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1.1 Introduction

High-resolution methods are generally defined to be high-performance methods for es-
timating and/or detecting the desired and/or undesired signal components present in a
given set of data. The term “high-resolution” also implies a good ability to resolve very
“similar” signal components. One of the most common problems in signal processing is
known as frequency estimation. In frequency estimation, “high-resolution” often refers
to a good ability to resolve two or more closely located frequencies in the given data.
There are two groups of high-resolution methods. One is parametric methods, and the
other non-parametric methods. The parametric high-resolution methods result from
ingenious exploitations of known data structures. The non-parametric high-resolution
methods maximize the output of some desired information with little knowledge of the
data structure. The choice between parametric methods and non-parametric methods
largely depends on one’s confidence in the assumed data model. In this chapter, we
expose the readers to a range of existing parametric high-resolution methods.

In Section 1.2, we present several frequency estimation techniques using algebraic
principles. They are linear prediction, matrix pencil, and iterative quadratic maximum
likelihood. The linear prediction method and the matrix pencil method can achieve
near-optimal accuracy of estimation without the local convergence issues associated
with the optimal methods. The computational complexities of the two methods are
among the most efficient. The iterative quadratic maximum likelihood method is an
approximation of the (exact) maximum likelihood method. Under some condition (e.g.,
high SNR), this approximation achieves the optimal accuracy. Concepts like forward-
and-backward averaging, total least square, and (joint) singular value decomposition
of orthonormal matrices will also be discussed.

In Section 1.3, we present methods that exploit large sample theorems in statistics.
In particular, we focus on data of multiple independent measurements. The key data
structure is captured by the dominant (principal) subspace of the data matrix or the
dominant eigenvectors of the data covariance matrix. The principal subspace is referred
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2 A Review of Parametric High-Resolution Methods 1

to as signal subspace. The orthogonal complement of the signal subspace is referred to
as noise subspace. Exploitation of the orthogonality between the signal subspace and
the noise subspace results in a method known as MUSIC. For some data models such as
the superimposed exponentials, the signal subspace possesses an invariance structure
that can be exploited in a matrix pencil fashion also known as ESPRIT. A number of
variations of MUSIC and ESPRIT are described there. We also present the maximum
likelihood methods and their asymptotic (large sample) performances. The bilinear
nature of the sensor array model is exploited in the conditional maximum likelihood
method, unconditional maximum likelihood method and the so-called MODE method.
The situation of coherent signals is also discussed.

In Section 1.4, several detection methods using a single data measurement are pre-
sented. Several effective detection methods using a single data measurement require
the knowledge of noise variance. The noise variance is a key to determine the thresholds
used in the effective singular values method, the noise significance level method, and
the least squares data fitting method. But the noise variance is not required in the in-
formation theoretic criteria. The noise level is captured by the maximum log-likelihood
function. With a proper choice of the penalty term, the information theoretic criteria
have attractive asymptotic (long sample) properties. (Note that a long single data
measurement is treated differently from a large number of measurements.)

In Section 1.5, we consider multiple data measurements for signal detection. The
Akaike information criterion (AIC) and the minimum description length (MDL) meth-
ods are reviewed. Detection methods based on the eigenvalues of data covariance
matrix are presented. The Bayesian methods for detection are also discussed.

1.1.1 Data Model

In the following, we define the domain of our problems by describing the data model
under consideration. The reader will see that our data model is also known as sensor
array model. An important specialization of this model is known as superimposed
exponentials. The problem of frequency estimation and detection is largely associated
with this model, which is also the main focus of this chapter.

The data model under consideration is:

y(n) = As(n) + w(n), n = 1, ..., N (1.1.1)

where

y(n) = [y0(n), y1(n), ..., yM−1(n)]T (1.1.2)
s(n) = [s1(n), ..., sI(n)]T (1.1.3)
w(n) = [w0(n), w1(n), ..., wM−1(n)]T . (1.1.4)

s(n) is the signal vector, and w(n) the noise vector. We refer to M as the size of each
measurement, and N as the number of independent measurements. The matrix A is
generally parameterized by an unknown vector:

θ = [θ1, ..., θI ]T , (1.1.5)
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and sometimes denoted by A(θ). For notional convenience, this dependence on fre-
quencies is often suppressed throughout this book. Each element of the vector (1.1.5)
could also be a vector in some multidimensional problems, as in other chapters. But
for simple presentation, in this chapter, we will mainly consider the one-dimensional
case. Some references on the multidimensional case will be mentioned.

The structure of the matrix A provides the key for all high-resolution methods. In
particular, the following is an important specialization of (1.1.1):

A = [a(θ1), a(θ2), ...,a(θI)] (1.1.6)
a(θ) = [1, ejθ, ..., ej(M−1)θ ]T . (1.1.7)

In other words, the noisy data

ym(n) =
I∑

i=1

si(n)ej(n−1)θi + wm(n)
�
= xm(n) + wm(n), (1.1.8)

m = 0, 1, ..., M − 1, n = 1, ..., N.

This data model is referred to as superimposed exponentials. Here, we call θi the
frequency of the i-th exponential (or signal), si(n) the corresponding amplitude (e.g.,
envelop of an incoming wave), and I the number of exponentials. xm(n) is the noise-
free component of the data. In the context of sensor arrays, we may refer to n as the
temporal dimension and m as the spatial dimension. But the actual meanings of n
and m are not important in this chapter. It is the model (1.1.8) that many of the
high-resolution methods are designed for. Some of the methods only need a single
measurement of the data (1.1.8).

Signal amplitudes can be stochastic or deterministic. In the stochastic case, the
signal amplitudes are assumed to be stationary circular Gaussian with zero mean and
covariance matrix

E{s(n)sH(l)} = Rsδn,l, E{s(n)sT (l)} = 0, ∀ n, l (1.1.9)

where E stands for the statistical expectation, Rs is called the signal covariance matrix
which is unknown, δk,l is the Kronecker delta with δn,l = 1 for n = l, and δn,l = 0
for n �= l. The first expression of (1.1.9) implies the independence of signal ampli-
tudes at distinct instants, which is called temporally independent. The second one is
a consequence of the assumption that the real and imaginary parts of the signal am-
plitudes are identical (but not necessarily independent) joint Gaussian and satisfy the
property E{�e{s(n)}(�m{s(n)})T} = −E{�m{s(n)}(�e{s(n)})T}. Unless specified
otherwise, Rs will be assumed to be of full rank, in which case we say that the signals
are incoherent. If Rs does not have a full rank, we say that the signals are coherent.

In the deterministic case, the signal amplitudes are also assumed to have the fol-
lowing property

lim
N→∞

1
N

N∑
n=1

s(n)sH(n) = Rs. (1.1.10)
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This assumption is merely needed to establish the optimal performance of the maximum
likelihood methods in this case.

The statistical property of the noise also has a major impact on algorithm develop-
ment and analysis. We will assume that the noise is stationary circular Gaussian with
zero mean and the covariance matrix

E{w(n)wH(l)} = Rnδn,l, E{w(n)wT (l)} = 0, ∀ n, l (1.1.11)

where Rn can be an unknown non-singular matrix. Unless otherwise specified, the
noise is spatially white (independent) (Rn = σ2IM ).

The noise in (1.1.11) is also temporally independent. Temporal independence is a
fundamental assumption used for signals and noise in all chapters but Chapter 6. A
temporally dependent noise model will be considered therein.

The signal and noise are assumed to be independent of each other, i.e.,

E{w(n)sH(l)} = 0, E{w(n)sT (l)} = 0, ∀ n, l. (1.1.12)

1.2 Estimation Techniques Using Algebraic Principles

In this section, we discuss several frequency estimation techniques using algebraic prin-
ciples. These techniques exploit the algebraic structure within each measurement. For
convenience of presentation, we will focus on a single measurement of data. For multi-
ple measurements, the same principles can be applied to a matrix stacked with multiple
measurements.

Some of the key structural information within each measurement of data can be
exploited via the following data matrix:

X =

⎡
⎢⎢⎢⎣

x0 x1 · · · xL

x1 x2 · · · xL+1

...
...

. . .
...

xM−L−1 xM−L−2 · · · xM−1

⎤
⎥⎥⎥⎦ (1.2.1)

where L is the length of a sliding window used to divide the original full length data
into overlapped segments, and we have dropped the index n. According to (1.1.8), we
can write that,

X = ZM−LSZT
L+1 (1.2.2)

where

Zm =

⎡
⎢⎢⎢⎣

1 1 · · · 1
z1 z2 · · · zI

...
...

. . .
...

zm−1
1 zm−1

2 · · · zm−1
I

⎤
⎥⎥⎥⎦ (1.2.3)

S = diag[s1, s2, ..., sI ] (1.2.4)
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with zi = ejθi . zi is called the i-th signal pole. It is easy to show from the above
decomposition of the matrix X that this matrix has a constant rank equal to the
number of signals provided that the number of rows and the number of columns are
larger than or equal to the number of signals while the original (single) measurement
vector x = [x0, ..., xM−1]T only has a rank equal to 1. The same idea will also be used
in Subsections 1.3.4, 1.4.1, and Section 4.3.

1.2.1 Linear Prediction

This technique models the data sequence by a set of linear prediction equations. The
linear prediction coefficients are used to retrieve the signal poles.

a. Linear Prediction Equation

Let the parameters (b1, b2, · · · , bL) be the coefficients of the the following polynomial
1

P (z) = 1 +
L∑

i=1

biz
i (1.2.5)

where L ≥ I. According to the theory of polynomials, there exist such coefficients
(b1, b2, · · · , bL) that the signal poles z1, z2, · · · , zI are I roots of the above L-degree
polynomial. It is then easy to verify that

xl +
L∑

i=1

bixl+i = 0. (1.2.6)

Let

b =
[

1 b1 · · · bL

]T
. (1.2.7)

Then the matrix form of (1.2.6) is

Xb = 0. (1.2.8)

The equation (1.2.8) is known as the linear prediction equation.
Case (1): L = I: Provided that m ≥ I, Zm has the full column rank I if and only if
the poles {zi, i = 1, ..., I} are distinct of each other. Considering (1.2.2), we see that
if M − I ≥ I (i.e., M ≥ 2I), then X has rank I. Furthermore, we see that ZT

I+1 has
a one-dimensional (right) null space, and hence so does X. Therefore, (1.2.8) has a
unique solution for b up to a scalar.

1Note that in (1.2.5), b0 is intentionally chosen to be 1. This choice enforces no zero roots for the
polynomial (1.2.5). Another equivalent choice is bL = 1. Although one is allowed to normalize any
coefficient to be 1, numerical ill-conditioning may occur if the coefficient in consideration is small or
even zero.
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Case (2): L > I: It is easy to verify that provided M −L ≥ I, X has an (L− I + 1)-
dimensional right null space. This is because ZT

L+1 has an (L−I +1)-dimensional right
null space, and ZM−L has the full column rank given M − L ≥ I. In other words, all
solutions of (1.2.8) are the solutions of

ZT
L+1b = 0 (1.2.9)

and vice versa. From (1.2.9), we know that the I poles {zi, i = 1, 2, ..., I} are among
the L roots of the polynomial (1.2.5). Therefore, any solution of (1.2.8) has this
desired property. But there are also L−I additional roots associated with any solution
of (1.2.8). These additional roots are called the extraneous roots. Next, we show how
to select a solution of (1.2.8) such that the extraneous roots are separable from the
desired roots.

b. Unique Determination of Signal Poles

Let us rewrite (1.2.5) as

P (z) = P1,I(z)P2,L−I(z) (1.2.10)

where P1,I(z) and P2,L−I(z) are two polynomials of degrees I and L − I respectively.
Without loss of generality, we assume that the I poles {zi, i = 1, 2, ..., I} are the I roots
of P1,I(z), and the other extraneous roots of PL(z) are the L − I roots of P2,L−I(z).
Among all the solutions of (1.2.8), there is the minimum-norm solution, i.e., ‖b‖ is
minimized subject to that the first element of b is one. Let PMN(z) be the polynomial
associated with this minimum-norm solution. Then, we have

PMN(z) = P1,I(z)P2,L−I,MN(z) (1.2.11)

where the L − I roots of P2,L−I,MN(z) have a special property. Experiments suggest
that the roots of P2,L−I,MN(z) are all outside the unit circle in the complex plane.
This property is also supported by the following analysis. Let a root of P2,L−I,MN(z)
be denoted by z0 = eα0+jω0 . Then, PMN(z) = P1,0(z)P2,0(z) where P2,0(z) = 1 + b2,0z
and

1 + b2,0z0 = 0. (1.2.12)

Based on the well known Parseval’s Theorem, we have:

‖b‖2 =
1
2π

∫ 2π

0

|P1,0(ejω)|2|P2,0(ejω)|2dω. (1.2.13)

We now consider a small perturbation of the root z0 moving away from the unit circle
(along the radial direction). Then, (1.2.12) implies

∆b2,0z0 + b2,0∆z0 = 0.
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But ∆z0 = z0∆α0. Therefore

∆b2,0 = −b2,0∆α0. (1.2.14)

Then, provided that b is a solution of (1.2.8), the perturbation of the norm-square of
b due to the perturbation of the root z0 away from the unit circle is given below:

∆‖b‖2 =
1
2π

∫ 2π

0

|P1,0(ejω)|2∆|P2,0(ejω)|2dω

=
1
2π

∫ 2π

0

|P1,0(ejω)|22�e{P ∗
2,0(e

jω)∆P2,0(ejω)}dω

=
1
2π

∫ 2π

0

|P1,0(ejω)|22�e{(1 + b∗2,0e
−jω)∆b2,0(ejω)}dω. (1.2.15)

Using (1.2.14) in (1.2.15) yields

∆‖b‖2 = −∆α0
1
2π

∫ 2π

0

|P1,0(ejω)|22�e{(1 + b∗2,0e
−jω)b2,0(ejω)}dω

= −∆α0
1
2π

∫ 2π

0

|P1,0(ejω)|22(1 − cos(ω − ω0))dω. (1.2.16)

Note that we used b2,0 = −e−jω0 in (1.2.16). It is now clear that as the root moves
away from the unit circle, the norm of b decreases. By examining (1.2.13), we see that
the extraneous root z0 = eα0+jω0 should also be close to the unit circle to keep the
norm of b small. Furthermore, it is not hard to see that if there are multiple extraneous
roots in P (z), these roots should be evenly distributed near the unit circle to keep the
norm of b small. Therefore, it is a valid conjecture that all the extraneous roots of
the polynomial P (z) constructed from the minimum-norm solution b of (1.2.8) (where
the first element of b is equal to one) are evenly distributed near but outside the unit
circle. Although supported by simulation and analysis, this conjecture is however not
yet proven in a strict mathematical sense. This property and the above analysis were
originally shown in [55].

