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ABSTRACT
This paper provides an overview of the design of transmit
and receive beamformers and transmit power allocation for
MIMO relays. Soft and hard methods for interference cance-
lation are presented, which play a critical role for all MIMO
relays whether they are full-duplex or half-duplex, regenera-
tive or non-regenerative, one-way relay or two-way relay. A
perspective of MIMO relays in a network of many hops is
illustrated. A distinction is made between feedback loop of
energy and feedback loop of noise. Subspace computation
and a generalized water-filling (GWF) algorithm are shown
as important building blocks for the design.

1. INTRODUCTION

MIMO relays are an emerging technology important for both
civilian and military communications. A MIMO relay has
multiple transmit and receive antennas that provide highly
valuable spatial diversity. Such spatial diversity can translate
to increased spectral efficiency, increased reliability, reduced
power consumption, reduced interference to the environment,
and other benefits. MIMO relays are particularly important
for environments with severe path loss and rich scattering due
to woods, buildings, low elevation of antennas, etc. MIMO
relays can be mounted on soldiers, vehicles or many other
types of platforms for long distance multihop communication
in cities, remote or isolated areas.

In this paper, we present a number of strategies for beam-
forming and power allocation for MIMO relays. A MIMO
relay can be regenerative or non-regenerative, full-duplex
or half-duplex, one-way or two-way. A regenerative relay
decodes its received information and then re-encodes it for
transmission, which can cause a long processing delay but
stop the propagation of noise. A non-regenerative relay
performs amplify-and-forward, which has a much shorter
delay but at the expense of noise propagation. A full-duplex
relay transmits and receives in the same time and same fre-
quency, which is spectrally efficient but causes a problem of
self-interference. A half-duplex relay transmits and receives
separately in two orthogonal channels in either time or fre-
quency, which is easy to implement but not spectrally the
most efficient. A one-way relay relays information in a sin-
gle direction in a single time and single frequency, which is

good for most situations where traffics are not symmetric. A
two-way relay relays information in two directions in a single
time and single frequency, which can improve the spectral
efficiency of a half-duplex relay.

There are eight possible strategies for classifying re-
lay systems: regenerative vs non-regenerative, full-duplex
vs half-duplex, and one-way vs two-way. For easy refer-
ence, we will use the following notations: R–regenerative,
N–non-regenerative; F–full-duplex, H–half-duplex; 1–one-
way, 2– two-way. For example, RF1 denotes regenerative,
full-duplex and one-way relays. For each of the eight com-
binations, beamforming and power allocation are important
issues, which we will discuss next in detail. Our goal of
beamforming and power allocation is to reduce or eliminate
interferences and increase the end-to-end data rate of relays
subject to power constraints. Interference at a relay can be
weak or strong, from another node or its own, in an open
loop or closed loop. We will point out these properties and
their implications. For all schemes shown in this paper, the
knowledge of channel matrices but not signal waveforms is
needed.

2. RH1 MIMO RELAYS

A RH1 MIMO relay system consists of three or more nodes
cascaded with one another. These nodes can be indexed se-
quentially as 0, 1, 2, · · · , L. The nodes 0 and L are respec-
tively source and destination nodes, and all other nodes in
between are half-duplex regenerative MIMO relays. For the
purpose of multihop long distance communications, we can
assume that the (average) channel gain from node i ± j to
node i is negligible compared to that from node i± 1 to node
i for all i and j ≥ 2. In other words, we assume that the
channel gain over a distance of two or more hops is negligible
compared to that over a one-hop distance. This assumption is
valid for strong path loss environment where the path loss ex-
ponent could range from 4 to 5 or even higher (possibly due to
shadowing). The residue interference over a distance of two
or more hops can be treated as noise. Then, node i can trans-
mit to node i+1 at the same time and same frequency as node
i+ j to node i+ j +1 for j ≥ 3, without mutual interference.
For large L, the end-to-end (ETE) spectral efficiency of the
relay system in terms of bits per channel use (i.e., bits per sec-
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ond per Hertz) is given by CRH1 = 1
3 mini=0,1,··· ,L−1 Ci+1,i

where Ci+1,i is the capacity from node i to node i+1 and 1/3
is a penalty factor due to three time slots needed to isolate any
three adjacent links. See Fig. 1. When L = 2, the penalty
factor is 1/2.

