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Synchronous Waveform Measurements
to Locate Transient Events and Incipient Faults
in Power Distribution Networks
Milad Izadi, Student Member, IEEE and Hamed Mohsenian-Rad, Fellow, IEEE
Abstract—A new method is proposed to identify the location of
transient events, including incipient faults, in power distribution
systems, by using synchronized measurements from an emerging
class of sensors, called waveform measurement units (WMUs).
WMUs capture the voltage and current waveforms in time domain.
The proposed method consists of three steps. The first step is to
characterize the oscillatory modes of the transient components
of all the captured synchronized voltage and current waveforms
from all WMUs, by conducting a multi-signal modal analysis. The
second step is to construct a circuit model for the underlying distribution feeder at the identified dominant mode(s) of the transient
event. The final step is to identify the location of the transient event
with the means of a method that involves certain forward and
backward analyses of the constructed circuit model. The proposed
method requires installing as few as only two WMUs. It can also
utilize several synchronized waveform measurements when several
WMUs are available. The performance of the proposed method
is assessed on the IEEE 33-bus test system; for different cases
of transient events, such as sub-cycle incipient faults, multi-cycle
incipient faults, permanent faults, as well as benign yet informative
events such as capacitor bank switching. Both the accuracy and the
robustness of the proposed method are verified. The analysis and
results in this paper provide new insights on possible applications
of synchronized WMU measurements; while they also address a
highly challenging problem in power distribution networks.
Index Terms—Waveform measurement unit, synchronous waveforms, WMU, transient event, location identification, sub-cycle and
multi-cycle incipient faults, data-driven method, modal analysis.

I. I NTRODUCTION

T

RANSIENT events occur frequently in power distribution
systems due to various changes in system conditions.
Transient events have short duration but sometimes large magnitude. Examples of transient events include incipient faults
and switching events. An incipient fault occurs in a distribution
feeder when there is a crack in the insulation of an equipment,
e.g., a cable, which ignites an electric arc [1]. Incipient faults
are typically self-clearing faults and have short duration, ranging from a quarter of a cycle (sub-cycle), to up to four cycles
(multi-cycle) [2]. That is why incipient faults are difficult to
analyze. It is critical to detect and locate incipient faults in
power distribution systems to prevent future permanent faults.
In this paper, we seek to identify the location of transient
events in power distribution systems by using synchronized
voltage and current waveform measurements. Such measurements are provided by waveform measurement units (WMUs),
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Fig. 1. An example for a sub-cycle incipient fault on a distribution feeder that
is seen by two D-PMUs versus by two WMUs: (a) the locations of the sensors;
(b)-(c) synchronized current phasor measurements from the two D-PMUs; (d)(e) synchronized current waveform measurements from the two WMUs.

which are an emerging class of sensors [3], [4]. They provide
precise GPS-synchronized voltage and current waveforms in
time domain [5], [6]. A typical WMU can report 256 readings
per cycle. In order to support synchronized waveform measurements at such high reporting rate, WMUs have a time
accuracy of 1 µsec [7]. So far, WMUs have been used in
a few applications, such as to study harmonic addition and
cancellation in transformers [3]; to analyze sub-synchronous
resonance [8]; to locate power quality events [4]; and to achieve
situational awareness [5], [6].
A. Motivation: D-PMUs versus WMUs
The waveform measurements from WMUs are well-suited to
study transient events in power distribution systems, in particular, when we compare them with the phasor measurements from
distribution-level phasor measurement units (D-PMUs); a.k.a,
micro-PMUs, which are another emerging class of sensors [9].
Fig. 1 shows an example of an incipient fault that occurs
on a power distribution system, and the corresponding current
phasors that are captured by two D-PMUs as well as the current
waveforms that are captured by two WMUs. D-PMU 1 and
WMU 1 are installed at the beginning of the feeder; and DPMU 2 and WMU 2 are installed at the end of the feeder.
The incipient fault causes very small changes in the phasor
measurements of the D-PMUs, see Figs. 1(b) and (c). The
exact shape of such small changes depends on the internal
filtering, the size of the measurement window, and other dynamic characteristics of the D-PMUs. Importantly, these small
changes in synchrophasors are not much informative; because
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they appear just like a normal variation in current, as opposed
to an indication of an incipient fault. In a sharp contrast, the
impact of the incipient fault is clearly visible in the waveform
measurements of the two WMUs, see Figs. 1(d) and (e).
B. New Approach and Contributions
Motivated by examples such as the one in Section I-A, our
goal in this paper is to use the synchronized voltage and current
waveforms from WMUs to identify the location of transient
events, such as incipient faults, in power distribution systems.
The contributions of this paper are as follows:
1) On one hand, this paper introduces a new use case for
WMUs, as an emerging smart grid sensor technology.
On the other hand, this paper addresses a challenging
problem in power distribution systems. Here, our focus is
specifically on transient events; which are inherently very
short in duration. Identifying the location of such short
events is very challenging. Nevertheless, the proposed
method can identify the correct location in most cases.
2) The proposed method is applicable to different types of
transient events, such as sub-cycle and multi-cycle incipient faults. This is a direct result of using the synchronized
waveform measurements, as opposed to using synchronized phasor measurements as in other methods, e.g., in
[10], which cannot suitably observe transient events.
3) The proposed method takes advantage of the availability
of synchronized waveform measurements from multiple
WMUs; as opposed to the common approach in the
existing incipient fault location methods that work based
on measurements from one sensor. Furthermore, unlike the
existing incipient fault location methods, such as in [11],
the proposed method considers the fact that there are loads
between the sensor location and the fault location.
4) The proposed method works for two fundamentally different types of transient events: the events that are static
in nature, such as in case of arcs in incipient faults that
are resistive and do not create any new oscillation mode;
as well as the events that are dynamic in nature, such as
in case of capacitor bank switching that is reactivate and
create new oscillation mode(s) in the system.
5) The proposed method is also able to pin-point the correct
location of permanent events, such as permanent faults and
capacitor bank switching events. The advantage here is that
the proposed method is prompt because there is no need
to wait until the system reaches steady-state conditions
before we can identify the location of the event.
C. Related Literature
The majority of the existing methods in the area of event and
fault location identification use measurements that are meant for
steady-state analysis, such as phasor measurements, which are
suitable only to analyze permanent events and faults, e.g., see
the impedance-based methods in [12]–[14] and the wide areabased methods in [10], [15], [16]. As we saw in the example
in Section I-A, phasor measurements cannot accurately capture
short transient events, such as incipient faults.