With the above property of the extraneous roots, we can easily separate the desired
roots from the extraneous roots if all the desired roots are inside or on the unit circle.
Note that if the data sequence xn is an impulse response of a stable system, all the
desired poles (i.e., the desired roots of P (z)) are inside the unit circle.

We now rewrite (1.2.5) as

P
′
(z) = z−L

L∑
i=0

biz
i =

L∑
i=0

bL−iz
−i. (1.2.17)

We can do a similar analysis of this polynomial under the constraint that the last
element of b is one. The conclusion is that the extraneous roots of P

′
(z) should be

evenly distributed near but inside the unit circle. Note that the above property implies
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that the minimum-norm b with b0 = 1 is not a scaled version of the minimum-norm b
with bL = 1. Furthermore, if the desired poles can be anywhere in the complex plane,
one can use both P

′
(z) and P (z) to separate the desired roots from the extraneous

roots [80] .

c. Estimation of Linear Prediction Coefficients

When the data are noisy, the ideal minimum-norm vector can only be estimated. Let
Y be defined in the same way as X in (1.2.1) using the noisy data ym, m = 0, 1, ..., M−1.
For the case where b0 = 1, we define

Y =
[

y0 Y0

]
(1.2.18)

b =
[

1
b0

]
(1.2.19)

where y0 is the first column of Y and b0 consists of the last L elements of b. Note
that (1.2.8) is no longer satisfied when X is replaced by Y. In this case, b0 can be
determined from the minimization problem

min
b0

‖Y0b0 + y0‖2 (1.2.20)

where ‖ · ‖ denotes the 2-norm. According to [25], [26], this problem has two choices
of minimum-norm solutions for b0. The two solutions are called the least squares (LS)
solution and the total least squares (TLS) solution. The determination of the two
solutions is described in the following.

Since Y0 has a rank I without noise, we can replace it by a rank-I approximation.
According to Theorem 6.7 of [94] (originally due to Eckart and Young in 1936), the
most accurate approximation can be obtained via SVD. This approximation is also
called the rank-I truncation of Y0.

The rank-I truncation of a full rank noisy matrix Y, is defined as the truncated
singular value decomposition (SVD) 2 of Y, given by

[Ŷ]T =
I∑

i=1

σiuivH
i (1.2.21)

where the (full) singular value decomposition (SVD) of Ŷ is

Ŷ =
K∑

i=1

σiuivH
i , σ1 ≥ σ1 ≥ · · · ≥ σK . (1.2.22)

2Since only the I principal singular vectors/values are required, the rank-I truncation can be more
efficiently computed using fast techniques suggested in [109], [120]. The rank-I truncation can also be
obtained even without SVD [35].
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With the rank-I truncation of Y0, the LS minimum-norm solution of (1.2.20) for
b0 is given by

(b0)MN−LS = −([Y0]T )†y0 (1.2.23)

where (·)† denotes the Moore-Penrose pseudo inverse of a matrix. Given the SVD, it
can be determined simply by inverting the non-zero singular values of the matrix, e.g.,
([Y0]T )† =

∑I
i=1 σ−1

i uivH
i .

We now denote the rank-I truncation of Y: [Y]T = [h0,Q] where Q is also a rank-I
matrix. Then the TLS minimum-norm solution of (1.2.20) for b0 is given by

(b0)MN−TLS = −(Q)†h0. (1.2.24)

Note that the TLS solution requires two SVDs (one for rank-I truncation and one
for pseudo inverse) while the LS solution requires only one SVD (where one SVD is used
for both rank-I truncation and pseudo inverse). The solution (1.2.23) was proposed in
[108], [57], [55] as the SVD-Prony approach, and the solution (1.2.24) in [81], [55] as
the TLS-LP approach 3. The SVD-Prony and the TLS-LP have been shown in [40] to
yield the identical solution to the first-order approximation, i.e., both approaches have
the same performance at high SNR. At a medium SNR (or in the threshold region of
SNR), the TLS-LP performs better than the SVD-Prony, because the TLS-LP entails
an additional noise cleaning procedure on y0. An improvement on TLS-LP for known
noise covariance matrix was shown in [41]. When L = I, the SVD-Prony coincides
with the Prony approach [29] and the TLS-LP with the Pisarenko approach [79]. The
choice of L > I yields a better accuracy.

For the case where bL = 1, we define

Y =
[

Y1 y1

]
(1.2.25)

b =
[

b1

1

]
(1.2.26)

where y1 is the last column of Y and b1 consists of the first L-element of b. Similar to
the development for the case of b0 = 1, the LS minimum-norm solution for b1 is given
by

(b1)MN−LS = −([Y1]T )†y1. (1.2.27)

Denote [Y]T = [Q1,h1] where Q1 is also a rank-I matrix. The TLS minimum-norm
solution for b1 can be given by

(b1)MN−TLS = −(Q1)†h1 (1.2.28)
3The approach in [55] was originally called the improved Pisarenko approach which turned out to

have the same formulation as the approach called TLS-LP in [81]. The equivalence was proven in
[20], [4]. The minimum-norm approach in [58] was originally proposed for multiple measurement case.
An extension of the minimum-norm approach to single measurement case was considered in [20] and
shown to have the identical solution as the TLS-LP approach.
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Note that in noise-free case,

y0 = −Y0b0 (1.2.29)
y1 = −Y1b1. (1.2.30)

Because of the equations (1.2.30) and (1.2.29), b1 and b0 can be called the forward-
prediction vector and backward-prediction vector, respectively. We know that the
desired I roots of P (z) associated with b0 are the same as the desired I roots of
P

′
(z) associated with b1. But we also know that extraneous roots of b0 are outside

the unit circle, and the extraneous roots of b1 are inside the unit circle. There-
fore, the desired I roots can be detected by the common roots of b0 and b1. These
desired roots can be anywhere in the complex plane. This idea was first reported in [80].

d. Forward-backward Averaging

If all the poles are on the unit circle, the data matrix X has the following property:

X∗ΠL+1 = Z∗
M−LS∗(Z∗

L+1)
T ΠL+1 = Z∗

M−LS∗Θ−LZT
L+1 (1.2.31)

where the superscript ∗ denotes complex conjugate,

Θ = diag[ejθ1 , ..., ejθI ], (1.2.32)

and ΠL+1 is the (L + 1) × (L + 1) reverse permutation (exchange) matrix.
An n × n reverse permutation matrix is defined as

Πn =

⎡
⎢⎢⎢⎣

0 · · · 0 1
0 · · · 1 0
...

...
...

...
1 · · · 0 0

⎤
⎥⎥⎥⎦

n×n

. (1.2.33)

It is easy to verify that the following equation has the same solution as (1.2.9) and
hence (1.2.8):

X∗ΠL+1b = 0 (1.2.34)

Alternatively, we can combine (1.2.8) and (1.2.34) into

Xfbb = 0 (1.2.35)

where

Xfb =
[

X
X∗ΠL+1

]
. (1.2.36)

With Xfb (1.2.35) replaced by Yfb, one can compute the minimum-norm solution with
b0 = 1 or b1 = 1. The desired roots of the polynomial P (z) are all on the unit circle,
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and the extraneous roots are all outside the unit circle (if b0 = 1) or all inside the
unit circle (if bL = 1). Since (1.2.35) contains more independent equations than (1.2.8)
or equivalently (1.2.34), the solution of (1.2.35) in the noisy case is less sensitive to
noise. This combination of singular-value-decomposition and forward-backward linear
prediction was first proposed in [108] and analyzed in detail in [37].

1.2.2 Matrix Pencil

A matrix pencil is defined as the matrix Y2 − zY1 for an arbitrary matrix pair
[Y2,Y1] of the same dimensions. The techniques to be discussed in this subsection
yield the signal poles zi, i = 1, 2, ..., I, as the rank reducing numbers of a matrix
pencil constructed from data directly or indirectly. The accuracy of the matrix pencil
methods is about the same as the SVD linear prediction based techniques. But the
computational complexity of the matrix pencil methods is generally lower than the
SVD linear prediction methods.

a. Underlying Principle

The relationship (1.2.8) can be exploited in another way without the extraneous
roots that are encountered in linear prediction. The idea here is to exploit the matrix
pencil inherent in the matrix X. Let X0 and X1 be the noise-free versions of Y0 in
(1.2.18) and Y1 in (1.2.25). It follows that

X0 − zX1 = ZM−LS(Θ − zII)ZT
L (1.2.37)

where Θ is defined in (1.2.32), and refer to (1.2.3) and (1.2.4) for the definitions of the
other matrices in the above equation. From (1.2.37), it is clear that if rank(ZM−L) =
rank(ZL) = I, then each element of the poles {zi, i = 1, ..., I} is a rank-reducing number
of the matrix pencil X0 − zX1, i.e.,

rank(X0 − zX1) = 1 + rank(X0 − ziX1) (1.2.38)

where z /∈ {zi, i = 1, 2, ..., I}. Note that rank(Zl) = I if and only if l ≥ I.
If all the poles are on the unit circle, an FB (forward-backward) matrix pencil can

be formed based on Xfb (1.2.36). We define

Xfb =
[

x0,fb X0,fb

]
=

[
X1,fb x1,fb

]
(1.2.39)

where X0,fb consists of the last L columns of Xfb, and X1,fb consists of the first L
columns of Xfb. Then

X0,fb − zX1,fb =
[

ZM−LS
Z∗

M−LS∗Θ−L

]
(Θ − zII)ZT

L (1.2.40)

and

rank(X0,fb − zX1,fb) = 1 + rank(X0,fb − ziX1,fb) (1.2.41)
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where z /∈ {zi, i = 1, 2, , ..., I}.
Since X0 and X1 are of rank I and range(X0) = range(X1), one can let X0 = QRH

0

and X1 = QRH
1 where Q is an (M − L) × I full column rank matrix, R0 and R1 are

L× I full column rank matrices. To compute the rank reducing numbers of the matrix
pencil X0 − zX1, the following property is useful:

rank(X0 − zX1) = rank(RH
0 − zRH

1 ) = rank((R1 − zR0)
= rank((RH

0 R0)−1RH
0 R1 − zII). (1.2.42)

This property implies that if min(M−L, L) ≥ I, the poles can be obtained by the I rank
reducing numbers of the matrix pencil X0 − zX1 or equivalently by the I eigenvalues
of the I × I matrix (RH

0 R0)−1RH
0 R1.

A similar procedure applies to the FB matrix pencil X1,fb − zX0,fb if all the poles
are on the unit circle.

Note that there is no such problem of extraneous roots in the matrix pencil method.
Finding the I eigenvalues of a matrix is in general easier than finding the L roots of
an L-degree polynomial when L > I. The results of noise analysis also favour the
matrix pencil method over the linear prediction method. With a proper selection of
the parameter L, the estimation variance of the matrix pencil method is close to the
Cramér-Rao bound. The optimal choice of L is about one third of the data length. For
details of the analysis of the matrix pencil method, see [39].

The matrix pencil method can be further generalized as follows. Let

X =
[

x0 x1 · · · xL

]
. (1.2.43)

Then define

X(i) =
[

xi xi+1 · · · xi+L−n

]
(1.2.44)

where i = 0, 1, ..., n and

X̄ =
n∑

i=0

ciX(i). (1.2.45)

It can be shown that if L − n + 1 ≥ I and M − L ≥ I, then

rank(X̄) = I − g (1.2.46)

if and only if the roots of the polynomial Pn(z) =
∑n

i=0 ciz
i contain exactly g elements

of {z1, z2, · · · , zI}. If we choose the coefficients ci such that rank(X̄) = 0 (i.e., X̄ = 0
), then these coefficients are the same solution as to the linear prediction equation
(1.2.8) with L = n. The two equations (1.2.45) and (1.2.46) constitute a notion called
subspace linear prediction originally proposed in [38]. Subspace linear prediction unifies
the notions of linear prediction and matrix pencil. But the numerical implementation
of subspace linear prediction is not as straightforward as that of matrix pencil (where



1.2 Estimation Techniques Using Algebraic Principles 13

n = 1 and I ≥ rank(X̄) ≥ I − 1) or that of linear prediction (where n ≥ I and
I ≥ rank(X̄) ≥ 0). For matrix pencil, we have a generalized eigenvalue problem, which
can be converted to a standard eigenvalue problem. For linear prediction, we invert
a set of linear equations in the least squares sense and then compute the roots of a
polynomial. Due to the computational reason, the subspace linear prediction method
was not further investigated after the work [38].

Another advantage of the matrix pencil method over the linear prediction method
is that for multidimensional frequency estimation, the required extension of the matrix
pencil method is straightforward. For details of the multidimensional case, see [31], [32].

b. Practical Considerations

In the noisy case, the matrix pencil X0 − zX1 in (1.2.42) is replaced by

Y0 − zY1, (1.2.47)

where Y0 and Y1 are the noisy versions of X0 and X1 respectively. Note that Y0−zY1

is likely to have more than I rank-reducing numbers. To estimate the desired I rank-
reducing numbers (the signal poles), there are a number of ways. One way is to
replace Y0 and Y1 by their rank-I truncations [Y0]T and [Y1]T respectively. After
the truncation, the matrix pencil [Y0]T − z[Y1]T has only I rank-reducing numbers,
which also equal to the signal poles in the noise-free case. The rank truncation can be
done in several different ways.