Fig. 1. A RH1 (regenerative, half-duplex, one-way) relay sys-
tem, and a scenario that a node outside the relay system may
receive interference from relay i. The three line patterns rep-
resent three orthogonal time/frequency slots. This illustra-
tion also applies to NH1 (non-regenerative, half-duplex, one-
way).

The ETE delay of this relay system is proportional to L−
1, i.e., DRH1 = αRH1(L−1). For regenerative relays, the de-
lay at each relay, αRH1, is lower bounded by the time needed
for digital decoding and re-encoding. At high SNR, robust
decoding and re-encoding can be done symbol by symbol,
and in this case αRH1 is in the order of a symbol interval. At
low SNR, robust decoding and re-encoding need to be done
across multiple symbols, and in this case αRH1 is increased
accordingly.

The beamforming and power allocation problem for the
RH1 MIMO relay system can be done by treating each link
separately. Let the channel from node i to node i+1 be mod-
eled as

yi+1 = Hi+1,ixi + wi+1 (1)

where xi is the output from node i, yi+1 the input to node
i+1, wi+1 the noise-plus-interference received by node i+1,
and Hi+1,i the channel matrix from node i to node i+1. This
channel model holds for any narrow enough subband (i.e., the
bandwidth of the subband is significantly smaller than the in-
verse of the channel delay spread). With known H i+1,i, we
can compute the singular value decomposition (SVD):

Hi+1,i = Ui+1,iΣi+1,iVH
i+1,i (2)

with Σi+1,i = diag(σi+1,i,1, σi+1,i,2, · · · ) ∈ Rri+1,i×ri+1,i ,
σi+1,i,l ≥ σi+1,i,l+1 and ri+1,i = rank(Hi+1,i).

Assuming Gaussian wi+1 with E{wi+1wH
i+1} = I, the

optimal transmit beamforming (or precoding) matrix at node
i is given by Q(t)

i = Vi+1,i, and the optimal power alloca-
tion (diagonal) matrix Di at the node i is given by the water-
filling algorithm (e.g., see [1]): (Di)l,l = (v − 1/σ2

i+1,i,l)
+

where (x)+ = max(0, x), v is chosen to meet the total power
constraint Tr(Di) = Pi. Let mi be the number of nonzero
diagonal elements of Di, Di,mi be the mi × mi upper left

submatrix of Di, and Q(t)
i,mi

the left most mi columns of

Q(t)
i . Then, the optimal xi to be transmitted from node i is

xi = Q(t)
i,mi

D1/2
i,mi

si where si is a mi × 1 vector of inde-
pendent symbols each with zero-mean and unit-variance. If
E{wi+1wH

i+1} = Wi+1 which is known, the above discus-

sion still holds if we replace yi+1 by W−1/2
i+1 yi+1 and Hi+1,i

by W−1/2
i+1 Hi+1,i.

If the node i is not allowed to interfere with any of its
neighboring nodes (not belonging to the relay system) and the
channel matrix H̃k,i from the node i to each of these neigh-
boring nodes (k = 1, · · · , K) is known, then the transmit
beamforming matrix Q(t)

i at node i must satisfy

H̃iQ
(t)
i = 0 with H̃i =

⎡
⎣

H̃1,i

· · ·
H̃K,i

⎤
⎦ (3)

The case of K = 1 is illustrated in Fig. 1. If the number of
transmit antennas at node i, denoted by n

(t)
i , is larger than

ri
.= rank(H̃i), then we can write Q(t)

i = Q(t,1)
i Q(t,2)

i

where Q(t,1)
i ∈ Cn

(t)
i ×(n

(t)
i −ri) is orthonormal and satisfy-

ing span(Q(t,1)
i ) = null(H̃i). The second layer beamformer

Q(t,2)
i , and the corresponding optimal power allocation ma-

trix, Di, can be found in the same way as shown previously
but with Hi+1,i replaced by Hi+1,iQ

(t,1)
i . The transmitted

signal from node i is then xi = Q(t,1)
i Q(t,2)

i,mi
D1/2

i,mi
si.