There is a limited literature on incipient fault location identification using waveform measurements, e.g., in [11], [17]–[23].
The methods in these papers use waveform measurements from
one sensor to estimate the distance between the fault location
and the sensor location. Their accuracy decreases when there
are loads between the fault location and the sensor location;
which is often the case in power distribution feeders. This issue
can be alleviated by using a load compensation strategy [21].
Also, they may not work well with locating sub-cycle incipient
faults; because of the extremely short duration of the fault.
There are also a few studies that address location identification for benign events, such as capacitor bank switching,
using waveform measurements from one sensor, e.g., see [24],
[25], where the proposed methods are distance-based methods.
A new concept, called the synchronized Lissajous curve, is
introduced in [5], [6] that provides clear insight about the
location of events using waveform measurements from as few
as only two WMUs.
Compared to the preliminary conference version of this work
in [4], the current journal submission has several new and
important contributions. First and foremost, the method in [4]
was limited to the study of capacitor bank switching. It did
not address incipient faults; which is the primary focus in this
manuscript. Incipient faults have much shorter duration, as short
as only a quarter of a cycle; therefore, they are much more
challenging to identify their location compared to capacitor
bank switching events. Furthermore, here we use multi-signal
modal analysis that is particular suitable for the type of method
in this paper, as opposed to the single-signal modal analysis in
[4]. Last but not least, all the case studies in this manuscript are
new and they cover a much wider range of events and analysis
compared to the conference version in [4].
II. M ODAL A NALYSIS OF C APTURED T RANSIENT
S YNCHRONIZED WAVEFORM M EASUREMENTS
The starting point in our proposed methodology is to characterize the transient component of the synchronized waveform
measurements during an event. Here, we assume that the event
is already detected and classified, by using any event detection
and classification methods, such as those in [2], [5], [26]–[28].
Figs. 2 and 3 show two examples of WMU measurements
that are captured during two different types of transient events.
The transient components are marked with green boxes. The
event in Fig. 2 is an incipient fault; it is the same event that we
saw in Fig. 1, but this time we also show the voltage waveforms.
The event in Fig. 3 is a capacitor bank switching. In both
events, the duration of the transient part is one cycle or less.
We propose to characterize the transient component of the
event waveforms by conducting modal analysis. In this regard,
the transient component of the waveforms is characterized as
one or more oscillation modes. Each oscillation mode itself is
characterized based on the following parameters:
• Frequency,
• Damping Rate,
• Magnitude,
• Phase Angle.
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Fig. 2. Synchronized waveform measurements during an incipient fault: (a)-(c)
voltage and current waveforms that are captured by WMU 1; (b)-(d) voltage
and current waveforms that are captured by WMU 2. The green rectangle marks
the transient component that was the subject of modal analysis.

Fig. 3. Synchronized waveform measurements during a capacitor switching:
(a)-(c) voltage and current waveforms that are captured by WMU 1; (b)(d) voltage and current waveforms that are captured by WMU 2. The green
rectangle marks the transient component that was the subject of modal analysis.

TABLE I
D OMINANT M ODE OF THE T RANSIENT E VENT IN F IG . 2, O BTAINED BY
U SING THE M ULTI -S IGNAL M ODAL A NALYSIS

TABLE II
D OMINANT M ODES OF THE T RANSIENT E VENT IN F IG . 3, O BTAINED BY
U SING THE M ULTI -S IGNAL M ODAL A NALYSIS

WMU Signal
1
2

Voltage
Current
Voltage
Current

Frequency Damping Rate Magnitude Phase Angle
(Hz)
(Hz)
(p.u.)
(deg.)
0.96
0.00
0.32
-35.56
60.00
0.00
∼ 0.00
-17.94
∼ 0.00
-32.94

Damping Rate Magnitude
(Hz)
(p.u.)
Voltage
0.98 / 0.20
Current
0.04 / 0.06
60.00 / 747.72 0.00 / -624.30
Voltage
0.96 / 0.92
Current
0.004 / 0.004

WMU Signal
1
2

Frequency
(Hz)

Phase Angle
(deg.)
0.00 / 0.00
-25.19 / 82.43
-0.49 / -1.07
-25.96 / -3.23

* The two most dominant modes are separated with a slash.

Modal analysis can be done in different ways, such as by
using the Prony method [29], matrix pencil method [30], or
the methods based on rotational invariance techniques [31].
A. Single-Signal vs Multi-Signal Modal Analysis
Regardless of which method is used, modal analysis can
be done in two different ways: single-signal and multi-signal.
There is a considerable difference between these two approaches in the context of this paper, as we explain next.
In single-signal modal analysis, each individual waveform
is analyzed independently; thus, the modes are calculated for
each waveform separately. For instance, for the cases in Figs.
2 and 3, where we have two WMUs, we need to do a separate
modal analysis for each of the following four signals within
the marked green boxes: voltage waveform at WMU 1, current
waveform at WMU 1, voltage waveform at WMU 2, and current
waveform at WMU 2. In theory, the frequency should be the
same for all the four signals and the damping rate should also
be the same for all the four signals; because waveform signals,
regardless of where on the circuit they are captured, oscillate
at the same frequency and the same damping rate [32].
However, in practice, the results are often slightly different
for each signal. This is due to numerical issues, noise in
measurements, slight waveform distortions, etc. For example,
the fundamental frequency can be obtained as 60.3 Hz from
one waveform and 59.9 Hz from another waveform. Such discrepancy can be problematic for the purpose of event location
identification that we will discuss in Section III.
The above issue can be resolved by using multi-signal modal
analysis. In this approach, the transient modes are obtained for
all waveforms in the same unified estimation analysis. Hence,
the frequency is the same for all the four signals. Likewise, the
damping rate is the same for all the four signals.