We first let the rank-I truncations of Y0 and Y1 be defined via separate SVDs:

[Y0]T = U0Σ0VH
0 (1.2.48)

[Y1]T = U1Σ1VH
1 . (1.2.49)

The I rank-reducing numbers of the matrix pencil [Y0]T − z[Y1]T can be obtained
from the eigenvalues of the I × I matrix

Σ−1
1 UH

1 U0Σ0. (1.2.50)

This technique is the original matrix pencil approach [39].
We now define the rank-I truncation of [ Y0 Y1 ] via a joint SVD as follows

[ Y0 Y1 ]T = UxΣx[ VH
x0 VH

x1 ]. (1.2.51)

The matrix pencil Y0−zY1 can now be approximated by UxΣx(VH
x0−zVH

x1), of which
the I rank-reducing numbers are the eigenvalues of the matrix

(VH
x0Vx1)(VH

x1Vx1)−1. (1.2.52)

This method is referred to as the LS (least squares) ESPRIT [90].
A further step of noise filtering can be carried out as shown here. Since [Vx0 Vx1]

has a rank I in the noise-free case, it can be replaced by the following rank-I truncation

[ Vx0 Vx1 ]T = UvΣv[ VH
v0 VH

v1 ] (1.2.53)
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where Vv0 and Vv1 are I × I matrices.
Note that since both Vx0 and Vx1 are orthogonal matrices, each of

√
2Vv0 and√

2Vv1 can be shown to be unitary. This follows from a more general theorem on the
property of Vx0 and Vx1:

Theorem 1.1: Let Vx0 and Vx1 be two orthonormal matrices of I columns each. Let
the following be the joint SVD of the two matrices:

[
Vx0 Vx1

]
=

[
Uv U′

v

] [ Σv 0
0 Σv

′

] [
Vv0 V

′
v0

Vv1 V
′
v1

]H

(1.2.54)

where Σv > Σv

′
(A > B means A − B is positive-definite). Then, we have[

Vv0 V
′
v0

Vv1 V
′
v1

]
=

1√
2

[
G0H0

H G0H1
H

G1H0
H −G1H1

H

]
(1.2.55)

where G0, H0, G1 and H1 are all unitary matrices.

Proof: See proof of (2.11) in [42].

With (1.2.53), the matrix pencil Y0 − zY1 is approximated by UxΣx(Vv0 −
zVv1)ΣvUH

v , which has the same I rank-reducing numbers as those of the matrix
pencil

Vv0 − zVv1. (1.2.56)

These rank-reducing numbers are equal to the eigenvalues of the matrix

Vv0V−1
v1 (1.2.57)

or, equivalently, the eigenvalues of the matrix V−1
v1 Vv0. The eigenvalues of (1.2.57) are

also the same as the eigenvalues of the following matrix

−(V
′H
v0 )−1V

′H
v1 (1.2.58)

where the range of [V
′T
v1 ,V

′T
v0 ]T is the orthogonal complement of the range of

[VT
v1,V

T
v0]

T . They are all by-products of the SVD used in (1.2.53). Note that

V
′H
v1 Vv1 + V

′H
v0 Vv0 = 0 → (V

′H
v0 )−1V

′H
v1 + Vv0V−1

v1 = 0. (1.2.59)

The method based on (1.2.57) is known as the TLS (total least squares) ESPRIT [90].
Another way to generate the joint rank-I truncations of Y0 and Y1 follows the

state space method in [61]. Let the rank-I truncation of Y be

[Y]T = UsΣsVH
s (1.2.60)
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and define two submatrices of Vs

Vs1 = the first (L − 1) rows of Vs (1.2.61)
Vs0 = the last (L − 1) rows of Vs. (1.2.62)

Then [Y0]T = UsΣsVH
s0 and [Y1]T = UsΣsVH

s1. Hence, the signal poles can be
computed from the rank-reducing numbers of the matrix pencil

VH
s1 − zVH

s0, (1.2.63)

or equivalently, from the eigenvalues of the following square matrix

VH
s1Vs0(VH

s0Vs0)−1. (1.2.64)

In the noise-free case, the I eigenvalues are the same as the signal poles (provided, of
course, min(M − L, L − 1) ≥ I).

Similar to the TLS-ESPRIT, we can introduce an additional step of filtering for the
state-space method, i.e., let

[Vs1 Vs0]T = UsvΣsv[VH
sv1 VH

sv0]. (1.2.65)

Then VH
s1 − zVH

s0 can be approximated by (Vsv1 − zVsv0)ΣsvUH
sv , and the I rank-

reducing numbers are the eigenvalues of

Vsv1V−1
sv0. (1.2.66)

The solution of (1.2.66) was proposed in [42] as the TLS state space method.
It is shown in [42] that the estimates by the above variations of the matrix pencil

approach have the same variance at high SNR. Around a medium or threshold SNR,
the TLS estimates are more accurate than the LS estimates.

For the case of I = 1, it is shown in [39] that at high SNR,

min
L

varMP(θ1) = min
L

varLP(θ1) =
27

4M3SNR
(1.2.67)

where varMP(·) is the estimation variance for the matrix pencil and varLP(·) for the
linear prediction. The corresponding CRB (under white Gaussian noise model) is
known to be

CRB =
6

M(M2 − 1)SNR
(1.2.68)

Then, the optimal statistical efficiency of both linear prediction and matrix pencil is

efficiency =
Variance

CRB
=

27M(M2 − 1)
24M3

≈ 1.125. (1.2.69)

It is this near optimality and the computational efficiency that make the linear pre-
diction method and the matrix pencil method practical choices. Between the two
near-optimal methods, the matrix pencil method is simpler in computation.
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It should be noted here that the matrix pencil method first shown in [36] has its roots
coming from many sources. One of them is the pencil-of-functions method originally
developed in [48], [49]. The pencil-of-functions method deals with continuous signals
while the matrix pencil method is designed for discrete-time signals. The development
of the matrix pencil method coincided with and was also influenced by the development
of ESPRIT first shown in [73].

1.2.3 Iterative Quadratic Maximum Likelihood

For an optimal accuracy of estimation, the maximum likelihood (ML) method is the
classical choice. But the computational burden of the ML method can be prohibitive.
Both the matrix pencil methods and the linear prediction methods can achieve a
near optimal accuracy at a moderate computational cost. To compete with the
sub-optimal methods in terms of computations, the maximum likelihood method
needs to be implemented with some clever approximations. One of these clever
approximations of the ML method is known as the iterative quadratic maximum
likelihood (IQML) method. In this section, we show the principle of the IQML method.

a. Least Squares versus Maximum Likelihood

For white Gaussian noise (Rn = σ2IM ) and deterministic signal amplitudes with
a single measurement, maximizing the likelihood function is equivalent to minimizing
the following least squares (LS) function

‖y − As‖2 (1.2.70)

where ‖ · ‖ denotes the 2-norm and the measurement index n has been dropped for
notational convenience. In the above formulation, the data is fit onto the given model
in the LS sense. The method based on (1.2.70) is known as the LS method. Hence, for
white Gaussian noise, the ML method is equivalent to the LS method. The ML method
is known to have the least estimation variance asymptotically. By “asymptotically”,
we mean that either SNR or the data length approaches to infinity.

The main drawback of the ML method is its computation. It is often the most
expensive in computation compared to other alternatives. For the data model shown
in (1.1.8), it is possible to reduce the complexity to some extent. The matrix A in
(1.2.70) is known as the Vandermonde matrix, which has independent columns if and
only if the poles are distinct (and I ≤ M). If the poles are given, i.e., the matrix A is
given, then the ML estimate of the amplitude vector s is given by

ŝ = arg min
s

‖y − As‖2 = A†y = (AHA)−1AHy (1.2.71)

where A† = (AHA)−1AH denotes the pseudo-inverse of A, and AH denotes the
conjugate transpose of A. Note that given any estimates of the poles, the LS estimates
of the amplitudes can be obtained in one step by using (1.2.71). To find the ML
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estimates of the poles, we substitute (1.2.71) into (1.2.70) to yield

min
{θi}

‖y − AA†y‖2 = min
{θi}

‖P⊥
Ay‖2 (1.2.72)

where P⊥
A = IM −AA† is the projection matrix onto a space which is orthogonal to the

space spanned by the columns of A. This matrix is called the orthogonal projection
matrix. Given a matrix X with full column rank, the orthogonal projection matrix can
be defined as

P⊥
X = I− X(XHX)−1XH . (1.2.73)

The minimization problem (1.2.72) involves a smaller set of unknowns than the
original one (1.2.70). Unfortunately, (1.2.72) is still generally a hard computational
problem as the cost function is a highly nonlinear function of the unknowns. Only
in some special cases, the computation of (1.2.72) can be reduced significantly. For
example, if 1

M AHA is constant, then (1.2.72) becomes a quadratic function of the poles.

b. IQML

The minimization of (1.2.72) can be approximated in another fashion. Define an
(M − I) × M matrix as follows:

BH =

⎡
⎢⎢⎢⎣

b0 b1 · · · bI

b0 b1 · · · bI

. . . . . . . . . . . .
b0 b1 · · · bI

⎤
⎥⎥⎥⎦

(M−I)×M

(1.2.74)

where the parameters (b0, b1, b2, · · · , bI) are related to the poles zi via the following
polynomial equation:

P (z) = b0 +
I∑

i=1

biz
i = 0 if and only if z ∈ (z1, z2, · · · , zI). (1.2.75)

It follows that

range(B) = M − I (1.2.76)
BHA = 0. (1.2.77)

These two equations imply that range(B) is the orthogonal complement of range(A),
and hence

PB = P⊥
A (1.2.78)

where

PB = BB† = B(BHB)−1BH (1.2.79)
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which is the projection matrix onto the column space of B. Then, the minimization of
(1.2.72) can be rewritten as

min
{zi}

‖P⊥
Ay‖2 = min

{bi}
‖PBy‖2 = min

{bi}
yHPBy

= min
{bi}

yHB(BHB)−1BHy = min
{bi}

b̄HȲH(BHB)−1Ȳb̄ (1.2.80)

where

Ȳ =

⎡
⎢⎢⎢⎣

y0 y1 · · · yI

y1 y2 · · · yI+1

...
...

. . .
...

yM−I−1 yM−I · · · yM−1

⎤
⎥⎥⎥⎦ (1.2.81)

b̄ =
[

b0 b1 · · · bI

]T
. (1.2.82)

The cost function in (1.2.80) is still highly nonlinear of the parameters b0, b1, · · · , bI .
However, the last expression in (1.2.80) is useful. From the property of (1.2.75), it is
easy to verify that in the absence of noise,

Ȳb̄ = 0. (1.2.83)

It has been shown in Subsection 1.2.1 that given a noise-free Ȳ (= Y when L = I),
(1.2.83) implies a unique b̄ up to a scalar. To avoid trivial solution of (1.2.83), a
constraint such that b̄ �= 0 is needed. Some linear nontriviality constraints have been
in use, such as b0 = 1 in [6] and bI/2 = 1 in [88]. However, as noted in [101], the above
two simple constraints can not represent certain (though very few) practical scenarios.
On the other hand, the quadratic nontriviality constraint

‖b̄‖ = 1 (1.2.84)

appears to be the most natural choice as it applies an equal weight on each element of
the vector b.

In the noise-free case, if b0 is set to one, an equivalent equation of (1.2.83) is

Ȳ0b̄0 = −ȳ0 (1.2.85)

where Ȳ =
[

ȳ0 Ȳ0

]
and b̄ =

[
1 b̄T

0

]T . In the noisy case, (1.2.83) does not
hold, and one can estimate (b0, b1, · · · , bI) in two different ways. The first approach is
to compute the least squares solution of (1.2.83), i.e.,

arg min
b̄

‖Ȳb̄‖2 = argmin
b̄

b̄HȲHȲb̄ (1.2.86)

where ‖b̄‖ = 1. The solution of (1.2.86) is simply the eigenvector of ȲHȲ associated
with the smallest eigenvalue. This solution is known as Pisarenko’s method as men-
tioned in Subsection 1.2.1. It is also known as the “total least squares” solution of
(1.2.85). The second approach is to compute the least squares solution of (1.2.85), i.e.,

argmin
b̄0

‖Ȳ0b̄0 + ȳ0‖2. (1.2.87)
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The solution of (1.2.87) is given by

b̄0,LS = −Ȳ†
0ȳ0 (1.2.88)

where Ȳ†
0 is the pseudo-inverse of Ȳ0. This solution is known as Prony’s method

discussed in Subsection 1.2.1.
Neither Prony’s method nor Pisarenko’s method is optimal in the least squares

sense given by (1.2.80). However, if the error in the estimate obtained by (1.2.86) or
(1.2.87) is small, (1.2.80) can be approximated as follows:

min
b

b̄HȲH(BH
E BE)−1Ȳb̄ (1.2.89)

where BE is determined by the estimates from (1.2.86) or (1.2.87). The minimization
of (1.2.89) is quadratic, and hence the solution is given by the eigenvector of the
matrix ȲH(BH

E BE)−1Ȳ associated with the least eigenvalue. This minimization can
be repeated once BE is renewed by the previous estimate of b̄. This iterative procedure
based on (1.2.89) is called the iterative quadratic maximum likelihood (IQML) method
[6]. The reference of ML is because that if the noise in (1.2.70) is white Gaussian, the
least squares criterion (1.2.80) is equivalent to the maximum likelihood criterion.

The IQML procedure proposed in [69] is the same as the one outlined above. The
IQML procedure proposed in [14] exploits the knowledge of the noise covariance via
the constraint b̄H�e{Rn}b̄ = 1 where Rn is the noise covariance matrix defined in
(1.1.11).

For multidimensional (M-D) models such as those in (e.g., [31], [32]), direct appli-
cation of IQML is not possible because there does not exist a single M-D polynomial
which has a one-to-one relationship with M-D frequencies. However, by reformulat-
ing the M-D models (with an added amplitude redundancy), multiple inter-related
single-variate polynomials as in [16] and [65] can be formed. The M-D frequencies are
uniquely related to those single-variate polynomials. Reparameterization of the likeli-
hood function with the coefficients of the single-variate polynomials leads to quadratic
functions of the same form as in (1.2.89). This allows the application of the IQML to
the M-D case.

If a polynomial has all its roots located on the unit circle, its coefficients will be
conjugate symmetric. More specifically, the coefficients of the polynomial (1.2.75)
should satisfy the property:

bi = b∗I−i. (1.2.90)

The estimation accuracy can be improved by imposing this constraint on b. The
incorporation of (1.2.90) and (1.2.84) into (1.2.89) can be implemented using the idea
suggested in [101].

c. Implementation of IQML

Next, we show a fast implementation of the IQML method. This implementation
follows from [33] where the unit circle constraint is not applied.



