128]:

• Here, we divide the magnitude of the negative sequence to the 
magnitude of the positive sequence.
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• Example 3.14: Again, consider the voltage phasor measurements in 
Example 3.12. From Slide 93 and the definition of UF, we can obtain

• Note: We may also use |𝑉0|/|𝑉+| as yet another metric to examine 
unbalanced phasors. While negative-sequence voltages impact motors 
and other line-to-line connected loads the most, zero-sequence 
unbalance can affect line-to-ground connected three-phase loads.
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3.6.4. Phase Identification 

• Recall from Section 2.8.3 in Chapter 2 that phase identification is an 
important and challenging problem in power distribution systems.

• It is the problem of identifying the correct phase connection labeling at 
each load, equipment, etc. on a power distribution network.
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• However, if phasor measurements are available at distribution level, i.e., 
if we have D-PMUs, then phase identification is a rather trivial problem.

• Because phase angle measurements can directly identify the phases. 

• Consider the below figure that shows the histogram of one day of RPAD
measurements between the voltage phasor at a single-phase load and 
the voltage phasors at each of the three phases at the substation.
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• Notice in the figure that RPAD measurements concentrate around:

• −120∘ on Phase A
• 120∘ on Phase B
• 0∘ on Phase C. 

• It is clear that the load is connected to phase C, because there is only     
a very small phase angle difference between the unknown phase at the 
load location and Phase C (known) at the substation.

• By analyzing RPAD, any change in phase connections in a power 
distribution system can be identified by D-PMUs almost instantly.
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• Note: the reason to have two separate clusters of bars in Figures (a) and 
(b) on Slide 101 is the operation of a switched capacitor bank on this 
distribution feeder, which is energized for only a portion of the day [139]. 

Depending on whether or not the capacitor bank is energized, there can 
be some changes in the measured RPAD. However, these changes (about 
2∘) are very small compared to the roughly 120◦ phase angle difference 
between any two phases that are not connected to each other. 

Thus, the operation of the capacitor bank in this example does not cause 
any ambiguity in phase identification based on RPAD.
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• Based on the analysis on Slides 101-103, it is clear that D-PMUs are ideal 
sensors to resolve the phase identification problem. 

• However, given the high cost of D-PMU, utilities may choose not to 
install D-PMUs at each load location across the distribution feeder. 

•If only a few D-PMUs are available, then a combination of the analysis of 
RPAD from D-PMUs, together with the methods in Section 2.8.3 in 
Chapter 2 can be used to solve the phase identification problem.

• We will also discuss phase identification in Section 5.9.2 in Chapter 5, 
and also in Sections 6.2 and 6.7 in Chapter 6.
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• We previously defined “events” in power systems as any change in any 
component that is worth studying; see Section 2.7 in Chapter 2.

• Events in power systems may affect both the magnitude and the phase 
angle in voltage or current phasors. However, when it comes to capturing 
the impact of an event on the magnitude of voltage or current, PMUs 
provide the same type of information that one can get from the 
conventional voltage and current sensors that we discussed in Chapter 2.

• What is truly unique about PMUs is their ability also to directly capture 
the impact of events on the phase angle of voltage or current. 

• Thus, we focus on the analysis of events in phase angle measurements.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.7. Events in Phasor Measurements

Cambridge University Press  107

3.7.1. Analysis of Events in Phase Angle Measurements

• PMUs can reveal the impact of events on not only the magnitude but 
also the phase angle of voltage or current. 

• An example is shown on the next slide. Here, we examine the same 
event that we previously studied in Example 2.12 in Section 2.5.1 in 
Chapter 2. Recall that the event in this example is a fault on a power 
distribution feeder. The fault is caused by animal contact.

• We previously looked at the voltage measurements during this event 
at three different sensor locations: (1) at a load location on the feeder 
where the fault occurs; (2) at the distribution substation that supplies 
the feeder where the fault occurs; and (3) at another substation that is 
located several miles away from the feeder where the fault occurs.
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• The magnitude and the phase angle of the voltage phasors at the three 
sensor locations are shown in Figures (a)–(c) and (d)–(f), respectively.
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• We can see on the previous slide that the signature of the event is 
clearly visible on both magnitude and phase angle. 

• Phase angle is affected not only at the first two sensor locations, which 
are close to the faulted location, but also at the third sensor location, 
which is relatively far from the faulted location.

• Adding the information about the signature of the event on the phase 
angle can bring additional information to the analysis of the event.
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• Unwrapping Measurements: Consider the event that is captured in 
the phase angle measurements as shown in the figure below:

• It may appear that the phase angle drops suddenly and drastically
during this event. However, that is not really the case. (see next slide)
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• The sudden drop in phase angle in the figure on the previous slide is 
simply due to the fact that the phase angle measurements in this 
example are wrapped around at 180◦ down to −180◦. 

• The unwrapped version of the same event is shown below.

• The event is still significant in its impact on phase angle, but it does not
involve the type of sudden drop that was saw on the previous slide. 
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• Removing the Impact of Off-Nominal Frequency:

• From Section 3.3, the frequency of the power system directly affects 
how phase angle is measured. This creates some challenges when it 
comes to the analysis of events based on phase angle measurements. 