The dominant mode of the incipient fault in Fig. 2 is shown
in Table I. The dominant modes of the capacitor bank switching
event in Fig. 3 are shown in Table II. The results in Tables I
and II are obtained by using the multi-signal Prony method.
In Tables I and II, the frequency of the dominant mode(s) is
the same for all the four waveform signals; and similarly the
damping rate of the dominant mode(s) is the same for all the
four waveform signals. The reference for the phase angles is
with respect to phase angle of the voltage waveform at WMU
1. Also, notice that, the modal analysis in Table I includes one
dominant mode while the modal analysis in Table II includes
two dominant modes. Next, we discuss the reason for this key
difference between the two types of transient events.
B. Selecting the Time Window and the Number of Modes
There are two basic parameters in any modal analysis: the
time window and the number of the modes. The choices of
these parameters and their required accuracy depend on the
type and the duration of the event. For example, the temporary
event in Fig. 2 has a short duration; therefore, it requires a
small window size. As another example, the permanent event
in Fig. 3 has a much longer duration; therefore, it requires a
longer window size; and it is less sensitive to the exact size
of the time window for the purpose of the modal analysis. In
this paper, we obtain the start time of an event by using the
event detection method in [5]; which is proven to accurately
obtain the event start time. The method in [5] also provides
us with the end time for an event; although, obtaining the end
time of an event is usually more challenging. The window size
for the purpose of the modal analysis should be equal or less
than the time period between the start time and the end time
of the event. For example, if we apply the method in [5] on
the waveforms in Fig. 2, the start time of the event is obtained
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at t = 480 msec, and the end time of the event is obtained at
t = 485 msec. Therefore, time window for modal analysis is
set to 485 − 480 = 5 msec or less, see the lengths of the green
rectangles in Fig. 2; to make sure that we do not include the
part of the signal that is not related to the event.
In this study, we also use an exhaustive search to further
refine the window size and also to select the number of modes
in the multi-signal modal analysis. For each event, we seek
to select these two parameters such that we minimize the root
mean square error (RMSE) in modal analysis. This is done by
conducting the modal analysis for different time windows that
are less than the initial time window that we obtain from [5]
and also for different number of modes. The RMSE is obtained
in each case; and the minimum RMSE is identified and the time
window and the number of modes are set accordingly.
C. Selecting the Dominant Transient Event Mode(s)
Depending on the nature of the transient event, it may only
magnify an existing mode; or it may create new modes. The
former occurred in the case of the incipient fault in Fig. 2. The
latter occurred in the case of the capacitor switching in Fig. 3.
The incipient fault in Fig. 2 was due to a momentary arcing
in the system. The arc added a new resistance to the circuit;
therefore, it did not create any new dynamic mode. As a result,
the only dominant mode during the transient event in Fig. 2 is
the fundamental mode, i.e., at 60 Hz, as we saw in Table I.
The situation was different for the capacitor bank switching
event in Fig. 3. In this case, the event caused a change in
the dynamic components of the system; therefore, it created
a new dynamic mode of oscillation. As a result, we captured
two dominant modes during this transient event. One is the
fundamental mode, i.e., at 60 Hz, and the other one is a highfrequency mode, at 748 Hz, as we saw in Table II.
We can use mode reduction to decide which dominant
mode(s) should be kept for the purpose of our event analysis
in Section III. One Option is to keep the modes with high
magnitude. Another option is to check the energy of each mode,
and keep the modes with high energy.
D. Comparison with Time Domain Analysis
It is insightful to compare some key aspects of our analysis,
which is done in modal phasor domain, versus an analysis that
could be done in time domain by using the raw waveform measurements. First, the phasor analysis in this paper allows us to
focus on the dominant event mode of the signals; which makes
our analysis more robust to noises, compared to conducting the
analysis on the raw time-series of the waveform measurements.
Second, the phasor representation is easier to work with when
it comes to solving the circuit. Note that, our method requires
conducting the forward analysis and the backward analysis on
the circuit model of the underlying power distribution feeder. If
we use time representations; then we would have to deal with
solving several differential equations and we would have to also
consider an initial solution; all of which would unnecessarily
complicate the analysis. Third, we use phasor representation
only for the exact duration of the event, which ranges from

less than a cycle to a few cycles. Thus, we inherently focus
on the specific short interval of the transient component of the
event. Fourth, the proposed method uses the Prony method to
capture the dominant event modes in the waveform signals,
as opposed to using the fast Fourier transformation. Therefore,
although our analysis is done in phasor domain, we do not lose
the information about the event, unlike in the case of the phasor
measurements in PMUs. In fact, we fully capture the transient
behavior of the event, even if it is only a short period of time.
III. C ONSTRUCTING THE F EEDER M ODEL AT THE
D OMINANT T RANSIENT M ODES
Given the dominant modes of the synchronized waveform
measurements during the transient event, the next step is to
construct the feeder circuit model at those dominant modes. In
this regard, consider the power distribution feeder that we saw
in Fig. 1(a), and let us focus on any arbitrary line segment in
this feeder, such as the one that is shown in Fig. 4(a). Let R
and L denote the resistance and inductance of the line segment.
Suppose a transient event occurs at time t = 0 at a bus
on the distribution feeder. Suppose the location of the event
is unknown. The voltage waveform at bus m is denoted by
vm (t); the voltage waveform at bus n is denoted by vn (t); and
the current waveform on the line segment is denoted by im (t),
where t indicates the timestamp immediately after the event.
As mentioned in Section II-C, the transient event may either
only magnify the existing fundamental mode; or it may create
new dominant modes. Next, we discuss how to model the circuit
of the distribution feeder under both circumstances.
A. Case I: Transient Event Does not Create a New Mode
If the transient event does not create any new oscillation
mode, e.g., as in Fig. 2, then the only dominant mode during
the transient event is the fundamental mode, as in Table I.
Let f◦ and ω◦ = 2πf◦ denote the frequency and rotational
frequency of the fundamental mode. Also, let Vm◦ and θm◦ denote the magnitude and phase angle of vm (t) at the fundamental
mode; Vn◦ and θn◦ denote the magnitude and phase angle of
vn (t) at the fundamental mode; and Im◦ and γm◦ denote the
magnitude and phase angle of im (t) at the fundamental mode.
We can write the voltage difference between buses m and n at
the fundamental mode as follows:
Vm◦ ∠θm◦ − Vn◦ ∠θn◦ = Z◦ Im◦ ∠γm◦ ,

(1)

Z◦ = R + jω◦ L

(2)

where
is the impedance of the line at the fundamental mode. The
circuit model under the fundamental mode is as in Fig. 4(b).
B. Case II: Transient Event Creates a New Mode
If the transient event creates a new oscillation mode, e.g., as
in Fig. 3, then the dominant modes are not only the fundamental
mode but also one or more new modes, as in Table II. Without
loss of generality, we assume that there exists only one new
dominant mode in the transient event. If the transient event
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Fig. 4. Analysis of voltage and current waveforms at a line segment immediately after the transient event occurs: (a) the circuit model in time domain; (b) the
circuit model under the fundamental mode; (c) the circuit model under the new transient mode that might be created by the event.