20 A Review of Parametric High-Resolution Methods 1

Step 1: Compute an initial estimate of b̄ by argminb̄ b̄HYHYb̄. Each element of
the (I + 1) × (I + 1) matrix YHY can be obtained by

(YHY)i,j =
M−I−1∑

l=0

y∗
i+L+1yj+l−1 (1.2.91)

where 1 ≤ i, j ≤ I + 1. Note that (YHY)i,j = (YHY)∗j,i. Hence, the floating
point operations (flops) required are (M−I)(I+1)(I+2)/2. The least eigenvector
of YHY can be obtained using an order of I2 flops [25].

Step 2: Use the previous estimate of b̄ to compute BH
E BE as follows:

(BH
E BE)i,j =

⎧⎪⎨
⎪⎩

∑I−(j−i)
i=0 bj−i+1b

∗
l , I ≥ j − i ≥ 0∑I−(i−j)

i=0 blb
∗
l+i−j , I ≥ i − j ≥ 0

0, |i − j| > I

. (1.2.92)

Note that this matrix BH
E BE is Hermitian, Toeplitz and band-limited. Comput-

ing this matrix product only takes (I + 1)(I + 2)/2 flops (or I(I + 1)/2 flops if
b0 = 1). The storage of this matrix requires only I + 1 complex numbers.

Step 3: Compute the Cholesky decomposition of the (M−I)×(M−I) matrix BH
E BE ,

which is positive definite, Hermitian, and band-limited. Using Algorithm 5.3-5
in [25], we have

BH
E BE = RHR (1.2.93)

where R is an (M − I)× (M − I) upper triangular matrix with bandwidth I + 1.
This requires (M − I)[I2/2 + 3I/2]− I3/3 − 3I2/2 flops [[25], p.76.].

Step 4: Compute the (M − I) × (I + 1) matrix R−HY by a simple modification of
Algorithm 5.3-2 or 5.3-3 in [25]. This requires (M −I)(I +1)2−I2(I +1)/2 flops.

Step 5: Compute the (I+1)×(I+1) Hermitian matrix YH(BH
E BE)−1Y by computing

(R−HY)HR−HY. This requires (M − I)(I + 1)(I + 2)/2 flops.

Step 6: Compute a new estimate of b̄ by computing the least eigenvector of
YH(BH

E BE)−1Y. This requires an order of I2 flops.

Step 7: Go to Step 2 until convergence.

The above implementation of IQML only requires an order of flops proportional to
M (assuming M >> I). More precisely, assuming M >> I >> 1, the first step of the
above implementation requires I2M/2 flops, and each additional iteration from Step 2
to Step 6 requires 2I2M flops. Other implementations such as given in [56] and [17]
require a flop order proportional to M2.
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1.3 Estimation Techniques Using Large-Sample Theorems

Signal amplitude (statistical) and noise are further assumed to be realizations of ergodic
processes. This assumption ensures that the time average converges to the statistical
average in almost sure sense4 :

lim
N→∞

1
N

N∑
n=1

y(n)yH (n) = ARsAH + Rn. (1.3.1)

For the finite deterministic amplitudes, by (1.1.10) and the strong law of the large
number theorem, the above property also holds. Therefore with a large number of
measurements, the following covariance matrix (for both stochastic and deterministic
amplitudes):

R ∆= E{y(n)yH (n)} = ARsAH + Rn (1.3.2)

can then be estimated accurately where E denotes the statistical expectation. The
structure shown in this expression is the key for all methods using a large number of
measurements.

1.3.1 Subspace Rotation Invariance - ESPRIT

The principle of subspace rotation invariance is closely related to the principle of matrix
pencil. Let Us contain the unitary eigenvectors of the covariance matrix R in (1.3.2)
corresponding to the I largest eigenvalues. When Rs is of full rank and Rn = σ2IM ,
it is easy to verify that Us and A (defined in (1.1.6)) have the same range, i.e.,

Us = AT (1.3.3)

where T is an I × I nonsingular matrix. Due to the relationship (1.3.3), the range
space of Us is called the signal subspace5. Let U1 be the submatrix of Us with the
last row deleted, and U2 the submatrix of Us with the first row deleted. Then, one
has:

U2 = U1Ψ. (1.3.4)

where Ψ = T−1ΘT with T being a nonsingular I × I matrix. Eigenvalues of Ψ are
equal to the desired signal poles. The relationship of (1.3.4) is called the subspace
rotation invariance that forms the basis of the ESPRIT [90] and its many variations.
It is important to note that this invariance property not only holds for the model

4Almost sure convergence of a sequence {an} to a is defined by P (limn→∞ |an −a| < ε) = 1 where
ε is an arbitrarily small positive number. Other terms such as strong convergence and convergence
with probability 1 are also used in the literature.

5For X in (1.2.81) used in the linear prediction and matrix pencil methods, a signal subspace can
be similarly defined.
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assumed in (1.1.6) but also for a larger class of models. The model corresponds to
(1.1.6) is associated with a uniform linear array. But the subspace rotation invariance
property in (1.3.4) is ensured by any array that consists of two identical subarrays
that are spatially translated from each other. The two subarrays may have overlapped
elements. The waves impinging on the arrays are assumed to be planar.

Given a finite sample estimate of the covariance matrix as defined below

R̂ ∆=
1
N

N∑
n=1

y(n)yH (n), (1.3.5)

Us should be replaced by its estimate Ûs which consists of the eigenvectors of R̂
corresponding to the I largest eigenvalues. In this case, (1.3.4) does not hold exactly,
but Ψ can be estimated from Ûs in a number of different ways as discussed next.

LS (least squares)-ESPRIT: This approach is to solve (1.3.4) through the following
minimization:

min
Ψ

‖Û2 − Û1Ψ‖F . (1.3.6)

The solution for Ψ is given by

Ψ̂LS = (ÛH
1 Û1)−1ÛH

1 Û2. (1.3.7)

The LS-ESPRIT method estimates the signal poles by computing the eigenvalues of
Ψ̂LS.

TLS (total least squares) -ESPRIT: The equation (1.3.4) can be alternatively solved
in a total least squares (TLS) fashion. The corresponding solution is given as follows.
Let the rank-I truncation of [Û1, Û2] be expressed as [Û1, Û2]T = ÛuΣ̂u[V̂H

u1, V̂
H
u2].

Then the TLS solution is given by

Ψ̂TLS = (V̂H
u2V̂u2)−1V̂H

u2V̂u1. (1.3.8)

The TLS-ESPRIT method estimates the signal poles by computing the eigenvalues of
Ψ̂TLS. A detailed analysis of the TLS-ESPRIT is presented in [71]. The TLS-ESPRIT
has a similar performance to the LS-ESPRIT when the number of measurements is
sufficiently large [85]. The reason for this is also supported by the first order equiva-
lence of various types of SVD truncations [42]. The difference between LS-ESPRIT
and TLS-ESPRIT is nothing but in the way of SVD truncations.

W (weighted) -ESPRIT: Another variation of the ESPRIT is to introduce a weight-
ing matrix as follows:

Ψ̂WESP = (ÛH
1 WÛ1)−1ÛH

1 WÛ2 (1.3.9)
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where W is an (M − 1)× (M − 1) Hermitian symmetric, positive semi-definite matrix.
This corresponds to the so called W-ESPRIT method. The LS-ESPRIT is a special
case of the W-ESPRIT when W = IM−1. Assuming that the signal vectors s(n) and
the noise vectors w(n) are all i.i.d. Gaussian, a performance analysis of the W-ESPRIT
yields the following theorem:

Theorem 1.2: Let ρH
i be the i-th row of (AH−WA−)−1AH−W(IM + − ziIM−) where

G− is a submatrix of G without the last row, and G+ is a submatrix of G without
the first row. If N >> 1, the weighted ESPRIT frequency estimation error vector
θ̂

WESP − θ is Gaussian with zero mean and the covariance matrix

CWESP(θ) =
σ2

2N
�e{(ρHρ) � WT

0 } (1.3.10)

where

ρ = [ρ1, · · · , ρI ] (1.3.11)
W0 = R−1

s + σ2R−1
s (AHA)−1R−1

s (1.3.12)

and Rs is defined in (1.1.9)

Proof: See [100].

In (1.3.10), � denotes the Schur-Hadamard product (element-wise product) defined
as below

Xm×n � Ym×n =

⎡
⎢⎣

x1,1y1,1 · · · x1,ny1,n

...
. . .

...
xm,1ym,1 · · · xm,nym,n

⎤
⎥⎦

m×n

. (1.3.13)

The analysis result in Theorem 1.2 is based on the perturbation of the signal
subspace [52] assuming that the number of measurements is sufficiently large. When
the number of measurements is small, another (high SNR) perturbation analysis of
the ESPRIT can be found in [64].

OW (optimally weighted) -ESPRIT: For the W-ESPRIT, it is of interest to find
a weighting matrix which gives rise to a minimum estimation variance. For a mini-
mum estimation variance of the i-th frequency, the optimal weighting matrix should
be chosen as [100]

Wi
opt = (TH

i Ti)−1 (1.3.14)

where TH
i = IM + − ziIM−. When W is substituted by W i

opt in (1.3.9), the resulting
method is called the OW-ESPRIT. However one should note that when W = Wi

opt

in (1.3.9), only the estimation variance of the i-th frequency is guaranteed to reach a
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minimum, while the estimation variances of other frequencies using the same weighting
matrix may not be reduced. In (1.3.14), the optimal weighting matrix Wi

opt requires
matrix inversion. But since TH

i Ti is a banded matrix, an analytic inversion is available
and shown in the following lemma:

Lemma 1.1:

Wi
opt = ZH(IM−1 −

1
M

zzH)Z (1.3.15)

where

Z =

⎡
⎢⎢⎢⎢⎣

e−jθi e−j2θi · · · e−j(M−1)θi

. . . . . .
...

. . . e−j2θi

e−jθi

⎤
⎥⎥⎥⎥⎦

(M−1)×(M−1)

(1.3.16)

is upper triangular and z is the last column of Z.

Proof: See Appendix D of [100].

Computation of Wi
opt using (1.3.15) is more efficient than direct inversion. But

the i-th signal pole zi is required in computing Wi
opt. In practice, this knowledge

is not available and an estimated value of zi is used to construct an approximated
weighting matrix Ŵi

opt. The OW-ESPRIT is summarized in the following.

Procedure of OW-ESPRIT

Step 1: Determine estimates ẑ0
i of zi, i = 1, ..., I from eigenvalues of

(ÛH
1 Û1)−1ÛH

1 Û2.

Step 2: For i = 1, 2, ..., I, use ẑ0
i to construct the weighting matrix Ŵi

opt and determine
an updated estimate ẑopt

i of zi as one eigenvalue of the matrix

(ÛH
1 Ŵi

optÛ1)−1ÛH
1 Ŵi

optÛ2.

A comparison between the OW-ESPRIT and the LS-ESPRIT is given in the fol-
lowing. In the single signal case,

varOWESP(θ1)
varESP(θ1)

=
(M − 1)2

24M(M2 − 1)
(1.3.17)

where varOWESP(·) is the estimation variance for the OW-ESPRIT and varESP(·) for
the ESPRIT. See Examples 4.1 and 5.1 of [100] for a proof. The conclusion is that
the OW-ESPRIT can offer much better accuracy than the LS-ESPRIT when M is large.
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FB-TLS-ESPRIT: Assume that all the signal poles are on the unit circle. Define
the forward-backward averaging covariance matrix 6

R̂fb =
1
2
[R̂ + ΠMR̂∗ΠM ] (1.3.18)

where ΠM is defined in (1.2.33). Let Ûs,fb contain the unitary eigenvectors of R̂fb

corresponding to the I largest eigenvalues, Û1 the submatrix of Ûs,fb without the last
row, and Û2 the submatrix of Ûs,fb without the first row. The TLS solution requires
an additional SVD of [Û1, Û2], the rank-I truncation of which is denoted by

[Û1, Û2] = ÛfbΣ̂fbV̂H
fb (1.3.19)

where Σ̂fb is a diagonal matrix containing the singular values in non-increasing or-
der, Ûfb and V̂fb contain the corresponding left- and right-unitary singular vectors
respectively. Partition V̂fb into

V̂fb =
[

V̂fb,11 V̂fb,12

V̂fb,21 V̂fb,22

]
(1.3.20)

where each submatrix is of dimensions I × I. The FB-TLS-ESPRIT pole estimates are
chosen as the eigenvalues of the matrix

−V̂fb,12V̂−1
fb,22. (1.3.21)

Unitary-ESPRIT: Let

Q =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1√
2

[
IM/2 jIM/2

ΠM/2 −jΠM/2

]
, M even

1√
2

⎡
⎣ I(M−1)/2 0 jI(M−1)/2

0T j
√

2 0T

Π(M−1)/2 0 −jΠ(M−1)/2

⎤
⎦ , M odd.

(1.3.22)

It is easy to see that Q satisfies: ΠMQ = Q∗. From this property, one can obtain a
real covariance matrix

Q−1R̂fbQ = �e{Q−1R̂Q}. (1.3.23)

Let Ûr be the real unitary eigenvectors of this matrix, then Ûfb can be constructed as

Ûfb = QÛr. (1.3.24)

6Improved performance for the LS-ESPRIT was proved in [87]. When Rs is diagonal, it was further

shown [47] that R̂fb is a more accurate estimate of R than R̂.
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Now it is easy to prove that

Ûfb = ΠMÛ∗
fb, (1.3.25)

which means that each column of Ûfb is conjugate symmetric. This property 7 is
essential for signal pole estimates to lie on the unit circle.

Since Û1 = ΠM−1Û∗
2 according to (1.3.25), then V̂fb is equivalent to the unitary

eigenvectors of the matrix

B =
[

ÛH
1

ÛT
1 ΠM−1

] [
Û1 ΠM−1Û∗

1

]
. (1.3.26)

Let P = diag[II ,−ΠI ] = P−1, it can be seen that P−1BP is a centro-hermitian matrix.
Since P−1V̂fb are the unitary eigenvectors of this matrix, if they are put in a conjugate
symmetric form, we can have V̂fb,12 = ΠI(−ΠIV̂∗

fb,22) = −V̂∗
fb,22. Then (1.3.21) can

be rewritten as

V̂fb,12(V̂∗
fb,12)

−1. (1.3.27)

The matrix (1.3.27) has a property that if µi is an eigenvalue, so is 1/µ∗
i . When

the number of measurements is large, eigenvalues will have distinct phases and thus
|µi| = 1. The resulting method is the Unitary-ESPRIT, proposed independently in
[3], [28].