• For example, consider the phase angle measurements on Slide 108. 
We can observe two different types of changes in the measurements:

• Some changes in the phase angle measurements are caused by 
the event; between time 𝑡 = 200 msec and time 𝑡 = 500 msec. 

• Some changes in the phase angle measurements are not caused 
by the event; they take place gradually and for the entire period 
between time 𝑡 = 0 msec and time 𝑡 = 800 msec.
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• Removing the Impact of Off-Nominal Frequency: From Section 3.3, 
the frequency of the power system directly affects how phase angle is 
measured. This creates some challenges when it comes to the analysis 
of events based on phase angle measurements. 

• For example, consider the phase angle measurements on Slide 108. 
We can observe two different types of changes in the measurements:

• Some changes in the phase angle measurements are caused by 
the event; between time 𝑡 = 200 msec and time 𝑡 = 500 msec. 

• Some changes in the phase angle measurements are not caused 
by the event; they take place gradually and for the entire period 
between time 𝑡 = 0 msec and time 𝑡 = 800 msec.

• We need to distinguish these two types of events. (Q: Why?) 
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• Note: Only the former changes represent the event. The latter 
changes represent only the off-nominal frequency of the power system. 
The off-nominal frequency must not affect our analysis of the event. 

• One option to resolve this issue is to remove the impact of the off-
nominal frequency on the phase angle measurements during the event. 
This can be done by forming an approximate reference line:
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• The reference line, which is represented by a dashed line, is the line that 
goes through the point corresponding to the first measurement at time 
𝑡 = 0 on the top left of the figure and  the point corresponding to the last 
measurement at time 𝑡 = 800 msec on the bottom right of the figure. 

• The purpose of this reference line is to approximate the impact of the 
off-nominal frequency on phase angle measurements. 

• Accordingly, by subtracting the reference line from the measurements, 
i.e., by subtracting the dashed line from the solid line, we can obtain the 
curve shown in Figure (b) on the previous slide.

• This curve is a good approximation of the changes in the phase angle 
that are due solely to the event and not to the off-nominal frequency.
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• Using RPAD and Power Factor: An alternative to explicitly removing the 
impact of the off-nominal frequency is to use quantities that do involve 
phasor angle measurements but are less sensitive to the off-nominal 
frequency. One example is RPAD. Another example is power factor.

• The inherent subtraction in RPAD automatically removes the impact of 
the off-nominal frequency. Since the frequency is almost the same across 
an interconnected power system, subtracting the phase angle 
measurements at one location from the phase angle measurements at 
another location can cancel out the impact of the off-nominal frequency. 

• It is as if the reference lines at the two locations cancel out each other.
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• Depending on the type of event, such as when the event causes a 
change in the phase angle in the phasor of current, power factor can be 
used as a measure to capture the change in phase angle with little impact 
from the off-nominal frequency of the system. Suppose 𝑉∠𝜃 and 𝐼∠𝜑
denote the phasor measurements for voltage and current, respectively. 

• Recall that power factor is obtained as

• Again, the inherent subtraction in the process of obtaining the power 
factor automatically removes the impact of the off-nominal frequency. 
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3.7.2. Event Classification

• Recall from Section 2.4.2 in Chapter 2 that scatter plots can help us 
visually classify events into different groups that have similar features. 

• In this section, we learn to do event classification rather automatically.

• We will discuss the following topics: 

1) Feature Selection

2) Using SVM Classifier for Event Classification

3) Training SVM Classifier for Event Classification

4) Other Classifiers
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1) Feature Selection: A critical task in classification is to choose adequate 
quantitative features that can help us distinguish among different classes. 

• For instance, recall that in Example 2.11 in Chapter 2, we created a 
scatter plot based on two features: △ 𝐼inrush and △ 𝐼steady.
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• When it comes to phasor measurements, the features could be [124]:

These features include the magnitude of voltage, the magnitude of 
current, and the power factor, see the advantage of using power factor on 
Slide 117. The vector of features for each event is accordingly formed as

• Note: Due to the impact of off-nominal frequency on measuring phase 
angles, phase angle is usually not taken as a feature by itself.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

𝑉, 𝐼, 𝑐𝑜𝑠 𝜃 − 𝜑 .



3.7. Events in Phasor Measurements

Cambridge University Press  121

• An alternative is to use the following features [118]:

where the power factor is replaced with active power and reactive power.

• RPAD between two locations may also be used as another feature. 

• In all cases on this slide and the last slide, we try to define the features 
based on magnitudes of phasors as well as some functions of the phase 
angle of the phasors that can remove the impact off-nominal frequency. 
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• The features in the previous slide can be defined separately on each 
phase (A, B, and C), or as the average across all phases. 

• Features in 3-phase events may also include symmetrical components. 

• In fact, when it comes to the classification of unbalanced events, the 
magnitude of the negative sequence, i.e., 𝑉−, and the magnitude of the 
zero sequence, i.e., 𝑉0, can be useful features, because they reveal the 
unbalanced nature of the event; see Example 3.13 in Section 3.6.2.
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• Some arithmetic or statistical calculations based on the various 
quantities in the previous slides can also be used as features. 