If the node i is allowed to cause a small (rather than zero)
amount of interference to its neighboring nodes, then we have
a much different problem of beamforming and power alloca-
tion. In this case, we should impose soft constraints on inter-
ference such as

Tr(H̃k,iQ
(t)
i DiQ

(t)H
i H̃H

k,i) ≤ εk,i (4)

with k = 1, · · · , K , and εk,i is the upper limit of the allowed
average power of the interference from node i to node k. In
addition to the total power constraint: Tr(Di) ≤ Pi, we have
K+1 inequality constraints to determine the optimal transmit
beamforming matrix and the optimal power allocation matrix
for node i. This is not a conventional problem. However,
as shown in [2], the maximization of the capacity from node
i to node i + 1 subject to these constraints, with respect to
Q(t)

i and Di, is a convex optimization problem and can be
solved by a generalized water-filling (GWF) algorithm. The
soft constraint (4) is more general and allows a higher capac-
ity than the hard constraint (3).

Given the transmit beamformer Q(t)
i and the transmit

power allocation Di at relay i, the input to relay i + 1 is
yi+1 = Hi+1,iQ

(t)
i,mi

D1/2
i,mi

si + wi+1 and the minimum
mean square error (MMSE) estimate ŝi of si is standard, i.e.,
ŝi = Gi+1yi+1 where Gi+1 = H̄H

i+1,i(H̄i+1,iH̄H
i+1,i +

I)−1 = (H̄H
i+1,iH̄i+1,i + I)−1H̄H

i+1,i and H̄i+1,i = Hi+1,i ·
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Q(t)
i,mi

D1/2
i,mi

. The optimal receive beamformer at relay
i + 1 is embedded in Gi+1. In the absence of any in-
terference constraint on the transmit beamformer, we have
Gi+1 = (Di,miΣ

2
i+1,i,mi

+ I)−1D1/2
i,mi

Σi+1,i,miU
H
i+1,i,mi

where UH
i+1,i can be viewed as the optimal receive beam-

former since all other matrices are diagonal.
If node i + 1, in its receive mode, is strongly inter-

fered by sources of known subspace, then we can use ŝ i =
Gi+1Q

(r,1)
i+1 yi+1 where Q(r,1)

i+1 is orthonormal and chosen
to be orthogonal to the interference subspace in y i+1. The
optimal design of Q(t)

i , Di and Gi+1 follows the previous

procedure but with Hi+1,i replaced by Q(r,1)
i+1 Hi+1,i.

In the rest of this paper, we will assume (unless mentioned
otherwise for self-interference) that all channel matrices
Hi+1,i are effective channel matrices after the hard interfer-
ence constraints are already implemented at the transmitting
and receiving nodes and the residue noise-plus-interference
at receiving nodes is already whitened.

3. NH1 MIMO RELAYS

We now consider a NH1 MIMO relay system, which is sim-
ilar to the RH1 MIMO relay system discussed earlier, except
that all relays are non-regenerative. See Fig. 1. A non-
regenerative half-duplex relay does not perform digital decod-
ing and re-encoding, and its half-duplex mode can be realized
by using two frequency channels (instead of two time slots).
Analog circuitry can be designed to perform RF-to-baseband
conversion, baseband algorithmic operations (addition, sub-
traction, multiplication and division), baseband-to-RF con-
version, and amplification. Hence, the delay at each relay,
αNH1, is much smaller than a symbol interval. The ETE
delay of the system is DNH1 = αNH1(L − 1) and clearly
DNH1 << DRH1.