introduces multiple new modes, then we can simply take the
dominant mode and the rest of the analysis remains the same.
Let f , ω = 2πf , and −σ denote the frequency, the rotational
frequency, and the damping rate of the new event mode. Also,
let Vm and θm denote the magnitude and phase angle of vm (t)
at the new event mode; Vn and θn denote the magnitude and
phase angle of vn (t) at the new event mode; and Im and γm
denote the magnitude and phase angle of im (t) at the new event
mode. We write the voltage difference between buses m and n
at the new event mode as follows:
Vm ∠θm − Vn ∠θn = ZIm ∠γm ,

(3)

Z = R − σL + jωL

(4)

where

is the impedance of the line at the new event mode. The circuit
model under the new event mode is shown in Fig. 4(c). Notice
the difference between (2) and (4) and the fact that the damping
rate of the new event mode appears as a resistive term in (4).
C. Load Modeling in Cases I and II
We assume that the active and reactive power loads are
given at all buses, either by direct measurements, such as
via smart meters; or by using pseudo-measurements, such as
via historical data or the ratings of the load transformers.
This is a reasonable assumption; because the rating of the
load transformers and the substation measurements are always
available in practice. Importantly, the proposed method is very
robust against errors in pseudo-measurements; as we will verify
through case studies in Section V-G2. Thus, we can estimate
the equivalent resistance and inductance of the load at each
d
bus. Let Rm
and Ldm denote the resistance and inductance of
the load at bus m; and Rnd and Ldn denote the resistance and
inductance of the load at bus n, as we already marked in Fig.
4(a). We can express the admittance of the loads at buses m
and n at the fundamental mode in Case I in Section III-A as:
d
Ym◦ = 1/(Rm
+ jω◦ Ldm ),

Yn◦ = 1/(Rnd + jω◦ Ldn ).

(5)

Similarly, we can express the admittance of the loads at buses
m and n at the new event mode in Case II in Section III-B as:
d
Ym = 1/(Rm
− σLdm + jωLdm ),

Yn = 1/(Rnd − σLdn + jωLdn ).

(6)

Notice the difference between (5) and (6). The damping rate of
the new event mode appears as a resistive term in (6).

In (5) and (6), we assume that all loads are constant
impedance. However, other types of loads, namely constant current and constant power loads, can also be similarly formulated
and integrated into the model using pseudo-measurements. The
use of other types of loads is discussed in Appendix B.
IV. E VENT L OCATION I DENTIFICATION M ETHOD
In this section, we propose a method to pin-point the location
of a transient event. We assume that the synchronized waveform
measurements are already characterized by their multi-signal
modal analysis, as in Section II; and the distribution feeder
is already modeled, as in Section III-A or Section III-B,
depending on whether the transient event magnifies the existing
fundamental mode or it creates a new event mode, respectively.
A. Methodology
Consider a power distribution feeder that has N buses, as in
Fig. 1(a). Suppose two WMUs are installed on the distribution
feeder, one at the beginning of the feeder at bus 1 and one at
the end of the feeder at bus N . Suppose a transient event occurs
somewhere along the feeder at unknown bus k ∈ {1, · · · , N }.
1) Forward Sweep and Backward Sweep: The starting point
in our event location identification method is to conduct a
forward sweep and a backward sweep, see [33, ch. 10], on
the constructed circuit model of the distribution feeder.
In forward sweep, we start from the phasor representation of
the dominant mode that is obtained in WMU 1 at bus 1, and we
calculate the nodal voltages at all the buses on the distribution
feeder at the dominant mode, all the way forward to WMU 2
at bus N . We denote the results in forward sweep by
f
f
V1f , · · · , Vk−1
, Vkf , Vk+1
, · · · , VNf .

(7)

In backward sweep, we start from the phasor representation
of the dominant mode that is obtained in WMU 2 at bus N ,
and we calculate the nodal voltages at all the buses on the
distribution feeder at the dominant mode, all the way back to
WMU 1 at bus 1. We denote the results in backward sweep by
b
b
V1b , · · · , Vk−1
, Vkb , Vk+1
, · · · , VNb .

(8)

Note that, if the transient event does not create any new mode,
then we use the line impedance in (2) and the load admittance
in (5) to conduct forward sweep and backward sweep. However,
if the transient event does create any new mode, then we use
the line impedance in (4) and the load admittance in (6) to
conduct forward sweep and backward sweep.
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Algorithm 1 Event Location Identification: Two WMUs
Input: WMU measurements and network data
Output: The location of the transient event
1: // Step I:
2: Use multi-signal modal analysis to obtain the dominant
mode(s) of the captured waveforms during the transient
event, such as within the green boxes in Figs. 2 and 3.
3: // Step II:
4: if the event does not create a new mode then
5:
Construct the circuit model based on (1), (2), and (5).
6: else if the event creates a new mode then
7:
Construct the circuit model based on (3), (4), and (6).
8: end if
9: // Step III:
10: Use forward sweep to obtain the nodal voltages in (7).
11: Use backward sweep to obtain the nodal voltages in (8).
12: Calculate the voltage discrepancies as in (9).
13: Obtain the event bus number by using (10).
Algorithm 2 Event Location Identification: Multiple WMUs
Input: WMU measurements and network data
Output: The location of the transient event
1: for the WMU at each bus s ∈ Ω\{1} do
2:
Use Algorithm 1 to obtain Ψ1,s
at each bus i.
i
3: end for
4: Obtain Ψi at each bus i using (11).
5: Obtain the event bus number using (10).