• For example, one can use the sign, the absolute value, or the differential
of the previously mentioned features as alternative or additional features. 

• One can also use the minimum, the maximum, the mean, the median, 
the median absolute deviation, or the variance of the mentioned features 
over a given window of time as alternative or additional features.

• Once all the features are selected, we can represent each event by the 
vector of its features, denoted by 𝐱. The size of the vector of features is 
equal to the number of selected features.
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2) Using SVM Classifier for Event Classification: Support vector machines 
(SVMs) are commonly used in machine learning as a tool for data 
classification [172–175]. its basic form, SVM is a linear classifier. It works 
based on obtaining a separating hyperplane to classify the data.

• The hyperplane divides the data into two classes: Class I and Class II. 
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• All the points on one side of the hyperplane belong to the same class. 

• The separating hyperplane has the following general formulation:

where 𝐚 is the vector with the same size as vector 𝐱; and 𝑏 is a scalar.

• Suppose we have captured an event, and its vector of features is 𝐱. 
Suppose we do not know whether this event belongs to Class I or Class II. 
We can use the separating hyperplane to classify this event: 

• If 𝐚𝑇𝐱 + 𝑏 < 0, then the event belongs to Class I
• If 𝐚𝑇𝐱 + 𝑏 > 0, then the event belongs to Class II
• If 𝐚𝑇𝐱 + 𝑏 = 0, then the event can be placed in either class

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

𝐚𝑇𝐱 + 𝑏 = 0



3.7. Events in Phasor Measurements

Cambridge University Press  126

• Example 3.15: Suppose we have captured four events. The number of 
features is two, i.e., each event is represented by two features. 

These four events are represented by the following vectors of features:

Each event may belong to either Class I or Class II.

Tollowing separating hyperplane is given to us for this classification:
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• Example 3.15 (Cont.): Accordingly, we can obtain

• Thus, we can conclude that the first and the fourth events belong to 
Class I, and the second and the third events belong to Class II.
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• Event classification can help put similar events into the same class so 
that we can scrutinize them, characterize them, and make conclusions.

• Example 3.16: Figure below shows two different types of switching 
events in a power distribution system: Class I) capacitor bank switching, 
and Class II) load switching. Each event is characterized by three features.

• The features are defined on the next slide. 
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• Example 3.16 (Cont.): The three features are defined based on the 
voltage and current phasor measurements at the substation: 

1) the change that is caused by the event in the magnitude of voltage; 
2) the change that is caused by the event in the magnitude of current; 
3) the change that is caused by the event in the power factor.

• The events in Class I can be used to monitor the operation and the 
state of health of the capacitor bank; e.g., see the analysis in [152]. 

• The events in Class II can be used to characterize and model the 
different types of loads in the system; e.g., see the analysis in [176].
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• The vectors of features for the two classes in Example 3.16 are clearly 
separable from each other. However, that is not always the case.

• Example 3.17: Figure below shows two broad types of events in a 
three-phase power distribution system: Class I) balanced events; and 
Class II) unbalanced events. The labeling of these two types of events is 
done manually by a power system expert who looked at the voltage 
phasor measurements and decided the Class for each event. 
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• Example 3.17 (Cont.): The events are characterized by two features: 

1) the variance of the magnitude of the negative sequence of 
voltage over a window of two seconds; 

2) the variance of the magnitude of the zero sequence of 
voltage over a window of two seconds. 

We can see in the figure on the previous slide that the events that are 
labeled as unbalanced are scattered away from the origin, while the 
events that are labeled as balanced are concentrated close to the origin. 

However, unlike in Example 3.16, the two types of events are not 
separable based on their selected features.

• Notice that no single line can separate x points from o points.  
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• Example 3.17 (Cont.): Nevertheless, we can still use a separating 
hyperplane to classify these events, as shown in Figures (b) and (c) below. 

• Here, the classification is not precise, because some of the events show 
up on the incorrect side of the separating hyperplane. This is inevitable. 
These few events are considered to be outliers, as marked in Figure (c).
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• Note: One subtle point about Example 3.17 is that all the events in this 
example had some level of nonzero magnitude for the negative or zero 
sequences (or both). That means, in theory, they are all unbalanced events. 

However, in practice, many of these events are considered to be balanced 
events in the eyes of a power systems expert who does manual labeling. 

The whole point of classification in this example is to figure out how to 
mimic the approach of the human judgement that was taken by the power 
systems expert to label these events similarly, but rather automatically.
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3) Training SVM Classifier for Event Classification: The above examples 
show how separating hyperplanes can be used for event classification. 

Q: But how can we obtain the separating hyperplane?

• The separating hyperplane has the following general formulation:

• In order to obtain 𝐚 and 𝑏 to model the separating hyperplane, we need 
to first manually label and classify a number of sample data.

• This is similar to the manual labeling in Example 3.17. 

• After that, we can mathematically obtain proper 𝐚 and 𝑏.
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• A set of 𝑚 events are already labeled as being in Class 1 or in Class 2. 
Each event 𝑖, where 𝑖 = 1, . . . , 𝑚, is represented by a vector of features 𝐱𝑖.