M-D ESPRIT: For multidimensional subspace invariance, see [107]. In the M-D
case, the subspace invariance property can be exploited for each dimension of interest.
Each of the previously discussed techniques can be applied to the M-D case. However,
the estimated parameters from all dimensions need to be grouped together properly.
Various techniques of grouping or association can be found in [34]. Performance
analysis techniques for M-D parameters are presented in [9], [68]. Detailed discussion
of M-D Unitary ESPRIT can be found in Chapter 5.

1.3.2 Subspace Fitting - MUSIC

The subspace rotation invariance method discussed in the previous section exploits a
partial structure in the data. As a consequence, it is tolerant to some errors in the
knowledge of the data structure. In particular, the exact knowledge of each of the
two subarrays in the total array is not required as long as the two subarrays have
an identical structure. But if the complete structure of the data is known, one can
exploit more than just the subspace rotation invariance. Exploiting the complete

7This property seems to have been proved in many references. To our knowledge, an early proof
can be traced to [24]. Proof for special choices of Q were given in [7]. This property has been used in
[67], [28], [44] for reducing computation of eigendecomposition.
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knowledge of the subspace structure can be done via the so-called MUSIC method. In
this subsection, we will discuss the MUSIC method and its variants.

a. Spectral and Root MUSIC

Let Un contain the unitary eigenvectors of the covariance matrix in (1.3.2) corre-
sponding to the M − I smallest eigenvalues, i.e., UH

s Un = 0. The fact that Us and A
(defined in (1.1.6)) share the same range (when Rn = σ2IM ), leads to

aH(θi)Un = 0, i = 1, 2, ..., I. (1.3.28)

where a(θ) is defined in (1.1.7). It can be shown that the following function

f(θ) = aH(θ)UnUH
n a(θ) (1.3.29)

takes on the minimum values (equal to zero) only at θ = θi, i = 1, 2, ..., I. Un is called
the noise subspace matrix because it contains all eigenvectors corresponding to (noise)
eigenvalues σ2. With eigenvectors estimated from a finite sample covariance matrix
(1.3.5), the function (1.3.29) has the following form

f̂(θ) = aH(θ)ÛnÛH
n a(θ). (1.3.30)

where Ûn contains the unitary eigenvectors of the finite sample covariance matrix
in (1.3.5), corresponding to the M − I smallest eigenvalues. The MUSIC frequency
estimates are determined as the minimizing arguments of f̂(θ) corresponding to the
I smallest values. Note that f̂(θ) does not necessarily have minimum values equal to
zero.

Depending on how the minimizing arguments of f̂(θ) are searched for, there exist
two kinds of MUSIC implementations—spectral MUSIC and root-MUSIC. The spectral
MUSIC finds the minimizing arguments by a one-dimensional search algorithm, and
the root-MUSIC finds the minimizing arguments by polynomial rooting. Note that
the function in (1.3.30) is actually a polynomial of order 2M − 1 for the case where
the data are superimposed exponentials. But the MUSIC approach [92] can handle
more general models and in general requires a spectrum searching procedure. For the
data model considered in this chapter, a polynomial rooting procedure is applicable.
The root-MUSIC was first advocated in [5]. In terms of computational load, the root-
MUSIC is preferable. With regard to estimation accuracy, it has been found in [84]
that the two versions are equivalent for a large number of measurements (N >> 1) but
the root-MUSIC is more accurate for a moderate number of measurements.

Theorem 1.3: If N >> 1 and Rn = σ2IM , then for both the Spectral MUSIC and
the Root MUSIC, the frequency estimation error vector θ̂

MU −θ is Gaussian with zero
mean and the covariance matrix:

CMUSIC(θ) =
σ2

2N
(H � IM )−1�e{H� WT

0 }(H� IM )−1 (1.3.31)
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where W0 in (1.3.12), and

H = DP⊥
ADH (1.3.32)

D = [
∂a(θ1)

∂θ1
, ...,

∂a(θI)
∂θI

] (1.3.33)

and P⊥
A being defined according to (1.2.73).

Proof: See [97].

b. Resolution of Spectral MUSIC

The resolution is a measure of the ability of the MUSIC to resolve two closely
spaced frequencies. One resolution measure was proposed in [52] using the MUSIC
spectrum f̂(θ). According to that resolution measure, the MUSIC is considered to
be able to distinguish the two closely spaced frequencies if two peaks are shown, i.e.,
E{1/f̂(θ1,2)] > E{1/f̂(θm)] where θ1,2 denotes θ1 or θ2, and θm = (θ1 + θ2)/2. A
minimum signal-to-noise ratio required for the MUSIC resolvability can be solved for
by solving the equation

E{1/f̂(θ1,2)} = E{1/f̂(θm)} (1.3.34)

An explicit expression does not seem to exist in general. For the case of two signals
with equal power P , if we define the total signal-to-noise ratio SNRt = MP/σ2, the
analytical result is [52]

SNRt =
1
N

{
2880(M − 2)

M4
∆−4

[
1 +

√
1 +

NM

120(M − 2)
∆2

]}
. (1.3.35)

The above expression explicitly shows the minimum value of SNRt in terms of the array
size M , the number N of measurements, and the frequency separation ∆ = θ1 − θ2. In
[52], simulation examples were conducted to demonstrate the validity of this theoretical
prediction. For a wide range of scenarios, the simulation result agrees well with the
theoretical prediction.

The difference between the peak value E{1/f̂(θ1,2)} and the dip E{1/f̂(θm)} of
the MUSIC spectrum was used as a resolution measure in [126] as well. The effect of
frequency separation on the difference was investigated and a direct relationship was
obtained. The equivalence between the results in [52] and [126] was revealed in [126].

A formula for calculating the probability of resolution was derived in [124], where
two signals are said to be resolvable if

f̂(θm) < 0.5(f̂(θ1) + f̂(θ2)). (1.3.36)

This resolution criterion (1.3.36) is based on the large sample peak values rather
than the statistically averaged peak values as used in (1.3.34). The calculated
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probability is therefore valid for a wide range of situations. A related work was
presented in [62]. As shown in [124], the prediction by [62] has a larger mismatch than
that by [124]. The MUSIC threshold is also investigated in [122] based on bias analysis.

c. Weighted MUSIC for Coloured Noise

Until now, we have assumed that the noise is white Gaussian. In some cases,
ambient noise can be highly correlated [117]. Correlated noise is called coloured noise.
Examples of coloured noise include distant shipping noise, wind-generated noise, flow
noise and platform noise. For coloured Gaussian noise, the MUSIC in (1.3.30) can be
reformulated as

f̂WMU (θ) = aH(θ)ÛnWÛH
n a(θ) (1.3.37)

where W is an M × M positive definite weighting matrix to take into account the
coloured noise fields. The matrix W is determined such that the estimation variance
reaches minimum. Such an optimal choice appears to be W = R−1

n according to
simulations in [50], [82]. This observation has been proven for white Gaussian noise in
[99], but remains to be an open problem for coloured noise. Note that when the noise
covariance is known, a prewhitening of data can also improve performance.

The approach in [82] was found to be identical to that in [50], by the authors of
[105]. Weighted MUSIC was also suggested in [121], [51] aiming at reducing bias of
frequency estimates. Reduced bias results in an improved threshold.

1.3.3 Maximum Likelihood Methods

If one can afford more computational cost to achieve optimal performance, one should
consider maximum likelihood methods. Maximum likelihood methods exploit the full
statistical model of the given data to achieve the optimality. The statistical properties
of the signal amplitudes s(n) are critical for the development of maximum likelihood
methods. There are two common choices for s(n): conditional and unconditional. In
the former, the signal amplitudes are assumed to be deterministic unknowns. In the
latter, the signal amplitudes are assumed to be Gaussian random variables with zero
mean and covariance matrix equal to Rs (defined in (1.1.9)).

a. Cramér-Rao Bound (CRB) Expressions

In the later part of this subsection, CRB is needed to compare the performance of
the various kinds of the maximum likelihood methods. To begin with, we will show CRB
expressions for the conditional and unconditional amplitudes. Let Ω = [ω1, ..., ωD]T

be the parameter vector consisting of D free real unknowns and

L(Ω) = log f(y(1), ...,y(N)|Ω) (1.3.38)

be the log-likelihood function. Then the so-called Fisher information matrix (FIM) can
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be calculated from

F = E{ ∂L

∂Ω
∂L

∂ΩT
} (1.3.39)

where ∂L
∂Ω = [ ∂L

∂ω1
, ..., ∂L

∂ωD
]T . The Cramér-Rao lower bound (CRB) on the covariance

matrix of the estimated unknowns is simply CRB(Ω) = F−1. The (i, i)-th element
of F−1 is the lower bound on the estimation variance of ωi. Depending on whether
the data model is conditional or unconditional, we will have a different log-likelihood
function and hence a different CRB.

Conditional Model

Under the conditional model, the unknown vector Ω consists of (independent pa-
rameters in) the noise covariance matrix Rn, the amplitudes s(1), ..., s(N), and the
frequencies

θ = [θ1, ..., θI ]T . (1.3.40)

According to the assumption of signals and noise in Subsection 1.1.1, y(n) is Gaussian
distributed with mean As(n) and covariance matrix Rn. Then the likelihood function
of the measurement vectors y(1), ...,y(N), can be written as

fc(y(1), ...,y(N)|Rn, s(1), ..., s(N), θ)

=
1

|πRn|T
exp(−

N∑
n=1

[y(n) − As(n)]HR−1
n [y(n) − As(n)]) (1.3.41)

where A is defined in (1.1.6) and s(n) in (1.1.3).
We now define a real parameter vector for the case of white Gaussian noise as

Ωc = [σ2,�e{s(1)}T ,�m[s(1)]T , ...,�e{s(N)}T ,�m{s(N)}T , θT ]T (1.3.42)

where σ2 is the noise variance. The CRB matrix under the conditional likelihood
function (1.3.41) is denoted by CRBc(Ωc) and described by the following [102]:

CRBc(Ωc) =

⎡
⎢⎢⎢⎢⎢⎣

[CRB(σ2)]−1

0 Q 0 ∆1

. . .
...

0 0 Q ∆N

0 ∆T
1 · · · ∆T

N Γ

⎤
⎥⎥⎥⎥⎥⎦

−1

(1.3.43)



1.3 Estimation Techniques Using Large-Sample Theorems 31

where

CRB(σ2) =
σ2

NM
(1.3.44)

Q =
2
σ2

AHA (1.3.45)

∆n =
2
σ2

[�e{AHDSn}T ,�m{AHDSn]T }T (1.3.46)

Sn = diag[s1(n), ..., sI(n)] (1.3.47)

Γ =
2
σ2

N∑
n=1

�e{SH
n DHDSn}. (1.3.48)

Using the matrix inversion lemma, the CRB matrix for the estimated frequencies can
be obtained as

CRBc(θ) =
σ2

2N

(
N∑

n=1

�e{SH
n HSn}

)−1

(1.3.49)

where H is defined in (1.3.32). The CRB on the estimation variance of θi, i ∈ 1, ..., I,
is given by the (i, i)-th element of the CRB matrix in (1.3.49). Note that the CRB
expression in (1.3.49) holds for any value of N . Under the assumption of (1.1.10), the
asymptotic (N → ∞) CRB expression is given below

CRBas
c (θ) = lim

N→∞
CRBc(θ) =

σ2

2
(
�e{H� RT

s }
)−1

(1.3.50)

where � denotes the Schur-Hadamard (element-wise) product defined in (1.3.13) and
H is defined in (1.3.32). The conditional CRB for frequencies is achievable as SNR or
M increases.

For the signal model of superimposed exponentials, a more explicit expression of
the conditional CRB under white Gaussian noise is given in [39]. For coloured noise,
a CRB expression 8 was recently developed in [75].

Unconditional Model

Under the unconditional model, s(n) and w(n) are two independent zero mean
Gaussian vectors, and y(n) is then a Gaussian vector with zero mean and the covariance
matrix R (defined in (1.3.2)). The unknown vector Ω now consists of (independent
parameters in) the noise covariance matrix Rn, (independent parameters in) the signal
covariance matrix Rs, and the frequencies θ (defined in (1.3.40)). In this case, y(n)
is also Gaussian distributed but with mean 0 and covariance matrix R. Then the

8Though white but non-uniform noise is assumed throughout, the derived CRB expression in [75]
also applies to coloured noise.
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likelihood function of the independent measurements y(1), ...,y(N) can be written as

fu(y(1), ...,y(N)|Rn,Rs, θ)

=
1

|πR|T exp(−
N∑

n=1

y(n)HR−1y(n)) =
1

|πR|T exp(−Ntr[R−1R̂]) (1.3.51)

where tr[·] stands for the trace operation, and R̂ is defined by (1.3.5) which is called
the sample covariance matrix.

The CRB matrix for the unconditional likelihood function (1.3.51) is denoted by
CRBu(Ωu) and described by

[(CRBu(Ωu))−1]i,j = Ntr[R−1(Ωu)
∂R(Ωu)

∂ωi
R−1(Ωu)

∂R(Ωu)
∂ωj

] (1.3.52)

where R(Ωu) is defined as in (1.3.2). To find an explicit expression of the above CRB
for frequencies had been a challenging task for a decade and was recently solved in [95].

The unconditional CRB for frequencies is achievable as SNR, M or N increases. A
comparison of the CRBs under the two different models is shown in [43].

An expression of the unconditional CRB for frequencies in coloured Gaussian noise
was found in [23], with result for (special) non-uniform white noise (where Rn �= σ2IM

but is still diagonal) presented in [75]. As shown in [23], [22], even with the Hermitianity
of Rn, there would be too many parameters in Rn to be identified. Additional prior
information about Rn is required to reduce parameters for identifiability.

Next we will describe the maximum likelihood methods under the conditional and
unconditional models.

b. The Conditional Maximum Likelihood (CML) Method

Ignoring the constant terms, the log-likelihood function (1.3.41) is equal to

L(Ωc) = −N log |πRn| −
N∑

n=1

[(y(n) − As(n))HR−1
n (y(n) − As(n))] (1.3.53)

For an arbitrary but identifiable Rn, a multi-dimensional search procedure is normally
required.