Because of the non-regenerative nature, the noise received
at each relay is propagated to its next node. Non-regenerative
relays are suitable only for high SNR scenarios. The number
of non-regenerative hops should be limited to prevent the ac-
cumulated noise from becoming too large. Assuming a large
L, the ETE spectral efficiency of the NH1 relay system in
terms of bits/s/Hz is CNH1 = 1

3 C̃L,0. Here, C̃L,0 is the ca-
pacity of the analog channel from node 0 to node L without
counting the three different frequency channels needed for
isolating any three adjacent links. When L = 2, the penalty
factor is 1/2. If the number of antennas at each node is large
and all elements in all channel matrices of adjacent links are
i.i.d. Gaussian, then the distribution of the singular values of
each channel matrix “hardens” to a quarter circle law, and in
this case we expect CNH1 < CRH1.

The beamforming and power allocation problem for the
NH1 MIMO relay system can be treated as follows. Re-
lay i can use a receive beamforming matrix Q (r)

i , a transmit

beamforming matrix Q(t)
i and a diagonal power (amplifica-

tion) allocation matrix Di. The product of the three matri-
ces, Fi = Q(t)

i D1/2
i Q(r)

i , governs the baseband input-output
relationship of (non-regenerative) relay i, i.e., x i = Fiyi.
Both Q(r)

i and Q(t)
i are orthonormal and of equal rank in gen-

eral. The source node uses a transmit beamforming matrix
Q(t)

0 and a diagonal power allocation matrix D0. The des-
tination node uses a receive (front-end) beamforming matrix
Q(r)

L . The choices of these beamforming matrices and power
allocation matrices affect significantly the capacity C̃L,0 of
the system. However, if all noises at the relays are white (or
whitened by using known covariances) and if for each i the
channel matrix Hi+1,i (see (2)) from node i to node i + 1
is known (for example, to these two nodes), then the optimal
choice of Q(t)

i and Q(r)
i+1, can be shown as in [3] to be

Q(t)
i = Vi+1,i and Q(r)

i+1 = UH
i+1,i (5)

The optimality of this beamforming structure holds for a class
of Schur-convex or Schur-concave objectives, which include
the maximization of C̃L,0, subject to the transmit power con-
straints at all nodes: E(‖xi‖2) ≤ Pi, i = 1, · · · , L − 1. The
optimal power allocation matrices Di for all i can be found
by a cyclic water-filling algorithm [3]. In other words, for
each i = 0, · · · , L − 1, we fix Dj , j �= i, at their previous
values, and determine Di using the water-filling algorithm.
We repeat the process until convergence. For L = 2, the
optimality of (5) and the cyclic water-filling algorithm were
first shown in [5], which uses a key result from [6], and later
generalized in [4]. This result is further generalized for any
integer L in [3]. Upon convergence of the cyclic water-filling
algorithm, the number of nonzero diagonal entries in each of
Di can be denoted by m, which is independent of i. Then,
the optimal symbol vector to be transmitted from node 0 is
x0 = V1,0,mD1/2

0,ms0 where s0 is a m × m symbol vector.
Recall that the subscript m denotes the upper left m×m sub-
matrix of a diagonal matrix or the left most m columns of
an orthonormal matrix. The optimal output from relay i is
xi = Vi+1,i,mD1/2

i,mUH
i,i−1,myi. The receiver at node L fol-

lows from the MMSE estimation of s0.
If there is any hard interference constraint like (3) for

transmit beamformers, the above optimal solution for beam-
forming and power allocation can be modified easily. But if
a soft interference constraint like (4) is required, there is cur-
rently no known optimal solution for the NH1 relay system.

4. RF1 MIMO RELAYS

In a RF1 MIMO relay system, each relay is full-duplex which
transmits and receives at the same time and same frequency.
However, since each relay is regenerative, the symbols a re-
lay transmits at one time and one frequency are different from
those received by the relay at the same time and same fre-
quency. Furthermore, there is no feedback loop of energy
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within a regenerative relay because of the digital decoding
and re-encoding operations. However, there is potentially a
feedback loop of noise within each relay because its trans-
mitted signal is an interference to its received signal. The
self-interference is generally of very high power, much higher
(e.g., 100 dB) than that of a signal received from another
node. Therefore, any method for self-interference cancelation
should aim to cancel the interference completely, or otherwise
the power of the residue interference in practice could be still
significant compared to the power of the received signal.