• We define 𝑦𝑖 as a binary variable to indicate the class of event 𝑖. If event 𝑖
belongs to Class 1, then 𝑦𝑖 = −1. If event 𝑖 belongs to Class 2, then 𝑦𝑖 = 1. 

• We can use the following optimization problem to train the SVM classifier:

• The unknown optimization variables in the above problem are 𝐚 and 𝑏. 

• The known parameters are 𝐱𝑖 and 𝑦𝑖, for all 𝑖 = 1, . . . , 𝑚.
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• Consider the constraints in the optimization problem on Slide 137:

• For each event 𝑖, based on the above constraint:

• If 𝑦𝑖 = −1, then it is requires that 𝐚𝑇𝐱𝑖 + 𝑏 ≤ −1;
If 𝑦𝑖 = 1, then it is requires that 𝐚𝑇𝐱𝑖 + 𝑏 ≥ 1.

• Here, we enforce a hard margin of length 1 on each side of the 
separating hyperplane, to make a clear distinction between the events 
in Class I and the events in Class II. This is illustrated on the next slide. 

• Note: the optimization problem on Slide 135 is convex. It can be 
solved by using It can be solved by using the convex programming 
solvers, such as the command quadprog in MATLAB [177]. 
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• Example 3.18: Suppose we are provided 13 sample events to train an 
SVM classifier. The events are already labeled as belonging to either Class I 
(seven events) or Class II (six events). The number of features is two. 

The vectors of features for the seven events that belong to Class I are:

The vectors of features for the six events that belong to Class II are:

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.7. Events in Phasor Measurements

Cambridge University Press  138

• Example 3.18 (Cont.) Once we solve the optimization problem on 
Slide 135 based on the given 13 training samples, we can obtain the 
parameters of the separating hyperplane as

The resulting separating hyperplane (𝐚𝑇𝐱 + 𝑏 = 0) and the vectors of 
features for all the 13 training events are shown below.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications

Hard Margin



3.7. Events in Phasor Measurements

Cambridge University Press  139

• The requirement to have a hard margin (i.e., an empty area with no 
data point) around the separating hyperplane based on the 
optimization problem on Slide 135 may not always be achievable. 

• For instance, recall from Example 3.17 that we cannot identify any 
line that can completely separate all the unbalanced events from all 
the balanced events in that example. In such cases, the optimization 
problem on Slide 135 becomes infeasible, i.e., without solution. 

• This happens any time that the two classes are not separable. 

• The remedy is to replace the hard margins in the SVM classifer in the 
optimization problem on Slide 135 with soft margins (next slide). 
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• The following revised optimization problem incorporate the soft 
margin in training the SVM classifier: 

• Based on the second term in the objective function, we seek to 
obtain the minimum for such a deviation.
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• Example 3.19: Consider the same set of 13 training events in Example 
3.18. Suppose we add the following two events to the training set:

• Event #14 belongs to Class I, and event #15 belongs to Class II. 

• If we use all the 13 + 2 = 15 event samples to train the SVM classifier, 
then the optimization problem on Slide 135 would be infeasible. 

• Instead, we should use the optimization problem on Slide 140.

• We set λ = 5. The new separating hyperplane is obtained as
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• Example 3.19 (Cont.): We set λ = 5. The new separating hyperplane is 
obtaining by solving the optimization problem on Slide 140:

• The slack variables are obtained as

and
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• Example 3.19 (Cont.): The separating hyperplane is shown below:

• Notice that the points corresponding to events 8, 14, and 15 are on the 
incorrect side of the separating hyperplane. 

• These three events are considered as outliers (allowed by a soft margin).
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4) Other Classifiers: 

• If the event classification involves more than two classes, then we can 
still use SVM classification to train multiple separating hyperplanes. Each 
separating hyperplane can separate one class from the rest of the classes.

• We can also use nonlinear classification, where we replace the 
separating hyperplane with polynomial functions, etc.; see [179–181].

• SVM classification is considered a supervised learning method; because 
it requires us to first label some events to serve as training samples to 
obtain the classifier. There is a rich literature on supervised learning 
methods that can be used for event classification; e.g., see [182–184].
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• There are also some powerful unsupervised classification methods that 
can be considered in the analysis of events in various measurements. 

• In unsupervised classification, we do not need to first manually identify 
the samples of the data that belong to each class. 

• Instead we need to group data based on similarities in features. 

• We will see an example with a popular method for unsupervised 
classification (clustering) in Section 5.4.3 in Chapter 5.
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• In this section, we discuss the basics of state estimation using phasor 
measurements. We also see a few examples for parameter estimation, 
including the estimation of the topology of the power system.

• Some of the problems that we discuss in this section will also be 
discussed in future chapters for other types of measurements. 

• For example, we will discuss the state estimation problem also in 
Section 4.5.1 in Chapter 4 and in Section 5.8 in Chapter 5.
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3.8.1. State Estimation Using PMU Measurements

• State estimation is the problem of calculating the states of the system, 
i.e., voltage magnitudes and voltage phase angles at all buses.

• In this section, we use PMU measurements to solve this problem. Later 
in Section 5.8, we will use active and reactive power measurements. 

• If the PMU measurements that are available to us are limited to voltage 
synchrophasors (but not current synchrophasors), then there is practically 
no “estimation”, because the states are just measured directly. 