B. Algorithm
By combining the analysis in Sections II, III, and IV-A, we
can develop a three-step algorithm to identify the location of
transient events by using synchronized WMU measurements, as
shown in Algorithm 1. In Step I, we extract the characteristics
of the transient event from the captured synchronized waveform
measurements by doing a multi-signal modal analysis. In Step
II, we construct the circuit model of the feeder under the
dominant mode(s). In Step III, we conduct a forward sweep and
a backward sweep on the constructed circuit model, followed
by the discrepancy analysis to identify the location of the event.
C. Extension to Arbitrary Number of WMUs
Suppose multiple WMUs are available, one is at the beginning of the feeder, and the rest are at the end of the feeder/
laterals, as in Fig. 5. Suppose Ω is the set of buses with WMUs.
as the
For the WMU at each bus s ∈ Ω\{1}, let us define Ψ1,s
i
discrepancy index at bus i that is obtained by using (9); where
we start the forward sweep from the WMU at bus 1 and we
start the backward sweep from the WMU at bus s. We define
X
Ψi =
Ψ1,s
(11)
i , ∀ i = 1, . . . , N.
s∈Ω\{1}

Accordingly, we identify the location of the transient event at
the minimum of the above combined discrepancy index. The
exact procedure is shown in Algorithm 2.
V. C ASE S TUDIES

2) Minimizing Discrepancy: Let Ψi denotes the discrepancy
index at bus i between the results from the forward sweep in
(7) and the results from the backward sweep in (8):
Ψi = |Vif − Vib |, ∀ i = 1, · · · , N,

(9)

where |.| returns the magnitude of a complex number. The
location of the transient event is obtained as follows:
k ? = arg min Ψi .
i

(10)

The basic idea in (10) comes from the analysis in [10] that
was developed for PMU measurements. Here, we extend the
idea to the case where the phasors in forward sweep and
backward sweep are based on the dominant mode of the
transient event that is obtained by doing a multi-signal modal
analysis across all the synchronized waveform measurements
at WMU 1 and WMU 2. The rational in (10) is that the
forward sweep and the backward sweep both start from direct
measurements at a WMU and they continue to be correct up
until we pass the unknown event bus k. At that point, the
results of forward sweep and backward sweep both become
incorrect. In the forward sweep, V1f , · · · ,Vfk are calculated
f
correctly; while Vk+1
, · · · ,VfN are calculated incorrectly. In
the backward sweep, V1b , · · · ,Vbk−1 are calculated incorrectly;
while Vkb , · · · ,VbN are calculated correctly. We can conclude
that Vif = Vib for i = k, while Vif 6= Vib for i 6= k. Thus, the
location of the transient event is obtained as in (10).

In this section, we assess the performance of the proposed
event location identification method by applying it to the IEEE
33-bus test system. The single line diagram of the test system
is shown in Fig. 5. Five WMUs are installed on this network;
as marked on the figure. Each WMU reports the synchronized
voltage and current waveform measurements. The waveform
measurements in this study are taken from the PSCAD/EMTDC
simulation [34] and supplied to the event location identification
algorithm. The nominal frequency of the system is 60 Hz.
Unless stated otherwise, the reporting rate of the WMUs is
assumed to be 256 samples per cycle. The incipient fault
is simulated in form an arc based on the existing Cassie
model in PSCAD [35], [36]. We study different scenarios of
transient events, such as sub-cycle incipient faults and multicycle incipient faults, and permanent events, such as permanent
faults and capacitor bank switching events.
A. Scenario I: Sub-cycle Incipient Fault
Suppose a sub-cycle incipient fault occurs at bus 9 and it
lasts for one quarter of a cycle. Fig. 2 in Section II shows
the voltage and current waveforms during this event that are
captured by WMUs 1 and 2. First, we extract the modes of
all the 10 waveforms from all the five WMUs by conducting a
multi-signal modal analysis. The results for WMUs 1 and 2 are
already shown in Table I. Recall that this event does not create
any new mode. Next, we construct the circuit model between
the WMU at bus 1 and any of the other four WMUs at buses
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WMU 1

WMU 1

WMU 2

WMU 1

Substation
WMU 1

Fig. 5. The IEEE 33-bus distribution system with five WMUs, where the set of buses with WMUs is Ω = {1, 18, 22, 25, 33}.

18, 22, 25, and 33. Finally, we run Algorithm 1 for each pair
of WMUs; or we run Algorithm 2 for all five WMUs.
The results of running Algorithm 1 are shown in Figs. 6(a)(d); and the results of running Algorithm 2 are shown in Fig.
6(e). As shown in Fig. 6(a), if the waveform measurements are
available only from WMUs 1 and 5, then the discrepancy index
is minimized at buses 6 to 18, indicating that the incipient fault
occurred somewhere at the downstream of bus 6. As shown in
Fig. 6(b), if the waveform measurements are available only
from WMUs 1 and 4, then the discrepancy index is minimized
at buses 3 to 18, and buses 26 to 33, indicating that the fault
occurred at one of these buses. As shown in Fig. 6(c), if the
waveform measurements are available only from WMUs 1 and
3, then the discrepancy index is minimized at buses 2 to 18, and
buses 23 to 33, indicating that the fault occurred at one of these
buses. As shown in Fig. 6(d), if the waveform measurements
are available only from WMUs 1 and 2, then the discrepancy
index is minimized at bus 9; which is the correct event bus.
Finally, as shown in Fig. 6(e), if the waveform measurements
are available from all the five WMUs, the minimum discrepancy
index occurs at bus 9; which is the correct event bus.
From the above cases, we can conclude that the proposed
method is able to identify the correct location of the event even
if only two WMUs are available; as long as the event occurs
somewhere between those two WMUs. For example, suppose
only WMU 1 and WMU 2 are available. In that case, we can
correctly identify the location of the event if the event occurs
anywhere on the main feeder, i.e., at buses 1, 2, 3, . . . , 17,
or 18. However, if the event occurs somewhere on the first
lateral, i.e., at buses 19, 20, 21, or 22, then we identify bus
2, i.e., the head of the first lateral, as the event bus. This is
because we do not have any WMU on the first lateral; of course,
unless we do install WMU 3 at bus 22; which in that case we
can identify the exact location of the event on the first lateral.
Similarly, if the event occurs somewhere on the second lateral,
i.e., at buses 23, 24, or 25, then we identify bus 3, i.e., the
head of the second lateral, as the event bus. This is because
we do not have any WMU on the second lateral; of course,
unless we do install WMU 4 at bus 25; which in that case
we can identify the exact location of the event on the second
lateral. Similarly, if the event occurs somewhere on the third
lateral, i.e., at buses 26, 27, . . . , 32 or 33, then we identify
bus 6, i.e., the head of the third lateral, as the event bus. This
is because we do not have any WMU on the third lateral; of
course, unless we do install WMU 5 at bus 33; which in that
case we can identify the exact location of the event on the

Fig. 6. Discrepancy index in Scenario I, when the sub-cycle incipient fault
occurs at bus 9 using the measurements from: (a) WMUs 1 and 5; (b) WMUs
1 and 4; (c) WMUs 1 and 3; (d) WMUs 1 and 2; (e) WMUs 1 to 5.

third lateral. In summary, the proposed method can work with
at least two WMUs; depending on the location of the transient
event, certain pairs of WMUs are more suitable to provide the
waveform measurements that can lead to correctly identify the
location of the event by running Algorithm 1. However, since
the event bus is not known in advance, it is necessary that we
use the waveform measurements from all the five WMUs so
that we can identify the exact location of the event; whether
it occurs on the main feeder or on a lateral. For the rest of
this paper, we focus on identifying the event bus using the
waveform measurements from all the five WMUs.
B. Scenario II: Multi-cycle Incipient Fault
Suppose a multi-cycle incipient fault occurs at bus 30 and it
lasts for two cycles. As in Scenario I, this event does not create
any new mode. Fig. 7 shows the results of running Algorithm 2
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Fig. 7. Discrepancy index in Scenario II, when the multi-cycle incipient fault
occurs at bus 30, based on running Algorithm 2 on all five WMUs.