Fig. 2. A RF1 (regenerative, full-duplex, one-way) relay sys-
tem where interferences from relay i are highlighted. This il-
lustration also applies to NF1 (non-regenerative, full-duplex,
one-way).

The purpose of using full-duplex relays is to improve
spectral efficiency. For a linear network of relays, as de-
scribed previously, we would ideally expect all relays to
receive and transmit at the same time and same frequency
so that the ETE capacity in bits/s/Hz is simply CRF1 =
mini=0,··· ,L−1 Ci+1,i where there is no penalty factor (such
as 1/3 or 1/2) at all. But the signal transmitted from node i not
only interferes its own input signal but also the input signal at
node i− 1 which is the adjacent upper-stream node of node i.

We assume that node i uses an n
(r)
i -antenna array for re-

ceive and an n
(t)
i -antenna array for transmit. The separation

of receive antennas from transmit antennas for a full-duplex
relay should make the circuit design easy especially when
considering the large power ratio between the output and in-
put signals. The antennas could stick up high in air, and in this

case the self-interference channel matrix Hi,i ∈ Cn
(r)
i ×n

(t)
i

from transmit antennas to receive antennas for node i should
have a low rank (e.g., rank one) property which is useful for
interference cancelation. But the antennas could also be em-
bedded inside a more complex medium (such as hidden inside
a vehicle), and in this case Hi,i may not have a low rank prop-
erty. For a general treatment, we will not rely on any low rank
assumption of Hi,i. However, we have ri,i

.= rank(Hi,i) ≤
min(n(r)

i , n
(t)
i ).

In order for the received signal at node i to be not af-
fected at all by self-interference, we can design the transmit
beamformer Q(t)

i at relay i using two layers, i.e., Q(t)
i =

Q(t,1)
i Q(t,2)

i where Q(t,1)
i satisfies

Hi,iQ
(t,1)
i = 0 (6)

which is similar to (3). In fact, once we have the QR de-

composition: HH
i,i = Qi,iRi,i, we can construct an n

(t)
i ×

(n(t)
i − ri,i) orthonormal matrix Q(t,1)

i from the orthogonal

complement of range(Qi,i). Naturally, QH
i,iQ

(t,1)
i = 0 im-

plies Hi,iQ
(t,1)
i = 0. In general, Qi,i and the rank ri,i can be

estimated by using the SVD or the rank-revealing QR of HH
i,i.

To ensure that at least one stream of data can be transmitted
from node i, we must have n

(t)
i ≥ ri,i + 1.

If Hi,iQ
(t,1)
i = 0 does not hold exactly, the residue

self-interference at node i can be processed by its receive
beamformer Q(r)

i . We can design Q(r)
i with two layers, i.e.,

Q(r)
i = Q(r,2)

i Q(r,1)
i where Q(r,1)

i satisfies

Q(r,1)
i Hi,iQ

(t,1)
i = 0 (7)

which is a generalization of (6). Here, Q(r,1)
i cancels out

the residue self-interference left out by Q(t,1)
i . The solution

space of (7) is large in general because for any Q (t,1)
i such

that Hi,iQ
(t,1)
i has a rank less than n

(r)
i , there is a Q(r,1)

i

satisfying (7). But a meaningful Q(t,1)
i should at least make

rank(Hi,iQ
(t,1)
i ) less than rank(Hi,i). Furthermore, in

practice, we may need to ensure that the power of the residue
interference y(i)

i
.= Hi,iQ

(t,1)
i Q(t,2)

i D1/2
i si is not so large to

saturate the input circuitry of node i.
A 2 × 2 special case of (7) was shown in [7] for a full

duplex repeater. Using self-interference cancelation for full-
duplex MIMO relay was also addressed recently in [8], [9],
[10] and [11].