• In such a case, the measurements do not provide redundancy for each 
other. If one PMU fails, then the phasor measurements from other PMUs 
cannot be used to recover the troubled or missing data.
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• If both voltage and current synchrophasors are measured, then we can 
formulate a state estimation problem. For example, in this network:

the PMU at bus 3 measures 𝑉3, 𝜃3, 𝐼34, 𝜑34. The PMU at bus 5 measures 
𝑉5, 𝜃5, 𝐼54, 𝜑54. No PMU is installed at bus 4; thus 𝑉4 and 𝜃4 are unknown.

The following relationships hold:
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• Any one of these two equations can be used to calculate 𝑉4 and 𝜃4:

• However, together, the two equations in the previous slide can provide 
redundancy in obtaining 𝑉4 and 𝜃4. In fact, with the availability of 
current synchrophasor measurements, there is now redundancy to also 
estimate 𝑉3, 𝜃3, 𝑉5, and 𝜃5, even though they are measured directly.

• Redundancy can help to address measurement noise.

• True phasor: ෠𝑋∠ ෠𝜃

• Measured phasor: 𝑋∠𝜃

• The difference between ෠𝑋∠ ෠𝜃 and 𝑋∠𝜃 is due to measurement noise.
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• Let us define: 

• Subscripts 𝑟 and 𝑖 stand for real and imaginary, respectively. 

• We can now relate the measurements to the state variables as:

where
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and

• The relationship between 𝐳 and 𝐱 in 𝐳 = 𝐀𝐱 + 𝝐 is linear by construction. 
It is not a linearized approximation of any originally nonlinear relationship.
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• The state estimation problem based on PMU measurements can be 
formulated as the following LS optimization problem:

• The solution of the above optimization problem is obtained as [103]:

• Any state estimation problem that is based solely on synchrophasor
measurements can be formulated similarly as a standard LS problem 
also and solved similarly for any AC power network [140]. 
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• Example 3.20: Consider the following 4-bus transmission network:

Suppose we measure voltage synchrophasors at buses 1, 2, and 4, and 
current synchrophasors on transmission lines (1,3), (1,4), and (3,4).

The true versus measured synchrophasors are shown on the next slide.
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• Example 3.20 (Cont.):

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.8. State and Parameter Estimation

Cambridge University Press  156

• Example 3.20 (Cont.): Vector 𝐱 is 8×1, matrix 𝐀 is 12×8, and vector 𝐳 is 
12×1. The admittance for each transmission line is 0.5 − 𝑗10 𝑝. 𝑢.

• By using the formulation on Slide 153, the state estimation results are 
obtained as

• Note: State estimation estimates not only the unknown state at bus 3, 
but also the states at buses 1, 2, and 4, which are also measured directly.
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• Incorporating the Distribution of Measurement Noise

• The state estimation problem formulation on Slide 153 is based on the 
assumption that all PMUs have the same level of measurement noise.

• However, if different PMUs have different probability distributions for 
their measurement noises, and if such different probability distributions 
for measurement noises happen to be known in advance, then we can 
incorporate them into the state estimation problem formulation.

• For example, suppose the measurement noise follows a Gaussian 
distribution with zero mean and known variance. (next slide)
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• We can reformulate the state estimation problem in form of the 
following Weighted Least Square (WLS) problem:

where 𝐖 denotes the noise variance matrix, which is diagonal:

• Here, 𝑚 is the total number of PMUs and 𝜎𝑖
2 is the variance for the 

measurement noise at PMU number 𝑖, where 𝑖 = 1, . . . , 𝑚. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.8. State and Parameter Estimation

Cambridge University Press  159

• If a PMU has a large variance in measurement noise, then it is given a 
smaller weight in the WLS problem. The solution of the WLS problem 
that is shown on Slide 158 is obtained as follows [103]:

• Note: If we set 𝐖 to be an identity matrix, then the above solution 
reduces to the same solution as in Slide 153. 
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• Observability

• The ability to solve the state estimation problem for a given power 
system depends on the number and location of the measurements, i.e., 
whether or not the unknown states or the unknown parameters are 
observable based on the available measurements.

• For instance, in Example 3.20, if we do not have access to the phasor 
measurements of current on transmission lines (1,3) and (3,4), then we 
cannot estimate the voltage phasor at bus 3. In that case, the state 
estimation problem in Example 3.20 would not be observable.

• Note: When the states of the power system are not observable, it affects 
the rank of matrix A in the formulation on Slide 153; see Exercise 3.26.
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• Observability can be achieved by increasing the number of sensors 
and/or placing them at the right locations in the power system. For 
example, there is a rich literature on sensor placement; e.g., see [185–189].

• Alternatively, or in addition to increasing the number of sensors, one 
can use techniques such as probing and perturbation to enhance 
observability in a power system, as we will see in Chapter 6.
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3.8.2. Parameter Estimation Using PMU Measurements

• PMU measurements may also be used for parameter estimation. 

• Recall that the system parameters, such as the admittance of 
conductors, are assumed to be known in state estimation.

• However, in practice, certain parameters may not be known, or their 
values may change due to aging, atmospheric conditions, or grid conditions.