Fig. 9. Discrepancy index in Scenario IV, when capacitor bank switching
occurs at bus 24, based on running Algorithm 2 on all five WMUs.

Fig. 8. Discrepancy index in Scenario III, when the permanent fault occurs at
bus 20, based on running Algorithm 2 on all five WMUs.

in this scenario based on the waveform measurements from all
five WMUs. As we can see, our method is able to correctly
identify bus 30 as the location of the incipient fault. This
scenario further confirms the accuracy of our method.
C. Scenario III: Permanent Fault
Suppose a permanent symmetric fault occurs at bus 20. We
call it permanent because it is not self-cleared. It may last until
it is cleared by a circuit breaker. As in Scenarios I and II; this
permanent fault does not create any new mode. The results of
running Algorithm 2 are shown in Fig. 8. The location of the
permanent fault is correctly identified at bus 20. The results in
this scenario confirm the accuracy of the proposed method even
for transient events that lead to permanent events. Of course,
our method still focuses only on the transient component of this
event; and accordingly, it identifies its location very promptly.
We will examine the performance of the proposed method for
asymmetric faults in unbalanced networks later in Section V-I.
D. Scenario IV: Capacitor Bank Switching Event
Suppose a capacitor bank is switched on at bus 24. Fig. 3
in Section II shows the voltage and current waveforms during
this event that are captured by WMUs 1 and 4. The results
of multi-signal modal analysis are already shown in Table II.
Unlike in Scenarios I, II, and III, in this scenario, the event not
only magnifies the fundamental mode but it also creates a new
dominant mode, as we saw in Table II. The results of running
Algorithm 2 are shown in Fig. 9. As we can see, the proposed
method is able to identify the correct event location.
E. Impact of Measurement Reporting Rate
Different types of WMUs may have different reporting rates.
A higher reporting rate results in more information about
the system and the event, but it requires larger data storage
capabilities and faster data communication. A lower reporting
rate leads to less information about the event, but it requires
less computational efforts. Therefore, the reporting rate of
WMUs can play an important role in the performance of

Fig. 10. The results of estimating the impedance of an incipient fault by
using the impedance-based method in [11]: (a) the estimated resistance; (b)
the estimated inductance.

any data-driven event analysis. In this regard, we examine
the performance of the proposed event location identification
method by down-sampling the reporting rate from 256 samples
per cycle to 128, 64, and 32 samples per cycle. The results
reveal that even when the reporting rate is as low as only 32
samples per cycle, the proposed method is able to correctly
identify the location of the events in all the four types of events
that we had discussed in Sections V-A to V-D.
F. Performance Comparison
In this section, we compare the performance of our method
with that of two state-of-the-art methods in [11] and [24].
1) Multi-Cycle Incipient Fault: In [11]; a distance-based
method is proposed to identify the location of incipient faults.
This method uses the waveform measurements from WMU 1
to estimate the distance between the fault location and the
sensor location. This method does not use the measurements
from the rest of the WMUs; because the fault current almost
entirely flows through the substation and not through the loads.
Figs. 10(a) and (b) show the estimated resistance and reactance,
respectively, for the case of the multi-cycle incipient fault
in Scenario II in Section V. As we can see, the estimated
impedance does not converge to the correct values. This is
because there are loads between the sensor location and the
fault location. They result in underestimating the impedance.
This issue is alleviated by approximating the loads based on
the measurements before the event occurs [21]. Translating the
estimated impedance to distance and then to bus number, one
can identify bus 27 as the event bus; which is incorrect. It is
three buses away from bus 30, which is the correct bus. This
method also identifies bus 7 as the event bus. This is of course
the main drawback of impedance-based methods that identify
multiple locations for the event, see [14]. In summary, the
method in [11] cannot identify the correct event bus. However,
as we already saw in Fig. 7, our method can correctly identify
the location of the incipient fault at bus 30.
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TABLE III
C OMPARISON B ETWEEN [11], [24], AND THE P ROPOSED M ETHOD

Methodology
Type of Events
Use of Time Synchronization
Location Identification Accuracy
Robust Against Intermediate Loads

[11]
Impedance-based
Faults
No
Low
No

2) Capacitor Bank Switching: In [24], a method is proposed
to identify the location of the capacitor bank switching event.
The method is based on the Initial Value Theorem in circuit
theory. It estimates the distance between the sensor location and
the capacitor bank location by using the instantaneous voltages
before and after the event. If we apply the method in [24] to
the capacitor bank switching event in Scenario IV in Section
V, we can obtain the pre-event instantaneous voltage and the
post-event instantaneous voltage as v(t− ) = −0.952 p.u. and
v(t+ ) = −0.777 p.u. According to [24], we can estimate the
inductance from the sensor location to the event location as
Lest =

v(t+ )
Lth ,
v(t− ) − v(t+ )