Let the SVD of Hi,i ∈ Cn
(r)
i ×n

(t)
i be written as two parts:

Hi,i = U(1)
i,i Σ(1)

i,i V(1)H
i,i + U(2)

i,i Σ(2)
i,i V(2)H

i,i (8)

where the first term is orthogonal to the second term. Then,
a solution to (7) is Q(t,1)

i = V(1)⊥
i,i and Q(r,1)

i = U(2)⊥H
i,i .

Here, ⊥ means that range(X⊥) is the orthogonal comple-
ment of range(X). Given ri,i

.= rank(Hi,i), the total num-
ber of the possible partitions like (8) is

∑ri,i

i=0

(
ri,i

i

)
= 2ri,i .

If we choose that all diagonal entries of Σ(1)
i,i ∈ Rr̂i,i×r̂i,i

are larger than those of Σ(2)
i,i ∈ R(ri,i−r̂i,i)×(ri,i−r̂i,i) so that

Q(t,1)
i cancels the dominant interference while Q(r,1)

i can-
cels the residual interference, then the total number of pos-

sible choices for Q(t,1)
i ∈ Cn

(t)
i ×(n

(t)
i −r̂i,i) and Q(r,1)

i ∈
C(n

(r)
i −ri,i+r̂i,i)×n

(r)
i is ri,i. If we want the number of the

input streams, n
(r)
i − ri,i + r̂i,i, to be the same as that of

the output streams, n
(t)
i − r̂i,i, at relay i, we should choose

r̂i,i = (n(t)
i − n

(r)
i + ri,i)/2.

As an alternative to (6) and (7), we can allow a small
amount of residue interference from the transmit beamformer
Q(t)

i and design the entire receiver Gi at relay i based on
MMSE. Note that for any given time slot (for either symbol
or packet) the information transmitted by regenerative relay
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i − 1 can be treated as independent of the information trans-
mitted by regenerative relay i. Hence, the residue interference
y(i)

i is independent of the signal transmitted from node i − 1.

Also, the covariance matrix of y(i)
i is known to node i. The

tolerance of a small interference leakage at relay i allows a
larger number of data streams received by and/or transmitted
from node i. In general, the degrees of freedom in the receive
beamformer is the best exploited via MMSE estimation, and
zero-forcing does not utilize the freedom optimally.

As mentioned earlier, node i − 1 is also interfered by the
transmitted signal from node i. To handle this interference,
we need to design the second-layer transmit beamformer for
node i, denoted by Q(t,2)

i . The power of this interference
is generally much smaller than that of the self-interference
within a single node. While the hard interference cancelation
is still possible with a high cost of the freedom in Q(t,2)

i , a
better strategy should be based on a soft interference con-
straint like (4). Once the first-layer transmit beamformer
Q(t,1)

i is determined as discussed before, the second-layer

transmit beamformer Q(t,2)
i along with the power allocation

matrix Di can be found by following the GWF algorithm
[2] as discussed in Section 2. To determine Q(t,2)

i and Di,

we need to use Hi+1,iQ
(t,1)
i as the effective channel matrix

from node i to node i + 1 and Hi−1,iQ
(t,1)
i as the effective

interference channel matrix from node i to node i − 1.
The ETE delay of the RF1 system is the same as that of

the RH1 system although the spectral efficiency of the former
is higher.

5. NF1 MIMO RELAYS

The illustration in Fig. 2 also applies to a NF1 MIMO re-
lay system where each relay is now non-regenerative. As
in Section 3, the matrix Fi = Q(t)

i D1/2
i Q(r)

i governs the
input and output of the non-regenerative MIMO relay i, i.e.,
xi = Fiyi. But unlike the NH1 system, we now have full-
duplexity and the signal xi transmitted from relay i can be
strongly present in the signal yi received by relay i and also
in the signal yi−1 received by relay i − 1. To cancel the self-
interference within relay i, we can let Fi = Q(t,1)

i F(2)
i Q(r,1)

i

where Q(t,1)
i and Q(r,1)

i satisfy (7) as discussed in Section
4. To cancel the interference from node i to node i − 1,
we can have an additional beamformer Q (t,2)

i satisfying

Hi−1,iQ
(t,1)
i Q(t,2)

i = 0. The overall relay matrix at relay i is

now Fi = Q(t,1)
i Q(t,2)

i F(3)
i Q(r,1)

i .