• Accordingly, parameter estimation might be necessary in order to 
estimate certain parameters of the power system by using measurements.
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• Consider the following power distribution network:

• The load side can be modeled as a load impedance 𝑅𝐿 + 𝑗𝑋𝐿. Also, 
the utility side can be modeled using its Thevenin equivalent circuit.

• Suppose a PMU is installed at the point of common coupling (PCC) to 
measure the voltage phasor 𝑉∠𝜃 and the current phasor 𝐼∠𝜑. 
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• On the load side, we can write:

• The above equation, together with the PMU measurements at PCC, 
are sufficient to estimate the load impedance. 

• On the utility side, we can write:

• The above equation, together with the PMU measurements at PCC, are 
not sufficient to estimate the utility impedance. This issue can be resolved if 
one monitor the network under major load events, as we will see next.
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• Example 3.21: Again, consider the network on Slide 163. Suppose there 
is an abrupt change in the load, e.g., due to a major load switching.

• Suppose 𝑉before∠𝜃before and 𝐼before∠𝜙before denote the PMU 
measurements before the load event.

• Suppose 𝑉after∠𝜃after and 𝐼after∠𝜙after denote the PMU 
measurements after the load event.

If the equivalent source Vth  θth and the equivalent impedance 𝑅th +
𝑗𝑋th do not change during the load event, then one can express the 
equation on the utility side twice, i.e., based on the measurements before
the load event and also based on the measurements after the load event.

• This is shown on the next slide. 
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• Example 3.21 (Cont.): We have:

The two equations can then be solved to obtain [190]:

which provides us with the impedance of the Thevenin equivalent circuit.
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3.8.3. Topology Identification Using PMU Measurements

• Topology identification (TI) is the problem of identifying the status of the 
switches in the network; thus, determining the correct network topology.

• It is a special type of the parameter estimation problem, where the 
parameters to be estimated are the closed or open status for the switches.

• Again, consider the 4-bus power transmission network in Example 3.20 
in Section 3.8.1. Suppose there is a switch, denoted by 𝑆, on transmission 
line (1,2), as shown in the figure on the next slide.
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• We seek to estimate the status of Switch 𝑆: 

• As in Example 3.20, suppose we measure voltage phasors at buses 1, 2, 
and 4 and current phasors on transmission lines (1,3), (1,4), and (3,4).

• Depending on the status of switch S, the phasor measurements can be 
very different. This is shown on the next slide.
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• If switch 𝑆 is closed, then the voltage and current phasors are:

• This table is the same as the one we saw on Slide 155. 
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• If switch 𝑆 is open, then the voltage and current phasors are: 

• Note: We assume that we do not have a PMU to measure the current on 
transmission line (1,2); otherwise we could simply check whether or not 
there is current flowing on this line to tell the status of switch 𝑆.
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• However, even without a direct measurement, we can identify the status 
of switch 𝑆 to identify the network topology of the network. 

• This can be done by conducting state estimation results based on the 
measurements that are already available.

• Suppose the results of the state estimation problem are as follows:
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• If switch 𝑆 is closed, then we expect the current phasor on line (1,2) to be:

• If switch 𝑆 is open, then we expect that

• We need to decide between the above two possible cases.

• Suppose we know that the capacity for active power generation of 
the power plant at bus 1 is 5.00 p.u. Q: Can this information be used in      
order to decide between the above two cases?
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• Let us use the state estimation results on Slide 171 and estimate the 
amount of active power flow on transmission lines (1,2), (1,3), and (1,4).

• If we assume that switch 𝑆 is closed, then we estimate that

• If we assume that switch 𝑆 is open, then we estimate that

• However, the first set of estimations cannot be correct because they 
require the power plant at bus 1 to generate 7.27 p.u. real power, which is 
way above its generation capacity at 5.00 p.u. 

• Thus, we conclude that switch 𝑆 is open.
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• The topology identification problem can sometimes be formulated as 
an optimization problem, whether as a stand-alone problem or as an 
extension of the state estimation problem. 

• The idea is to introduce  optimization variables that are binary such 
that they can capture the status of each switch; e.g., see [191, 192].

• We will discuss the topology identification problem also in Section 
4.5.2 in Chapter 4 and in Sections 6.2.1 and 6.7.1 in Chapter 6.
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• The assessment of the accuracy and performance of PMUs is an 
elaborate process. It may require taking into account: 

• The performance class of the PMU that is being used

• The phasor measurements under steady-state operating conditions 

• The phasor measurements under dynamic operating conditions 

• We will cover these aspects in this section. Furthermore, we will cover: 

• The accuracy of three-phase synchrophasors

• The accuracy of RPAD and PD. 
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3.9.1. Performance Classes

• According to the IEEE C37.118 Standard, the accuracy and performance 
of PMUs should be evaluated based on their class of performance. 

• The above standard currently defines two classes of performance: 

• P Class (Protection Applications)

• M Class (Measurement Applications)

• In other words, the expected performance depends on the “application”. 
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• PMUs in P Class:

• Are intended for applications that require faster response;

• Have minimal internal filtering or other types of internal processing 
so as to speed up the reporting of the phasor measurements. 