When Rn = σ2IM , the procedure can be significantly simplified to a much lower
dimensional search! In this case, the log-likelihood function (1.3.53) becomes

L(Ωc) = −MN log σ2 − 1
σ2

N∑
n=1

[(y(n) − As(n))H(y(n) − As(n))]. (1.3.54)

Similar to the arguments used in the derivation of IQML in Subsection 1.2.3, the signal
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amplitudes and the noise variance can be determined from

ŝ(n) = (AHA)−1AHy(n) (1.3.55)

σ̂2 =
1

MN

N∑
n=1

(y(n) − Aŝ(n))H(y(n) − Aŝ(n)) =
1
M

tr{P⊥
AR̂} (1.3.56)

where P⊥
A is defined in (1.2.73) and R̂ in (1.3.5). Substituting into (1.3.54) the above

expressions transforms (1.3.54) into the following concentrated function containing only
I frequencies as unknowns

Lc(θ) = −MN log
1
M

tr{P⊥
AR̂} (1.3.57)

where θ is defined in (1.3.40). The maximization of the function (1.3.57) is equivalent
to the minimization of the function

fc(θ) = tr{P⊥
AR̂}. (1.3.58)

Thus the estimates of θi, i = 1, ..., I can be determined as the minimizing argument of
the function (1.3.58) by an I-dimensional search procedure. The resulting method is
called the conditional ML (CML) method. Note that the CML method can be used
for any given number of measurements.

Next we look at the consistency of the frequency estimates given by the CML
method. From (1.3.1), fc(θ) approaches

fas
c (θ) = lim

N→∞
fc(θ) = tr[P⊥

AR]. (1.3.59)

Let Ã be a matrix with the same structure as A, but constructed using the frequency
estimates θ̃i, i = 1, ..., I. Then

tr[P⊥
Ã
R] = tr[P⊥

Ã
(ARsAH + σ2IM )] = tr[P⊥

Ã
ARsAH ] + σ2(M − I). (1.3.60)

(1.3.60) indicates that Ã = A is the only minimizer of (1.3.60) and hence the frequency
estimates given by fc(θ) are asymptotically consistent. Their large sample properties
are given in the following theorem.

Theorem 1.4: If N >> 1, the CML frequency estimation error vector θ̂
CML

− θ is
Gaussian with zero mean and the covariance matrix

Cc(θ) =
σ2

2N
[�e{H� RT

s }]−1�e{H� (RsW0Rs)}[�e{H� RT
s }]−1 (1.3.61)

where H is defined in (1.3.32) and W0 is defined in (1.3.12).

Proof: See [99].
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But the estimates of the amplitudes and noise variance are not asymptotically
consistent, when M is finite. It can be shown that

lim
N→∞

ŝ(n) = s(n) + (AHA)−1AHw(n) (1.3.62)

lim
N→∞

σ̂2 =
1
M

tr[P⊥
AR] =

M − I

M
σ2. (1.3.63)

This fact reveals that the CML frequency estimation variance will not achieve the CRB
as the estimator is not asymptotically consistent for all parameters. The following
example (originally given in [105]) provides a further explanation.

Example 1.1: Consider a one-signal situation where Rs = σ2
sII and M is finite. One

can obtain that

Cc(θ1) =
6σ2

N

Mσ2
s + σ2

M2(M2 − 1)σ4
s

CRBc(θ1) =
6σ2

N

1
M(M2 − 1)σ2

s

and

Cc(θ1)
CRBc(θ1)

= 1 +
σ2

Mσ2
s

which can be greater than 1 if M is finite.

We now assume that both N and M tend to infinity. Then the consistency of
frequencies and noise variance follows from (1.3.60) and (1.3.63). The bias term of the
amplitude vector in (1.3.62) can be shown to be a Gaussian vector with mean zero and
the covariance matrix,

E[(AHA)−1AHw(n)w(n)HA(AHA)−1] = σ2(AHA)−1 → 0. (1.3.64)

The signal amplitude estimates are therefore asymptotically consistent in this case.
The I-dimensional minimization of the CML function (1.3.58) can also be reduced

to a series of quadratic minimizations similar to that shown in Subsection 1.2.3. Using
the polynomial coefficients bi as defined in (1.2.86), the conditional likelihood function
(1.3.58) can be reparameterized as

fIQ(b) = tr{B(B̂HB̂)−1BHR̂} (1.3.65)

where R̂ is defined in (1.3.5) and B̂ is the matrix B with the polynomial coefficients
replaced by available estimates. The fast implementation used for the single measure-
ment IQML approach (1.2.89) can be applied here. However as shown in [66], the
minimizing argument of the function (1.3.65) may be a local minimum (i.e., estimates
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are not consistent) even for the limiting case of N = ∞. In other words, the original
IQML is not large-sample consistent (although it is high-SNR consistent). Later, we
will show that with a simple modification, the IQML can be made to be large-sample
consistent as well.

c. Unconditional Maximum Likelihood (UML) Method

It is known that the UML does not achieve the CRB for finite M . We now look at
frequency estimation using the unconditional likelihood function (1.3.51). Direct max-
imization of this function involves all unknown parameters. The dimension of search
can be reduced by exploiting the fact that some of the unknowns can be represented by
the estimates of others. If Rn = σ2IM , the estimates of the signal covariance matrix
Rs and the noise variance σ2 can be represented in terms of the frequency estimates

σ̂2 = tr{P⊥
AR̂}/(M − I) (1.3.66)

R̂s = (AHA)−1AHR̂A(AHA)−1 − σ̂2(AHA)−1 (1.3.67)

where R̂ is defined in (1.3.5). Substituting σ2 and Rs in (1.3.51) with σ̂2 and R̂s, leads
to the following concentrated function parameterized using frequencies

fu(θ) = |AR̂sAH + σ̂2IM |. (1.3.68)

The frequency estimates can be determined as the maximizing argument of (1.3.68).
The resulting method is called the unconditional maximum likelihood (UML) method.
The large sample properties of the UML frequency estimates are given in the following
theorem.

Theorem 1.5: If N >> 1, the UML frequency estimation error vector θ̂
UML − θ is

Gaussian with zero mean, and the covariance matrix

Cu(θ) =
σ2

2N
[�e{H� (RsAHR−1ARs)T }]−1 (1.3.69)

where H is defined as in (1.3.32), and R as in (1.3.2).

Proof: See [98].

Note that the unknowns (under the unconditional model) include the frequencies,
Rs and σ2. The UML frequency estimates were shown to be consistent [96]. It is then
easy to establish that the UML estimates of σ2 and Rs given by (1.3.66) and (1.3.67)
are also consistent. The UML method is an ML estimator (under the unconditional
model) and the performance of such a consistent ML estimator achieves the Cramér-
Rao bound according to [70], i.e., Cu(θ) = CRBu(θ).

Another ML algorithm termed as MODE was proposed in [101]. The MODE esti-
mates the frequencies as the minimizing argument of the following function

fMODE(θ) = tr[AHÛnÛH
n AŴ−1

0 ] (1.3.70)
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where Ŵ0 is a consistent estimate of W0 as defined in (1.3.12). The minimization of
(1.3.70) requires a multidimensional search. From the implementation point of view,
another (large N equivalent) MODE function is preferred

fMODE1(θ) = tr[ÛH
s B(B̂HB̂)−1BHÛsΣ̂−1

s (Σ̂s − σ̂2)2] (1.3.71)

where Σ̂s is a diagonal matrix containing the I-largest eigenvalues of the finite sample
covariance matrix (1.3.5), Ûs contains the corresponding unitary eigenvectors, σ̂2 =∑M

i=I+1 σ̂i/(M − I) is the average of the remaining eigenvalues, and B̂ is constructed
using currently available estimates of bi, i = 1, ..., I.

As shown in [102], for a sufficiently large N , fMODE(θ) and fMODE1(θ) are the
first-order equivalent. Function (1.3.71) can be implemented by a two-step quadratic
minimization procedure as outlined in [101]. Initial frequency estimates (for the con-
struction of B̂) can be obtained by other methods or from the minimizing argument of
the following function

f(θ) = tr[ÛH
s BBHÛsΣ̂−1

s (Σ̂s − σ̂2)2]. (1.3.72)

Theorem 1.6: If N >> 1, the MODE frequency estimation error vector θ̂
MODE − θ

is Gaussian with zero mean, and the covariance matrix

CMODE(θ) =
σ2

2N
[�e{H� W−T

0 }]−1 (1.3.73)

where H is defined in (1.3.32) and W0 is defined in (1.3.12).

Proof: See [102].

The same result as Theorem 1.6 was independently developed in [112]. From (3.20)
in [98], we know W0 = (RsAHR−1ARs)−1, and then Cu(θ) = CMODE(θ). This
result implies that the UML method is a large sample realization of the UML method.
Minimization of the UML function (1.3.68) is much involved, while minimization of
the MODE function (1.3.71) only involves a much appealing (iterative) quadratic min-
imization procedure. When N >> 1, the minimization of the UML function only needs
two iterations of quadratic minimization without significantly reducing accuracy. The
MODE method is also called the weighted subspace fitting (WSF) approach and its
properties have been independently studied in [112], [72].

It is also shown in Appendix A of [98] that Cc(θ) ≥ Cu(θ) = CMODE(θ) where
A ≥ B means that A − B is positive semi-definite. The ≥ part is not surprising
since the conditional model has more unknowns than the unconditional model. The
following summarizes the relative performances of the UML, UML, and MODE
methods.

Lemma 1.2: Asymptotically (N >> 1), Cc(θ) ≥ CMODE(θ) = Cu(θ) = CRBu(θ).
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Proof: See [98].

Lemma 1.3: For finite M , CRBu(θ) > CRBc(θ).

Proof: See [98].

To show some details, one can verify that

(CRBc(θ))−1 − (CRBu(θ))−1 =
2N

σ2
�e{H� (Rs − W−1

0 )T }. (1.3.74)

and then

Rs − W−1
0 = Rs − Rs[II + σ2R−1

s (AHA)−1]−1

= σ2Rs[II + σ2R−1
s (AHA)−1]−1R−1

s (AHA)−1

= σ2Rs[(AHA + σ2R−1
s )Rs]−1

= σ2[AHA + σ2R−1
s ]−1 (1.3.75)

It is clear that the above matrix is positive definite for any M < ∞ and hence the
above lemma follows.

Observing both of the above lemmas, one can see that the CRB for the conditional
model with a finite SNR is not achievable by increasing the sample size N . (This
is actually obvious because for the conditional model, the number of unknowns (the
signal amplitudes) increases as the sample size increases.) The CRB for the conditional
model is only achievable by increasing SNR.

It has been shown [23] that Lemma 1.3 holds for coloured noise as well. However,
there has been no report on whether the UML performance for coloured noise remains
to achieve the unconditional CRB.

In M-D cases, discussions on the maximum likelihood techniques and their per-
formances, will be provided for the applications of radar processing and biomedical
processing in Chapters 6 and 7 respectively.

1.3.4 Smoothing for Coherent Signals

In Section 1.3, we have assumed that the signal covariance matrix Rs is non-singular.
When this assumption does not hold, we say that the signals are coherent. Co-
herency among signals is caused by multipath propagation and smart jamming in radar
processing and wireless communications. For coherent signals, the methods (except
MODE/WSF) shown so far in Section 1.3 need some modifications.

As pointed out in [112], by results of [7], [115], the MODE/WSF formulation
(1.3.70) can still provide asymptotically consistent estimates for coherent situations, if
the signal subspace is replaced by a lower-dimensional one with the dimension equal to
the rank of the signal covariance matrix. But the statistical efficiency of the coherent
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MODE/WSF was not established, until [106]. A brief summary of the proof will be
presented in Part b.

a. Suboptimal Algorithms

One key to handle the coherent signals is to use the so-called spatial smoothing as
the first stage of processing. The idea of spatial smoothing scheme was advocated in
[21], [93]. But in fact, it is also inherent in the methods of linear prediction and matrix
pencil. Specifically, the matrix as given (1.2.1) exploits the idea of spatial smoothing.
In order for the MUSIC and ESPRIT methods shown previously to work, we need first
to construct a smoothed covariance matrix as shown below. This smoothed covariance
matrix should have a rank equal to I in the absence of noise.

For each measurement vector y(n), construct a smoothed data matrix Y(n) similar
to X in (1.2.1):

Y(n) =

⎡
⎢⎢⎢⎣

y0(n) y1(n) · · · yL(n)
y1(n) y2(n) · · · yL+1(n)

...
...

. . .
...

yM−L−1(n) yM−L−2(n) · · · yM−1(n)

⎤
⎥⎥⎥⎦ . (1.3.76)

A forward-smoothed covariance matrix is then given by

Rf =
1

L + 1
E

{
Y(n)YH(n)

}
= ZM−LRs,fZH

M−L + σ2IM−L (1.3.77)

where ZM−L is defined in (1.2.3),

Rs,f =
1

L + 1

L∑
l=0

BlRs(Bl)H (1.3.78)

B = diag[ejθ1 , ..., ejθI ]. (1.3.79)

Because signal amplitudes have zero mean, the signal covariance matrix can be decom-
posed into two matrices:

Rs = E[(s(n) − 1)(s(n) − 1)H ] + 11T = R̄s + 11T (1.3.80)

where 1 is an I-element column vector with all elements equal to 1. Rs,f can then be
rewritten as

Rs,f =
1

L + 1
(ZT

L+1Z
∗
L+1 +

L∑
l=0

BlR̄s(Bl)H) (1.3.81)

where the second matrix is obviously positive semi-definite. If

L + 1 ≥ I, (1.3.82)
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ZL+1 is of full rank I and hence so is Rs,f (regardless of the coherence between signals).
To ensure that the signal subspace has a dimension I and the noise subspace has a
dimension larger than zero (e.g., as required by MUSIC), we should choose

M − L > I. (1.3.83)

Similarly, a forward-backward (FB) smoothed covariance matrix can be defined as

Rfb =
1
2
(Rf + ΠLR∗

fΠL)
�
= ZM−LRs,fbZH

M−L + σ2IM−L (1.3.84)

where

Rs,fb =
ZT

L+1Z
∗
L+1 + B−LZH

L+1ZL+1BL

2(L + 1)
+ R̄s,fb. (1.3.85)

It is clear that ZT
L+1Z

∗
L+1 and R̄s,fb are both positive semi-definite. If conditions

(1.3.82) and (1.3.83) are satisfied, Rs,fb is of the full rank I as desired. Several methods
based on the above smoothed covariance matrix (1.3.84) are presented and analyzed in
[103], [76], [78], [77].