The optimal design of F(3)
i for i = 1, · · · , L − 1, along

with Q(t)
0 , D0 and Q(r)

L+1 (see Section 3), can be done
similarly as in [3]. To be more specific, we can write
F(3)

i = Q(t,3)
i D1/2

i Q(r,2)
i for i = 1, · · · , L − 1. And

define Q(t,1)
0 = Q(t,2)

0 = I , Q(r,1)
L+1 = I and H(3)

i+1,i =

Q(r,1)
i+1 Hi+1,iQ

(t,1)
i Q(t,2)

i . Similar to (2), we can write the

SVD: H(3)
i+1,i = U(3)

i+1,iΣ
(3)
i+1,iV

(3)H
i+1,i. Then, it can be shown

[3] that the following is optimal: Q(r,2)
i = U(3)H

i,i−1 and

Q(t,3)
i = V(3)

i+1,i. The optimal design of Di follows the same
cyclic water-filling.

The ETE spectral efficiency of the NF1 system does not
have the penalty factor (such as 1/3 or 1/2) as for the NH1
system. The ETE delay of the NF1 system is the same as that
of the NH1 system.

If Q(t,1)
i and Q(r,1)

i do not meet (7) exactly, there will be
a feedback loop of energy which can cause instability of the
non-regenerative relay. The overall open-loop transfer matrix
of relay i (with respect to the signal to be amplified by D (1/2)

i )
is

T(open)
i = Q(r,2)

i Q(r,1)
i Hi,iQ

(t,1)
i Q(t,2)

i Q(t,3)
i D(1/2)

i (9)

To ensure stability within relay i, all singular values of
T(open)

i must be less than one. Furthermore, they should
be much less than one in general, or otherwise the input-
output of the non-regenerative relay i is no longer governed
by xi = Fiyi but rather by xi = (I − FiHi,i)−1Fiyi. It
is important to stress that a small (non-zero) singular value
of Q(r,1)

i Hi,iQ
(t,1)
i could cause a large singular value of

T(open)
i because of the largeness of D(1/2)

i . This problem
does not exist for the RF1 system because the input energy of
a regenerative relay does not affect its output energy.

6. TWO-WAY MIMO RELAYS

In this section, we discuss two-way MIMO relays: the NH2,
RH2, RF2 and NF2 systems. We first discuss the NH2
MIMO relay system as shown in Fig. 3. Here, nodes 1
and 3 exchange information with help from node 2 – the
relay. The relay is half-duplex, which receives a combined
signal y2 from nodes 1 and 3 in frequency band 1, and
broadcasts a signal x2 = F2y2 back to nodes 1 and 2 in

frequency band 2. The matrix F2 ∈ Cn
(t)
2 ×n

(r)
2 has an SVD

F2 = Q(t)
2 D1/2

2 Q(r)
2 where Q(t)

2 is the transmit beamformer,

Q(r)
2 the receive beamformer and D2 the (diagonal) power

allocation matrix.

Fig. 3. A NH2 (non-regenerative, half-duplex, two-way) relay
system. This illustration also applies to a RH2 (regenerative,
half-duplex, two-way) system.