• These may come at the expense of degraded measurement accuracy.

• The typical application of PMUs in this class is in power system 
protection, where the reading of PMUs can lead to some protection 
actions, such as opening a circuit breaker [193, 194].
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• PMUs in M Class:

• Are intended for applications that require higher accuracy;

• Have enhanced internal filtering and other internal processing so 
as to improve measurement accuracy, even if it may come at the 
expense of some delay in reporting the measurements.

• The typical application of PMUs in this class is in power system 
monitoring, which require more precise measurements [195, 196].
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• An example for the type of internal filters that might be different 
between the above two classes of PMUs is the details in their anti-
aliasing filters; see Section 2 in Chapter 2.3.

• Compared to the output of M Class PMUs, the output of P Class PMUs 
may contain additional aliasing components; see [141] for more details. 
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3.9.2. Steady-State Performance

• Total Vector Error: 

• The accuracy of a phasor is most commonly evaluated in terms of its 
total vector error (TVE). Here, the vector error (VE) is the difference 
between the reported syncrhophasor and the true syncrhophasor.

• VE is a complex number. 

• TVE is a fraction:
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• Example 3.22: A PMU reports a voltage phasor as

39657.214∠183.215∘. 

The true voltage phasor is 

39832.582∠183.681∘. 

The TVE is obtained as
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• Suppose ෠𝑋 = 𝑋 + 𝜖𝑚 and ෠𝜃 = 𝜃, i.e., the error in phasor measurement 
is solely due to error in measuring magnitude. 

• The TVE in this case is obtained as
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• Next, suppose ෠𝑋 = 𝑋 and ෠𝜃 = 𝜃 + 𝜖𝑝, i.e., the measurement error is 

solely due to error in measuring the phase angle. 

• The TVE in this case is obtained as

• The IEEE C37.118 Standard recommends limiting TVE at steady state to 
1%. This requirement is the same for both P Class and M Class PMUs [141].
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• Frequency Error and Rate of Change of Frequency Error

• Two other metrics to assess accuracy of synchrophasor measurements:

• Frequency error (FE): Error in measuring frequency 

• Rate of change of frequency error (RFE): Error in measuring ROCOF

• Both FE and RFE depend on the error in measuring the phase angle.

• Required limits during steady-state conditions:

• Class P: FE ≤ 0.01 Hz and RFE ≤ 0.01 Hz/sec.

• Class M: FE ≤ 0.005 Hz and RFE ≤ 0.01 Hz/sec.

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.9. Accuracy in Synchrophasor Measurements

Cambridge University Press  186

• Error in Time Synchronization

• For accurate synchrophasor measurements, PMUs require reliable and 
accurate time synchronization, such as from the GPS satellites. 

• Even a small error in time synchronization may considerably increase TVE.

• Example 2.23: At a 60 Hz power system, each cycle takes 1/60 seconds, 
i.e., 16.667 msec. Therefore, a 1 microsecond error in time synchronization
results in the following error in measuring the phase angle:

.

The corresponding TVE is about 0.04%; see Slide 183.
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3.9.3. Dynamic Performance

• The performance of PMUs during dynamic operating conditions are 
tested based on their response to certain step changes and ramp changes.

• Step Changes in Magnitude and Phase Angle

• In this test, we examine the phasor measurements that are reported     
by a PMU during a step change in either the magnitude or the phase 
angle of the phasor that is being measured. 

• Here, we discuss only a step change in the magnitude; however, a step 
change in the phase angle can be studied similarly.
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• Consider a step change, from 1.0 p.u. to 1.1 p.u., that is made in the 
magnitude of a true phasor at time 𝑡 = 0, as shown in Figure (a) below:

• Due to the internal dynamics of the PMU, what the PMU reports is not
an identical instantaneous step change in its measurement of magnitude.

• It is rather a dynamic response, as shown in Figure (b).
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• The following three quantities are commonly examined in order to 
evaluate the dynamic response of a PMU under a step change [141]:

• Delay time
• Overshoot (or undershoot)
• Response time

• These quantities are marked on Figure (b) on the previous slide.

• Their definitions are given in the next few slides. 

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.9. Accuracy in Synchrophasor Measurements

Cambridge University Press  190

• Delay time is the time interval between the instant that the step change 
occurs in the magnitude of the true phasor and the instant that the 
magnitude of the reported phasor measurement reaches a value that is 
halfway between the initial value and the final steady-state value. 

• Accordingly, the delay time in this example is 16 msec.
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• The delay time is the time interval 
between 𝑡 = 0 and 𝑡 = 0.016
seconds, where the latter is the time 
instant at which the magnitude of 
the reported phasor measurement 
reaches 1.05 p.u., which is halfway
between 1.0 p.u. and 1.1 p.u. 
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• Overshoot is the maximum magnitude of the reported phasor 
measurements after the step change occurs until we reach the 
steady-state conditions. 
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• The overshoot in this example is 
0.125 p.u. Note that the step change 
here is positive, i.e., the magnitude of 
the true phasor increases during the 
step change. If the step change is 
negative, i.e., the magnitude of the 
true phasor decreases during the 
step change, then we must check the 
undershoot instead of the overshoot.
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• Response time is the time it takes for the reported phasor 
measurements to reach the steady-state conditions after the step change. 