(12)

where Lth is the Thevenin inductance seen by WMU 1.
The estimated inductance is obtained as 1.049 p.u.; however
the true inductance is 2.276 p.u. Translating this estimation to
bus number, we identify bus 23 as the event bus. However, this
is not the correct event bus. It is rather the neighboring bus of
the correct bus, i.e., bus 24. It should be noted that the estimated
inductance is smaller than the true one. This is because there are
loads between the sensor location and the fault location, which
affect the estimation of impedance. In summary, the method
in [24] is not able to identify the correct event bus. However,
as we already saw in Fig. 9, our proposed method is able to
correctly identify the location of the capacitor bank at bus 24.
Table III summarizes the comparison between the methods
in [11], [24] and the proposed method. First, the method in [11]
is designed to locate only faults, which are very severe events;
and the method in [24] is designed to locate only capacitor bank
switching events; however, the proposed method in this paper
can locate both types of events. Second, the proposed method
is specifically designed to take advantage of the synchronized
measurements from multiple WMUs; as opposed to the methods
in [11] and [24] that inherently work based on measurements
from one sensor; because they were designed before the advent
of WMUs which have emerged only very recently. Third, the
proposed method is able to identify the location of events with
higher accuracy, as opposed to the methods in [11] and [24] that
identify the location of certain events with considerable error.
Fourth, the proposed method is not sensitive to the intermediate
loads between the event location and the sensor location; as
we will see in Section V-G3. However, such robustness is not
reported for the methods in [11] and [24].
It bears mentioning that we absolutely do not say that there is
any problem with the existing methods that use measurements
from only one power quality sensor (which is the ancestor of
WMU). Instead, we make the following argument: now that

[24]
Initial Value-based
Capacitor Switching
No
Low
No

Proposed Method
Wide Area-based
Both
Yes
High
Yes

TABLE IV
I MPACT OF E RROR IN L INE PARAMETERS
Error (%)
25
50
75
100

Correct Bus
100.0 %
98.9 %
93.0 %
85.8%

Neighboring Bus
0.0 %
1.1 %
7.0 %
14.2 %

Other Bus
0.0 %
0.0 %
0.0 %
0.0 %

synchronized waveform measurements from multiple WMUs
are gradually becoming available in practice, let us design
methods that can take advantage of such synchronized waveform availability. The proposed method in this paper tries to
exactly do so by proposing a method that does take advantage
of having access to synchronized waveform measurements
from multiple WMUs. Furthermore, we show that once such
data availability from multiple WMUs is used, the results can
outperform the traditional methods that are designed to use
waveform measurements from only one power quality sensor.
G. Sensitivity Analysis
Next, we use Monte Carlo simulation to assess the impact of
errors in parameters and measurements on the accuracy of the
proposed method. The number of random scenarios is 10,000.
1) Error in Line Parameters: Line inductance and resistance
may deviate from their nominal values because of loading,
aging, and weather conditions, to name a few. Table IV shows
the results for different levels of errors. As we can see, even
when the error is at 50%, the proposed method can identify the
correct location for the transient event in 98.9% of the random
scenarios. In the remaining 1.1% of the cases, we identify the
neighboring bus as the event location. Hence, the robustness of
the proposed method is confirmed for errors in line parameters.
2) Error in Pseudo-Measurements: Table V shows the location identification accuracy for different levels of errors in
pseudo-measurements. Even when the error is at 100%, the
proposed method can identify the correct location for the transient even in 99.8% of the random scenarios. In another 0.2%
of the cases, we can still identify the neighboring bus. Thus,
the robustness of the proposed method is further confirmed.
3) Noise and Harmonics in Waveform Measurements: Table
VI shows the results on the accuracy of the proposed event
identification method for different levels of harmonics in the
system as well as different levels of measurement noise in
WMU measurements. The level of harmonics is specified in
terms of the total-harmonic-distortion (THD) of the current
waveforms. The measurement noise level is specified in terms
of the signal-to-noise-ratio (SNR). As we can see, even when
the THD is as high as 3% and the SNR is as low as 20 dB, the

10

TABLE V
I MPACT OF E RROR IN P SEUDO -M EASUREMENTS
Error (%)
25
50
75
100

Correct Bus
100.0 %
100.0 %
100.0 %
99.8 %

Neighboring Bus
0.0 %
0.0 %
0.0 %
0.1 %

Other Bus
0.0 %
0.0 %
0.0 %
0.1 %

TABLE VI
I MPACT OF H ARMONIC D ISTORTION AND M EASUREMENT N OISE ON THE
ACCURACY OF THE E VENT L OCATION I DENTIFICATION M ETHOD
THD (%) SNR (dB) Correct Bus Neighboring Bus Other Bus
80
100.0 %
0.0 %
0.0 %
1
50
100.0 %
0.0 %
0.0 %
20
86.8 %
5.8 %
7.4 %
80
100.0 %
0.0 %
0.0 %
2
50
99.9 %
0.1 %
0.0 %
20
84.4 %
7.5 %
8.1 %
80
100.0 %
0.0 %
0.0 %
3
50
99.8 %
0.2 %
0.0 %
20
85.5 %
6.2 %
8.3 %

proposed method is still able to correctly identify the location
of the event in 85.5% of the random scenarios. In another 6.2%
of the random scenarios, an immediate neighboring bus of the
correct event bus is identified. The results in Table VI confirm
the robustness of the proposed event location identification
method even under considerable harmonic and measurement
noise levels. It bears mentioning that, identifying the correct
location of sub-cycle incipient faults becomes challenging when
the levels of noise and harmonics in waveform measurements
are high, due to the very short duration of such events.
H. Active Distribution Networks
In this section, we apply the proposed method on an active
power distribution network, i.e., a power distribution system
with a Distributed Generation (DG) unit. In this regard, we
install a DG at bus 33. Importantly, we do not include any
knowledge about this DG in our analysis. In other words, we
assume that we are unaware of the presence of this DG. Fig.
11 shows the results of running Algorithm 2 for the case of the
sub-cycle incipient fault in Scenario I in Section V-A, when the
DG is connected to the network and when it is not connected to
the network. As we can see, the proposed method is still able
to correctly identify the location of the incipient fault at bus
9, even in the presence of the DG. Notice that, when the DG
is connected to the network, the difference between the lowest
discrepancy index and the second lowest discrepancy index is
smaller; this means that the event location identification is now
more challenging. However, this is simply because we assume
that we do not know about the presence of the DG in Algorithm
2; yet we are still able to identify the location of the event
correctly. If we do know the about the DG, i.e., its location
and its size, then we can reach the same original accuracy as
in the case when the DG is not connected to the network.
I. Extension to Unbalanced Three-Phase Networks
In this section, we apply the proposed event location identification method to an unbalanced three-phase power distribution

Fig. 11. Comparing the discrepancy indices in identifying the location of
the sub-cycle incipient fault in Scenario I in an active network and a passive
network by running Algorithm 2 on all five WMUs.