In frequency band 1, the signals transmitted from nodes 1
and 3 can be expressed as xi = Q(t)

i D1/2
i si for i = 1, 3, and

the signal received at node 2 is y2 =
∑

i=1,3 H2,ixi + w2.
In frequency band 2, the signals received at nodes 1 and 3 are
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yi = Hi,2x2 + wi = Hi,2F2y2 + wi, i = 1, 3. Here, wi,
i=1,2,3, are noise. Since xi, i = 1, 3, are known to nodes 1
and 3, respectively, with some additional knowledge of chan-
nel matrices, the self-interference term Hi,2F2H2,ixi can be
subtracted from yi at node i. This self-interference subtrac-
tion is practically feasible. (It is very different from the sub-
traction of Hi,ixi from yi at a full-duplex relay where yi is
the input, xi the output, and the power of interference is much
higher than that of desired signal.) Therefore, after the inter-
ference subtractions, we can replace y1 and y3 by

y′
1 = H1,2F2H2,3x3 + H1,2F2w2 + w1 (10)

y′
3 = H3,2F2H2,1x1 + H3,2F2w2 + w3 (11)

Since y′
1 and y′

3 are correlated with each other due to the

noise w2, the optimal design of Q(t)
i and Di, i = 1, 3, must

be done jointly even if F2 is fixed. However, as shown in
[12], for any fixed F2, the optimal design of Q(t)

i and Di,
i = 1, 3, to maximize the sum rate received at nodes 1 and 3
subject to the power constraint Tr(E{xixH

i }) ≤ Pi, i = 1, 3,
can be done by following the GWF algorithm [2]. Note that
E{xixH

i } = Q(t)
i DiQ

(t)H
i , i = 1, 3.

For fixed Q(t)
i and Di, i = 1, 3, the problem of finding

F2 to maximize the sum rate subject to the power constraint
Tr(E{x2xH

2 }) ≤ P2 is a non-convex problem. Only locally
optimal solutions for F2 can be found. In [12], an iterative
LMMSE algorithm and a hybrid gradient algorithm for com-
puting F2 are presented and compared. In particular, it can be
shown that if we have the QR decompositions [H2,3,H2,1] =
QaRa and [HH

1,2,H
H
3,2] = QbRb, then the optimal F2 can

be expressed as F2 = QbA2QH
a where F2 ∈ Cn

(t)
2 ×n

(r)
2 ,

Qa ∈ Cn
(r)
2 ×ra , Qb ∈ Cn

(t)
2 ×rb , ra = rank(H2,3,H2,1)

and rb = rank(HH
1,2,H

H
3,2). If rb × ra < n

(t)
2 × n

(r)
2 , the

above result reduces the search space. The results in [12] ex-
tends those in [13], [14] and [15] from single antenna at nodes
1 and 3 to multiple antennas.

Although each of the three nodes in Fig. 3 can be general-
ized to a cluster of sub-nodes, the two-hop nature of the NH2
system can not be generalized to more than two hops. For a
network of many hops, the NH2 system does not seem a good
relay strategy.

Also illustrated in Fig. 3 is a RH2 system where node 2 is
regenerative. For the RH2 system, we need two time slots (in-
stead of two frequency bands) for nodes 1 and 3 to exchange
information. In the first time slot, it is like a conventional mul-
tiple access (MAC) for which successive interference cance-
lation (SIC) can be used at node 2. In the second time slot, it
is like a conventional broadcast (BC) scheme for which (vec-
tor) dirty paper coding (DPC) can be used at node 2. For SIC
and DPC, see [1] and the references therein. The spectral effi-
ciency of the system is CRH2 = 1

2 min(CMAC , CBC)). Be-
cause of the regenerative nature of each node, the RH2 system
can be applied to the case of many hops.

If the MAC and BC of the RH2 system are implemented
within a single time and single frequency, we have a RF2 sys-
tem. With multiple antennas at node 2, it is feasible to con-
struct the first layer beamformers Q(t,1)

2 and Q(r,1)
2 at node

2 such that the self-interference at node 2 is canceled. See
(7). The design of the second layer beamforming and power
allocation can be done as if the system is RH2.

The same beamformers Q(t,1)
2 and Q(r,1)

2 also apply to the
NF2 system in a similar way. And the design procedure of
the remaining beamforming and power allocation at all three
nodes becomes the same as for NH2.
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