• Here, the steady-state conditions are defined based on a specified 
accuracy limit. For instance, recall from Section 3.9.2 that TVE under 
steady-state conditions must be limited to 1%. 

• Accordingly, the response time with respect to TVE is defined as the 
time interval between the instant that the measurements leave the 
required 1% limit in TVE due to the step change and the instant that 
they reenter and stay within the 1% limit in TVE.

• This is illustrated on the next slide.
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• The TVE during the step change that we saw on Slide 188:

• The TVE is initially almost zero at steady state, well below the 1% limit. 

• The step change causes the TVE to leave the 1% limit at 𝑡 = −0.003. 

• It takes until 𝑡 = 0.082 for the TVE to go back to and stay below 1%.

• The response time for the TVE is 0.082 − (−0.003) seconds = 85 msec. 
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• Note 1: Due to the common use of averaging filters in PMUs, even 
some of the readings of the phasors that are associated with a few 
instances before the step change are also affected by the step change. 

• That is why in the figure on the previous slide, the TVE starts increasing 
even for phasor measurements that are time stamped slightly before the 
step change occurs, i.e., at the negative time instances.

• Note 2: Each PMU class has its own requirement for dynamic 
performance. The details are shown on the next two slides. 
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• Dynamic Performance Requirements a P Class PMU:

• Limit overshoot or undershoot to 5% of the step change
• Limit delay time to 1 divided by four times the reporting rate.
• Limit and the response time to 1.7 divided by the nominal frequency.

• For instance, consider the step change on Slide 188. Suppose reporting 
rate is 10 fps and the system frequency is 60 Hz. A P Class PMU must limit:

• the overshoot to 0.05 × 0.1 = 0.005 p.u., 
• the delay time to 1/(4×10) = 25 msec, 
• the response time to 1.7/60 = 28.3 msec. 

• Here, the response time is the same with respect to the TVE 
requirements, the FE requirements, and the RFE requirements.
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• Dynamic Performance Requirements an M Class PMU:

• Overshoot or undershoot: Same as P Class.
• Delay time: Same as M Class.

• Limit and the response time to (at 10 fps): 

• 595 msec for TVE
• 869 msec for FE
• 1.038 sec for RFE

• These numbers are much higher than the 25 msec limit on the response 
at the same reporting rate for a P Class PMU. This is one of the main 
differences between the P Class and M Class PMUs.

• For more details for M Class PMUs see Table 11 in [141].

Hamed Mohsenian-Rad Chapter 3: Phasor & Synchrophasor Measurements and Their Applications



3.9. Accuracy in Synchrophasor Measurements

Cambridge University Press  197

• Ramp Changes in System Frequency

• The dynamic accuracy of phasor measurements also is usually tested 
during a ramp change in the true system frequency.

• The goal is to determine whether the TVE, FE, and RFE continue to stay 
within their required limits while the system frequency gradually changes. 

• The details are available in [141].
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3.9.4. Accuracy of Three-Phase Synchrophasors

• The accuracy assessment methods that we discussed in Sections 3.9.2 
and 3.9.3 are often used based on the assumption that the true system is 
balanced or our focus is on measuring the symmetrical components. 

• For example, both the step change and the ramp change that we 
discussed in Section 3.9.3 are explicitly required by the IEEE C37.118 
Standard to be made by applying balanced three-phase step changes 
to balanced three-phase true phasors.

• However, in principle, the same methods can also be used to assess the 
accuracy of the phasor measurements on each phase, A, B, and C.
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• Example 3.24: Suppose a PMU reports the following voltage phasors:

• Suppose the true voltage phasors are

• The true positive sequence component is calculated as:

.
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• Example 3.24 (Cont.): The TVE for the positive sequence is obtained as

The TVE for individual phases are obtained as

It is possible that the TVE for the positive sequence is below the required 
limit in the standard; but the TVE for some phases do exceed such limit.
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3.9.5. Accuracy of RPAD and PD

• The existing phasor measurement standards may not cover the 
accuracy of all the quantities that we discussed in this chapter. 

• For example, TVE does not directly tell us what to expect for the 
accuracy of the RPAD measurements (see Section 3.4) or the 
accuracy of the PD measurements (see Section 3.5.1).

• The accuracy of RPAD depends on the accuracy of measuring phase 
angles at the two locations where the voltage phasors are measured.

• If we use two PMUs, each of which is guaranteed to limit the error 
in phase angle measurements by 1∘, then the error in RPAD is 
guaranteed to be limited to 2∘ = 1∘ + 1∘.
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• As for the accuracy of PD, there is no direct relationship between the 
TVE for the two phasor measurements before and after the event and the 
TVE for the PD that is obtained from the two phasor measurements [197].

• Example 3.25: Suppose a PMU reports the voltage phasor before an 
event and the voltage phasor after an event as follows:

• Suppose the true voltage phasors are
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• Example 3.25 (Cont.): Accordingly, we have:

• Measured Phasor Differential:

• True Phasor Differential: 

while the TVE for the voltage phasor measurements, both before and after
the event, is small (below 1%), the TVE for the phasor differential is large:
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