It is felt that Condition (1.3.82) may be relaxed to L + 1 > I/2 for most practical
situations. However, up to now, there has been no conditions which could be tested
when frequencies and correlation coefficients are unknown. (A recent attempt was
made in [13].)

b. Maximum Likelihood Method

The second approach is to follow the same principle of maximum likelihood esti-
mation except for a step of reparameterization. This reparameterization results in a
column-wise smoothing of the matrix A. This (unconditional) maximum likelihood
method was proposed in [106] for the coherent case. The eventual algorithm formu-
lation for frequency estimation has a similar form as that for the non-coherent case.
Next, we present a brief description of the statistical efficiency of this algorithm. As-
suming that the signal covariance matrix Rs has a rank p (p < I), one can uniquely
decompose it as

Rs =
[

Ip

C

]
S
[

Ip C
]

(1.3.86)

where S is a p× p matrix and C an (n− p)× p matrix. Then the covariance matrix in
(1.3.2) can be written as

R = AcSAH
c + σ2IM (1.3.87)

where

Ac = A
[

Ip

C

]
. (1.3.88)
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This is what was referred to as “smoothing”. Let α denote the unknown parameters
composed of θi, i = 1, ..., I, and the real and imaginary parts of the elements in C.
With respect to the new parameter vector α, the concentrated function (1.3.68) now
becomes

fu(α) = |AcŜAH
c + σ̂2IM |. (1.3.89)

where

σ̂2 = tr{P⊥
Ac

R̂}/(M − p) (1.3.90)

Ŝ = (AH
c Ac)−1AH

c (R̂ − σ̂2IM )Ac(AH
c Ac)−1 (1.3.91)

where P⊥
Ac

is the projection of Ac onto its orthogonal subspace (defined in (1.2.73)).
Note that Ac is a function of α.

The UML estimate of α is given by

arg min
α

|AcŜAH
c + σ̂2IM |. (1.3.92)

Just like the MODE in the non-coherent case, the minimization of (1.3.92) is asymp-
totically equivalent to

argmin
α

tr[P⊥
Ac

W ] (1.3.93)

where W = Ûs(Λ̂ − σ̂2)2Λ̂
−1

ÛH
s . Here, Λ̂ is a diagonal matrix which contains the

p largest eigenvalues of R̂ on its diagonal, Ûs contains the corresponding unitary
eigenvectors, and σ̂2 = (tr[R̂] − tr[Λ̂])/(M − p). The above optimization involves
additional unknowns in the signal covariance.

Interestingly, as shown in [106], a minimizing C of (1.3.93) can be fully represented
using frequencies as Ĉ(θ) = V̂2(θ)V̂−1

1 (θ) where V̂1(θ) is p × p, V̂2(θ) is (I − p) × p,

and [V̂T
1 (θ), V̂T

2 (θ)]T
�
= (AH(θ)A(θ))−1AH(θ)Ûs. Replacing this estimate of C in

(1.3.93) leads to the following minimization problem for estimating frequencies only

argmin
θ

tr[P⊥
AW ]. (1.3.94)

The function (1.3.94) has an equivalent form to (1.3.70), except W now has a lower
rank. Under mild conditions on A(θ) in [7], [115], the function (1.3.94) yields asymp-
totically consistent estimates. Then it readily follows that Ĉ, and σ̂2 in (1.3.90) and
Ŝ in (1.3.91) will all be asymptotically consistent. Therefore, the frequency estimates
give by the minimization problem in (1.3.94) achieves the (coherent) CRB (derived in
[106]).

However, in this case, the formulation (1.3.71) is no longer valid, and hence the
computationally efficient two-step implementation in [101] is not applicable. A multi-
dimensional search must be used instead. The initial estimates can not be efficiently
determined from (1.3.72), and suboptimal approaches in Part a can be used to yield
initial estimates.
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1.4 Detection Techniques Using a Single Measurement

Detection techniques refer to the techniques of estimating the number I in our data
model. This number is also referred to as the number of signals. All detection meth-
ods are to find a minimum value of I such that a prespecified condition is satisfied.
This prespecified condition can be explicit or implicit. An explicit condition can be
a threshold value on singular values, eigenvalues or some data matching errors. An
implicit condition is often hidden in a penalized log-likelihood function. The penalty
term in a penalized log-likelihood function provides a soft control over the minimum
value of I that satisfies the implicit condition. It is the prespecified condition as well as
the penalty term that have many possible forms and hence lead to different detection
methods. Each method also depends on certain assumptions and hence often has its
own unique properties.

The detection techniques can be grouped into two categories: techniques using a
single measurement and techniques using multiple measurements. This section intro-
duces the first category, and the next section the second category.

1.4.1 Effective Singular Values

Assuming a single measurement of data, the effective singular value (ESV) method
[60] estimates the number of signals by determining a number ÎESV of the “effective
singular values” (termed in [60]) from

ÎESV = {k|λk > εESV ≥ λk+1} (1.4.1)

where λ1, λ2, ..., λK are the singular values, in descending order, of the following K ×
(M − K + 1) data matrix Ye:

Ye =

⎡
⎢⎢⎢⎣

y0 y1 · · · yM−K

y1 y2 · · · yM−K+1

...
...

. . .
...

yK−1 yK · · · yM−1

⎤
⎥⎥⎥⎦ . (1.4.2)

Clearly, the threshold εESV is the most critical parameter for deciding the number of
“effective” singular values. This threshold depends on the effect of the noise on the
singular values. Although finding the statistical distribution of the singular values is
a difficult problem, an analysis shown in [60] suggests the following selection of the
threshold: 9

εESV =
√

c(M − K + 1). (1.4.3)

c is determined by P{S2 ≤ c} = α where S2 = |w0|2 + · · · + |wK−1|2 = 0.5σ2χ2
2K , α

is a user-chosen confidence level (normally close to 1), and σ2 is the variance of the
9According to [60], this bound is the tightest of the three bounds derived therein for correlated

noise in Ye in (1.4.2).
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white Gaussian noise in the data. The ESV method does not have a good performance
at low SNR or for closely-spaced frequencies because in these situations the statistical
bound (1.4.3) on the effective singular values tends to be too loose.

1.4.2 Noise Significance Level

A method called the noise significance level (NSL) method [110] also works on the
singular value decomposition of the same data matrix Ye. Based on the perturbation
analyses in [63], [54], it is shown in [110] that

K∑
i=I+1

λ2
i = ẇTQHQẇ (1.4.4)

where ẇ = [�e{wT },�m{wT }]T , w is defined in (1.1.4) with the time index n dropped,
and Q is a matrix depending on the singular vectors of Xe (noise-free version of Ye).
If Q is available, a threshold can be setup based on the distribution of the weighted
χ2 variable

∑K
i=I+1 λ2

i . Unfortunately, the noise-free data matrix Xe is unknown and
neither are its singular vectors. In [110], it is suggested that S0 =

∑M−K−1
k=0 k(|wk|2 +

|wK−k|2) + (M − K + 1)
∑K−1

k=M−K |wk|2 be used as an approximation to
∑K

i=I+1 λ2
i .

It is later observed that this approximation results in a performance degradation at
medium- and low-SNRs [11].

Let εNSL
k be a threshold given by P{S0 ≤ εNLS

k } = α. Then the NLS method
estimates the number of signals from

ÎNSL = min{k|
K∑

i=k+1

λ2
i ≤ εNLS

k }. (1.4.5)

The forward-backward version of Ye, i.e., [Ye,ΠKY∗
e ] can be used to reduce the noise

eigenvalue deviation. In this case, the above test becomes

ÎNSL = min{k|
K∑

i=k+1

µ2
i ≤ εNLS

k } (1.4.6)

where µ1, µ2, ..., µK are the singular values of [Ye,ΠKY∗
e ] in descending order.

Another method developed in [59] is based on a series of hypothesis testings on
linear prediction errors. It is computationally expensive and performs worse than the
NSL method.

1.4.3 Least Squares Data Fitting

The least squares (LS) method [11] employs a sequential hypothesis testing similar to
the ESV and NSL methods. However, the LS method performs a series of tests on the
least squares errors between the data and the reconstructed signal (as opposed to the
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singular values). As is shown in [11], the least squares error asymptotically exhibits
χ2 distribution when the estimated number of signals is equal to the true one. Unlike
the distribution of the singular values, the distribution of the least squares errors (at
a given hypothesized number of signals) does not depend on the signal parameters.
This fact leads to an accurate threshold setup for testing on the least squares errors.
Though more computations are required, the least squares method performs much
better than both the ESV and NSL methods [11]. The poor performance of the ESV
and NSL methods is caused by a much less accurate threshold setup, as a result of the
dependence of noise columns in Ye. The LS method is described below.

Let Hk be a hypothesis that the number of signals is equal to k. Under Hk, the
least squares error of fitting the model to the measurement is defined by

min
s,φ1,...,φk

‖y − Aks‖2 (1.4.7)

where y is defined in (1.1.2) with the time index n dropped,

s = [s1, · · · , sk]T (1.4.8)

Ak
�
= [a1, · · · , ak] (1.4.9)

ar
�
= [1, ejφr , · · · , ej(M−1)φr ]T . (1.4.10)

with r = 1, ..., k. The parameters φ1, ..., φk are the hypothesized k unknown frequencies.
In analogy to (1.2.71), the least squares amplitude estimates are given by

ŝ = (AH
k Ak)−1AH

k y. (1.4.11)

Substituting (1.4.11) into (1.4.7), we obtain the following error function in terms of the
frequencies,

Lk
�
= L(φ1, ..., φk)

�
= yHP⊥

Ak
y (1.4.12)

L0
�
= yHy (1.4.13)

where P⊥
Ak

is defined in (1.2.73). The least squares frequency estimates φ̂
(k)
1 , ..., φ̂

(k)
k are

defined as the minimizing argument of the k-variate function Lk (1.4.12) and calculated
via a k-dimensional search. The minimum value of the cost function Lk, is denoted by

L̂k
�
= Lk(φ̂(k)

1 , ..., φ̂
(k)
k ), (1.4.14)

which will be called the least-squares error. Note that L̂k is a monotonically decreasing
function of k.

According to Theorem 1 in [11], in the case of high SNR (
�
= mini |si|2/σ2) and

M > 3I/2,

L̂I ≈ σ2

2
χ2

2M−3I (1.4.15)
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where ≈ denotes the first order approximation (i.e., keeping the nonzero terms of the
lowest order). The expression (1.4.15) simply says that the least squares error L̂I is χ2

distributed with the 2M − 3I degrees of freedom. The number 2M is the number of
(real) data points, and 3I is the number of (real) unknowns (complex amplitudes and
real frequencies). According to Theorem 2 in [11], at high SNR,

L̂k = a positive value with negligible noise (1.4.16)

for k = 0, ..., I−1. Therefore for small σ2, L̂I is separable from L̂k for k = 0, · · · , I −1.
Based on this observation, the LS method for finding I can be derived as follows. Define
a threshold εLS

k such that

P (µk ≤ εLS
k ) = α (1.4.17)

where µk = σ2

2 χ2
2M−3k and α (0 < α < 1) is a user chosen value of “confidence”. Then

we estimate I by

ÎLS = min{k|L̂k ≤ εLS
k }. (1.4.18)

For the high SNR case (small σ2), the probability of underestimation is very small
because of (1.4.16) and the fact that εLS

k is proportional to σ2, and the probability of
correct detection

P (ÎLS = I) ≈ P (L̂I ≤ εLS
I ) = α. (1.4.19)

Note that εLS
k can be obtained (off-line) using standard MATLAB software or by

just table-lookup [74]. In contrast, the computation of a threshold εNLS
k used in the

NSL method is a more tedious work because the distribution of a weighted sum of χ2
2

random variables is required.
Among the three techniques discussed so far, the LS method offers a much better

SNR threshold although at a higher cost of computation. The computation required
to obtain the least squares estimates of the frequencies and amplitudes can be reduced
by exploiting some near-optimal methods. As shown in [11], the maximum likelihood
estimates can be approximated by the matrix pencil estimates without sacrificing much
of the performance. It should be noted that the determination of any of the thresholds
εESV, εNSL

k and εLS
k requires the knowledge of the noise variance σ2. If this information

is not available, it has to be estimated before the detection of signals. For noise variance
estimation, see [104] where a separate measurement of data is considered, or [110] where
the same measurement is considered.

1.4.4 Variations of Information Theoretic Criteria

The AIC (Akaike Information Criterion) method and the MDL (Minimum Description
Length) method are two popular detection methods. These two methods belong to
a large group of methods that all use some penalized log-likelihood functions. For
many practical situations, the data model is best expressed by a likelihood function
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f(Y|Ω(k)) where Y is the (total) data vector and Ω(k) is the (total) parameter vector
of the dimension p(k). The integer k is often referred to as the hypothesized model
order. In the context of frequency estimation, k is referred to as the hypothesized
number of frequencies or signals. If the true value of k is known, the parameter vector
that maximizes the likelihood function is the maximum likelihood estimation of the
desired parameter vector. If the true value of k is unknown, the likelihood function
also has a role to play in estimating (detecting) the desired value of k.

A penalized log-likelihood function has the following form:

d(k) = − log f(Y|Ω̂(k)
) + p(k)C(M, N) (1.4.20)

where Ω̂
(k)

is the maximum likelihood estimate of the parameter vector of the assumed
model order k (hypothesis Hk), and N is the total number of independent measure-
ments in the data. The first term in d(k) is simply the negative log-likelihood function
with order k, and the second term p(k)C(M, N) is the penalty term. Without the
penalty term, d(k) would be a decreasing function in general. So, with an increasing
function of k as the penalty term, the minimum of d(k) may correspond to the desired
value of k. Among all methods in this group, it is the penalty term that makes each
of the algorithms unique. Also, behind each of the different penalty terms, there is a
theory and/or intuition.

The AIC and MDL methods were originally developed for multiple measurements.
But for a single measurement, there exist some variations of the two. We now discuss
the two cases: single measurement and multiple measurements, separately. For com-
parison purpose, we will also discuss two additional methods based on the eigenvalues
of the data covariance matrix.