Fig. 12. Discrepancy indices on different phases in identifying the location of
an asymmetric phase-to-phase fault at bus 20, across Phases A and B, in an
unbalanced three-phase network by running Algorithm 2 on all five WMUs.

network with asymmetric events. In this regard, first, we
extend the IEEE 33-bus test system to an unbalanced threephase network by changing the loading on the three phases.
Other parameters and assumptions remain the same as those
mentioned for the initial test system. Suppose a permanent
two-phase line-to-ground fault on Phases A and B occurs at
bus 20. It is an asymmetric event. Similar to the case of the
fault in Scenario III in Section V-C, this fault does not create
any new mode in the system. Fig. 12 shows the results of
running Algorithm 2 on Phases A, B, and C. As we can see, the
discrepancy index on Phases A and B is minimized at bus 20,
indicating that the fault occurred at bus 20, which is correct.
However, the discrepancy index on Phase C is almost zero at
all buses, correctly indicating that the fault did not occur on
Phase C. It should be noted that, there are small differences
between the discrepancy indices on Phase A and Phase B. These
differences are due to the load imbalance across the phases.
Nevertheless, the proposed method is able to identify the correct
bus as the location of the fault and it can also correctly identify
Phases A and B as the phases of the fault. We can conclude
that the proposed method can work well even for asymmetric
events in unbalanced three-phase power distribution networks.
VI. C ONCLUSIONS
This paper introduced a new application for WMUs, as an
emerging smart grid sensor technology; while it also addressed
a challenging problem in power distribution systems. In this
regard, a novel three-step method is proposed to use synchronized waveform measurements from WMUs to identify the
location of transient events, including sub-cycle and multi-cycle
incipient faults, in power distribution networks. The proposed
method requires installing at least two WMUs, but its performance can further improve if we use multiple WMUs. Unlike
the methods that use phasor measurements, which inherently

11

require reaching the steady-state conditions before they can be
applied, the proposed method is prompt; because it uses the
waveform measurements during the transient conditions of the
event. The method was tested on the IEEE 33-bus distribution
network for different cases of transient events. The results
confirmed the accuracy of the method in identifying the correct
location of the transient events; even for very short events. The
proposed method can also identify the location of permanent
events, such as permanent symmetric and asymmetric faults and
capacitor bank switching events. The proposed method is robust
against error in line parameters and error in load parameters.
The latter is particularly important in practice; because the realworld load parameters can be in form of inaccurate pseudomeasurements. Furthermore, the proposed method can reach a
high accuracy, even with noisy waveform measurements and
also at low measurement reporting rates. It works well also in
active power distribution networks and in unbalanced threephase networks, making the proposed method applicable in
most practical power distribution networks.

Fig. 13. An example for multi-signal Prony analysis in Appendix A: (a)-(b)
voltage signals; (c)-(d) current signals. The blue curves are the original transient
component of the waveform measurements in Fig. 3. The red curves are the
reconstructed waveform measurements by using the first dominant mode. The
green curves are the reconstructed waveform measurements by using both the
first and the second dominant modes.

Therefore, we can fully capture the transient behavior of the
capacitor bank switching event with only the first two dominant
modes. The characteristics of the first two dominant modes are
shown in Table II in the main body of the paper.

A PPENDIX A
M ULTI -S IGNAL M ODAL A NALYSIS

A PPENDIX B
L OAD T YPES

The multi-signal modal analysis in this paper is done by
using the multi-signal Prony method to simultaneously extract
the modes of multiple waveform measurements. This is done
by applying optimal curve fitting to the waveform measurements by using the least squares technique. Suppose xm (t)
is one of the signals of the waveform measurements, where
m = 1, . . . , M . Here, M is the number of signals. For example,
if we have two WMUs and each WMU provides one signal
for voltage waveform measurements and one signal for current
waveform measurements, then M = 4. The goal of the Multisignal Prony method is to fit a damped sinusoidal model to
xm (t), along with all other waveform signals in the system, to
estimate x̂m (t) as follows:

Any load can be expressed in the generic form of an exponential model [37]. Specifically, the apparent power consumption
of the load connected to bus i can be modeled as:

ηp
ηq

Vi
Vi
Si = Pi◦
+ Qi◦
,
(14)
Vi◦
Vi◦

x̂m (t) =

P
X

Ap,m eσp t cos(2πfp t + θp ),

(13)

p=1

where fp and σp denote the frequency and the damping rate at
mode p in the system; and Ap,m and θp,m denote the amplitude
and phase angle at mode p of waveform measurement m.
Notice that, while fp and σp are the same for all signals,
each signal has its own Ap,m and θp,m . In this regard, the
phasor representation of waveform signal xm (t) at mode p
is Ap,m ]θp,m . Fig. 13 shows an illustrative example of the
original transient components for each signal xm (t) of the
total of M = 4 waveform measurements in Fig. 3, and their
corresponding signal estimations x̂m (t). The blue curves are the
original waveforms, i.e., xm (t), the red curves are the estimated
waveforms, i.e., x̂m (t), which are obtained by using the first
dominant mode, and green curves are the estimated waveforms,
i.e., x̂m (t), which are obtained by using the first and the second
dominant modes. As we can see, the reconstructed waveforms
using the first two dominant modes fit the original waveforms
the best. The root mean square error (RMSE) of the red curves
is about 2.4%, and the RMSE of the green curves is about 0.5%.

where Pi◦ , Qi◦ , and Si denote the nominal active power,
nominal reactive power, and operating apparent power of the
load at bus i; Vi◦ and Vi denote the nominal and operating
nodal voltage of bus i. In (14), if ηp = 0, 1, 2, then the load
is constant power, constant current, and constant impedance,
respectively. The reactive power component can be defined
similarly by using ηq . In this equation, the nominal values
Si◦ and Vi◦ are known at each bus i; and the operating nodal
voltage Vi is obtained from forward sweep and backward sweep
calculations in (7) and (8). As a result, one can obtain Si from
(14) depending on the type of the load. Next, the resistance
and inductance of the load at bus i is obtained as follows:
 2
 2
Vi
1
Vi
d
d
Ri = Re
,
Li =
Im
(15)
Si∗
ω◦
Si∗
where ∗ returns the complex conjugate; Re{.} and Im{.} return
the real part and the imaginary part, respectively. Once the
resistance and inductance are obtained, the admittance of the
load can be obtained via either (5) or (6), depending on the
dominant mode. Of course, this makes the nodal voltages in
(7) and (8) more complicated to calculate. However, the rest
of the analysis in Section IV, which is based on examining the
discrepancy between the forward sweep and backward sweep
calculations, will remain the same.
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