Given a single measurement of data (i.e., N = 1), the following choices of d(k) have
been discussed in the literature:

dBAY(1)(k) = (M − L) log(yHP̂⊥
k y) +

5k

2
log

M

L
(1.4.21)

dEDC(k) = M log yHP̂⊥
k y +

3k

2
C(M) (1.4.22)

where M is the dimension of the measurement vector y which corresponds to a series
of superimposed undamped complex exponentials, and P̂⊥

k is as defined in (1.2.73)
except that k frequencies are assumed under Hk. The parameter L in (1.4.21) is a
“user’s choice” recommended in [19]. dBAY(1)(k) can be derived by maximizing the
following with respect to k:

f(y2|k,y1) =
f(y|k)
f(y1|k)

. (1.4.23)

where f is a corresponding probability density function, and y1 = [y0, ..., yL−1]T and
y2 = [yL, ..., yM−1]T are the two subvectors of y. The function C(M) in (1.4.22)
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provides a more flexible choice as recommended in [125]. In fact, there exists such a
choice of C(M) that the minimum of dEDC(k) corresponds to the exact number I of
frequencies when M is arbitrarily large. This is a consequence of the following result:

Theorem 1.7: The dEDC(k) is large-M strongly consistent10, if C(M) satisfies the
following conditions:

lim
M→∞

C(M)
M

= 0 (1.4.24)

lim
M→∞

C(M)
log M

= ∞. (1.4.25)

Proof: See [10].

The condition (1.4.24) ensures that I is not under-estimated when M is large. The
condition (1.4.25) ensures that I is not over-estimated when M is large. It is easy to
check that for dBAY(1)(k), the second condition of the theorem is not satisfied, and
hence dBAY(1)(k) may not be large-M (strongly) consistent. But by choosing a smaller
L, the chance of over-estimation is reduced.

The first term of d(k) is often expensive in computation. To reduce the compu-
tation, some approximation is necessary. One simple approximation is to replace the
maximum likelihood estimates of the parameters by some sub-optimal estimates such
as the estimates by linear prediction, matrix pencil, MUSIC or ESPRIT. In [45], the
notch periodogram is used to compute the frequency estimates.

1.5 Detection Techniques Using Multiple Measurements

When N is large (the large sample case), the unconditional model is the better choice
for frequency estimation and detection. We will assume this model from now on.

1.5.1 Information Theoretic Criteria

For the large sample case, there are two popular detection schemes known as AIC
(Akaike Information Criterion) and MDL (Minimum Description Length) methods:

dAIC(k) = − log f(Y|Ω̂(k)
) + p(k) (1.5.1)

dMDL(k) = − log f(Y|Ω̂(k)
) +

p(k)
2

log N. (1.5.2)

10Estimates of I strongly converge to the true value as M → ∞. The strong convergence is defined
on p.21.
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But a more general method is given previously in (1.4.20). It is shown in [125] that
the general detection method is large-N strongly consistent11, if

lim
N→∞

C(M, N)
N

= 0, (1.5.3)

lim
N→∞

C(M, N)
log log N

= ∞. (1.5.4)

It is clear that the AIC method does not meet the second condition above. Hence, the
AIC method tends to over-estimate the model order. But the MDL method is strongly
consistent.

The computation of log f(Y|Ω̂(k)
) can be simplified if we assume that the covariance

matrix R(k) is parameterized as follows:

R(k) = E{y(n)yH (n)} ∆=
k∑

i=1

(λi − σ2)uiuH
i + σ2I (1.5.5)

where the vector of unknowns is defined as

Ω(k) = [λ1, ..., λk, σ2,uT
1 , ...,uT

k ]T . (1.5.6)

Parameterized with Ω(k), the probability density function (the likelihood function) of
the multiple measurements is given by

f(Y|Ωk) =
1

(πM |R(k)|)N
exp(−

N∑
n=1

y(n)H(R(k))−1y(n)). (1.5.7)

The maximum likelihood estimate of Ωk is given in [2] and cited below,

λ̂i = li, i = 1, .., k (1.5.8)

σ̂2 =
1

M − k

M∑
i=k+1

li (1.5.9)

ûi = ci, i = 1, .., k (1.5.10)

where l1 > l2 > · · · > lM and c1, c2, · · · , cM are the eigenvalues and corresponding
unitary eigenvectors of the sample covariance matrix R̂ in (1.3.5).

Substituting these ML estimates into (1.5.7), the maximum of the log-likelihood
function is given by

log f(Y|Ω̂(k)
) = −N log |R̂(k)| −

N∑
n=1

y(n)H(R̂(k))−1y(n) (1.5.11)

11Estimates of I strongly converge to the true value as N → ∞. The strong convergence is defined
on p.21.
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where

R̂(k) =
k∑

i=1

(li − σ̂2)uiuH
i + σ̂2I (1.5.12)

is the maximum likelihood estimate of R(k) with the structure defined in (1.5.5). Using

|R̂(k)| = (
k∏

i=1

li)(σ̂2)M−k = (
M∏
i=1

li)(σ̂2)M−k/(
M∏

i=k+1

li) (1.5.13)

N∑
n=1

y(n)H(R̂(k))−1y(n) = NM, (1.5.14)

(where the second equation holds for large N) and dropping the terms independent of
k, we obtain the following approximation of the maximum log-likelihood function:

log f(Y|Ω̂(k)
) = N(M − k) log

[
(

M∏
i=k+1

l
1/(M−k)
i )/(

1
M − k

M∑
i=k+1

li)

]
. (1.5.15)

Note that this function does not depend on the eigenvectors of the covariance matrix.
With the above parameterization of R(k) and the conjugate symmetry condition of
R(k), the number of free parameters is p(k) = k+1+2Mk−k(k−1) = k(2M −k)+1.

The random variable (
∏M

i=k+1 l
1/(M−k)
i )/( 1

M−k

∑M
i=k+1 li) is known [2] to be χ2

distributed. Based on this result, it is shown in [89], [125] that the MDL criterion
is strongly consistent, and the AIC criterion tends to overestimate with a nonzero
probability. Further analysis on the error probability of the AIC and MDL criteria is
available in [113], [53].

If we consider the orthogonality among the eigenvectors of R(k), the number of
free parameters reduces from k(2M − k) to k(2M − k − 1) + 1. In this case, a slight
improvement was reported in [116]. In [119], it is suggested to use the forward-backward
covariance matrix R̂fb (see (1.3.18)). Because R̂fb is a centro-Hermitian matrix, the
number of free parameters in the eigenvectors is reduced to p(k) = k(M + k + 1) + 1.
Also, since the eigenvalues of R̂fb are more reliable than R̂ with a given number of
observations, the performance of the MDL method can be improved with the use of
R̂fb .

It is important to note that the parameterization of R(k) is critical to the final
outcome of the detection algorithm. There seems no optimal way to do the parame-
terization. Different parameterizations lead to different detection algorithms of varied
performances. A different parameterization of R(k) also implies a different level of com-
plexity for computing the maximum log-likelihood function. Furthermore, it should be
noted that almost all discussions shown in this chapter assume spatially white noise.
But many of the principles can be extended to spatially colored noise. For examples,
see [123].
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1.5.2 Treating Eigenvalues as the Observations

In [118], a different strategy is applied. Since the probability density function
f(Y|Ω(k)) only depends on the eigenvalues of R(k) when N is large, one may con-
sider these eigenvalues to be the sole observation for the detection purpose. Denote by
f(l1, ..., lM |λ(k)) the probability density function of the eigenvalues l1, ..., lM under Hk,
where λ(k) = [λ1, λ2, · · · , λk, σ2]T is the parameter vector. An exact expression of the
density function fk(·) is however intractable due to the involvement of hypergeometric
function. An asymptotic (N >> 1) expression of fk(·) is developed by Chattopadhyay
[18] and briefly described in [118]. This expression is

f(l1, ..., lM |λ(k)) = c1c2F1F2 (1.5.16)

where

c1 = NMN−k(2M−k−1)/2, c2 =
πM(M−1)−k(2M−k−1)

Γ̄M (N)Γ̄M−k(M − k)
(1.5.17)

F1 = exp{−N [
k∑

i=1

li
λi

+
M∑

i=k+1

li
σ2

]} · [
k∏

i=1

lN−M
i

λN
i

M∏
i=k+1

lN−M
i

(σ2)N
] (1.5.18)

F2 = [
k∏

i=1,i<j

αij ·
k∏

i=1

M∏
j=k+1

βij ] ·
M∏

i=1,i<j

(li − lj)2 (1.5.19)

with αij = λiλj/[(λi − λj)(li − lj)], βij = λiσ
2/[(λi − σ2)(li − lj)] and Γ̄m(k) =

πm(m−1)/2
∏m

i=1 Γ(n − i + 1).
In the density function (1.5.16), there are k +1 free parameters. Then the AIC and

MDL criteria become (with the constant term dropped)

AIC(k) = − log f(l1, ..., lM |λ̂(k)
) + k (1.5.20)

MDL(k) = − log f(l1, ..., lM |λ̂(k)
) + (k/2) logN (1.5.21)

where λ̂
(k)

denotes the maximum likelihood estimate of λ(k), which has to be found
via a costly search procedure.

1.5.3 Thresholding Eigenvalues

An eigen-threshold approach is introduced in [8]. This approach is based on a large-
sample property of the eigenvalues of the (large sample) covariance matrix. Define

σ̂2
k =

1
M − k

M∑
i=k+1

li. (1.5.22)

According to [46], [27], for k ≥ k0 under Hk0√
N(M − k)(

σ̂2
k

σ2
− 1) ∼ N{0, 1} (1.5.23)
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where N{m, r} stands for a univariate complex normal (Gaussian) pdf with mean m

and variance r. Let µ be a threshold such that
∫ µ

−µ
1√
2π

e−u2/2du = α where α is a user
specified confidence interval. Then, with the confidence α, for k ≥ k0 under Hk0 ,

1 − µ√
N(M − k)

≤ σ̂2
k

σ2
≤ 1 +

µ√
N(M − k)

. (1.5.24)

A simple detection method would be to decide on Hk0 if k0 is the first integer between
[0, M ] such that the above condition holds. But this method requires the knowledge of
σ. To develop an alternative method, we now consider that for k − 1 ≥ k0 under Hk0 ,
with the confidence α,

1 − µ√
N(M − k + 1)

≤
σ̂2

k−1

σ2
≤ 1 +

µ√
N(M − k + 1)

, (1.5.25)

Combining (1.5.24) and (1.5.25), we have that for k − 1 ≥ k0 under Hk0 , with a
confidence no less than α,

σ̂2
k−1

σ̂2
k

≤ 1 + µ/
√

N(M − k + 1)
1 − µ/

√
N(M − k)

. (1.5.26)

From the definition of σ̂2
k, it is easy to obtain

σ̂2
k−1 =

1
M − k + 1

M∑
i=k

li =
1

M − k + 1
[

M∑
i=k+1

li + lk]

=
M − k

M − k + 1
σ̂2

k +
lk

M − k + 1
. (1.5.27)

Combining (1.5.27) and (1.5.26) leads to that for k − 1 ≥ k0 under Hk0 , with a confi-
dence no less than α,

lk ≤
[
(M − k + 1)

1 + µ/
√

N(M − k + 1)
1 − µ/

√
N(M − k)

− (M − k)

]
σ̂2

k
∆= lupper

k . (1.5.28)

We can use this inequality to decide on Hk−1 if k is the first integer between 0 and M
such that the above inequality holds. This eigenvalue thresholding method generally
outperform both the AIC and MDL methods [8].

1.5.4 Bayesian Approach

It is known as the Bayesian approach to estimate an unknown by maximizing its proba-
bility density/mass function conditioned upon the observations. If the prior probability
density/mass function of the unknown is constant (or unknown), the Bayesian approach
is equivalent to the maximum likelihood approach. But when the unknown is the model
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order, the maximum likelihood estimate of the model order would be infinity in general
as the likelihood function generally is an increasing function of the model order. To
avoid this problem, a mixed likelihood function is developed in [12]. This mixed likeli-
hood function is simply the ratio of the likelihood function of the total observation over
the likelihood function of a partial observation. It is clear that this ratio is generally
no longer a monotonically increasing function.

Specifically, it is proposed in [12] that the number of signals should be found as
follows:

arg min
k=0,1,...,M−1

− log
f(Y|k)
f(Y1|k)

(1.5.29)

where Y1 = [y(1), ...,y(L)] is the partial observation, 1 < L < N , and the f(|̇k) func-
tions represent the probability density functions given the order k. This is equivalent
to

arg min
k=0,1,...,M−1

− log f(Y2|k,Y1) (1.5.30)

where Y2 = [y(L + 1), ...,y(N)]. The above density function is marginalized over all
other parameters, i.e.,

f(Y2|k,Y1) =

∫
θ(k)

∫
φ(k) f(Y|θ(k), φ(k), k)f(φ(k)|k)dφ(k)f(θ(k)|k)dθ(k)

∫
θ(k)

∫
φ(k) f(Y1|θ(k), φ(k), k)f(φ(k)|k)dφ(k)f(θ(k)|k)dθ(k)

(1.5.31)

where φ(k) consists of σ2 and the independent unknowns in Rs, and k frequencies
θ(k) = [θ(k)

1 , ..., θ
(k)
k ]T .

With some approximations of the prior distributions of φ(k) and θ(k), it is shown
in [12] that the cost function of the above detector becomes

dBAY(2)(k) = N log f(Y|Ω̂(k)
) + P (k) (1.5.32)

where

P (k) =
N

N − L
log

d(k, M, N)
d(k, L, N)

(1.5.33)

d(k, M, N) =
πk(k−1)/2

2(πN)MN

Γ(N(M − k))
∏k−1

i=0 Γ(N − i)
(M − k)N(M−k)

. (1.5.34)

It is recommended in [12] that L is chosen to be M − 1. This is obviously the largest
value that one can choose for L while preserving a dependence of the cost function on
the model order k. In fact, this choice is also very meaningful in that given almost all the
observation (Y1), the order I should be chosen such that its likelihood is maximum with
respect to the additional observation (Y2). When N is large, P (k) → 1

2k(k + 1) logN
which coincides with the MDL method. Simulations suggest that the Bayesian method
performs better than the MDL method generally.
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1.6 Conclusions

In this chapter, we have reviewed a range of estimation and detection methods for
the sensor array model and in particular for the model of superimposed exponentials.
Each of these methods has a different balance between computational complexity and
performance. The choice of a particular method depends on the needs and constraints
in practice. This chapter should also have given the readers a feel of how much has
been done in this field. Some of the latest advances and open issues will be discussed
in later chapters.
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