A numerical study of the accuracy of single-electron current standards
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We have developed an algorithm for the analysis of single-electron standards of dc current. The
algorithm is based on numerical solution of the master equation describing the time evolution of the
probabilities of the electric charge states of the system, with iterative refinement of the operational
set of states. To illustrate the method we have analyzed several standards of dc current. We have
shown that the accuracy of the single-electron pump may be improved dramatically at lower
frequencies and temperatures by replacing the traditional triangular drive wave forms with a special
step-like drive. We have also shown that tiejunction turnstile does not achieve the accuracy of
the 5-junction pump with the same values of capacitances and resistances Bliei8aHowever,

a hybrid M-junction pump/turnstile system which is easier to control than the 5-junction pump,
exhibits a comparable accuracy alreadyMat 6. © 1996 American Institute of Physics.
[S0021-897€06)01212-1

I. INTRODUCTION rates and dynamic errors in single-electron tfapad can be
. . . . used for studies of other devices without dc current.
The ability to control single electrons in nanoscale cir-

cuits has opened the way o a new familv of electronic In order to analyze devices with dc current, like the
> nas op > way 1o y }urnstile<3 or the pump’, the algorithm had to be extended,
devices:™ These devices consist of one or several smal

nducting island rated from h othed from ex which was the main goal of this work. The new features
conducting 1slands, separated rom €ach olaa Irom €Xx- - 4,4, qe the determination of stationary probabilities of the
ternal electrodgsby tunnel junctions. Because the capaci-

tances of the islands are small, their electrostatic otentialCharge states of the system, and a new procedure to cancel
' P l%lrge terms of opposite sign without generating numerical

are sc_en3|_t|ve t(? the presence of extra single electrons/holgs Hbise. To demonstrate the capabilities of the extended code,
the circuit. This sensitivity has suggested several applica-

tions of single-electron effects, including logic devices we have (;arr|ed outa prehmmayy study of the accuracy of
memory cells, ultrasensitive elelctrometers and dc curre’r;[ e turnstile and the hump, which operate by passing one
standardd ' ' _Iectron Fhrough the CI.I‘CUII per cygle of a pgnodlc rf drive
While.a crude description of single-electron devicesSIQnal' Since metrological appllpatlons require an accuracy
within the framework of the semiclassical “orthodox” of the order pf one part per billiohthese devices ”.‘USt b.e
theory of correlated single-electron tunneling is quiteanalyzed taklng into account all sources of error, mcluqllng
those due to high frequency of the rf drive, thermal activa-

. 1-3 . . _ .
ossdsonren s cotmraon Bricy e govesLon:and cotumelng,As il e shown beow, our dlgo

P qui ) P L rithm presents a convenient means of tracking all these pro-
oped an algorithm(dubbed ‘SENECA” which stands for cesses

single-electron nanoelectronic circuit analyzdor auto- . . .
9 Y The paper is organized as follows. In Sec. Il we discuss

tr?;tedcisr;rj?t;gul?nlt;;aeivz agggf;fﬂ;ﬂisf p;oc;essrisaér;] e:;t{'ﬁe new features introduced insENECA In Sec. Il we ana-
y j ype app lyze the 5-junction pump, while in Sec. IV we determine a

handle transition rates which may differ from each other bynearly optimal set of parameters for the operation of the

many orders of magnitude. This is accomplished by SOIVmgB-junction turnstile and compare its accuracy with that of the

a system of master equatidrfer the probability evolution of Cpump. The last device, a hybrid pump/turnstile consisting of
the various charge states of the system. The rates are cal A . . : ; .
tunnel junctions and 2 rf drives, is analyzed in Sec. V.

ll\jtai(tjiniuss7|nvgitr:h:e\iaprgor)r?i?}]:rtl?n: fgfgg;ﬁgﬁg Jr?)nfzg"n ar\eonclusions and a discussion of possible future studies are
' P brog resented in Sec. VI. In the Appendix we describe the com-

searchgs for _dewgtmns from the predictions of Fhe orthodo uter resources needed for the calculations discussed in the
theory in an iterative way, such that only certain states ar aper

considered at each iteration. The choice of these “opera-
tional” states is based on their estimated mean probabilities). CHARGE STATES AND CURRENT CALCULATION
The original algorithm was applied to the study of leakage  For the proper operation of single-electron circuits, the
tunnel resistanceR; of all junctions should be high enough,
9present address: Beckman Institute for Advanced Science and Technologit> Rq . WhereRq= h/e?~25.8 K is the quantum unit of
University of llinois, Urbana, IL 61801; Electronic mail: resistance. In this case the electron charge of each island is
b)fonseca@ceg;l_liu&edu _ quantized, and a state of the circuit can be uniquely defined
Electronic mail: akorotkov@ccmail.sunysb.edu by its “charge configuration,” i.e., the set of numbers of
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The summation is over all statas and all capacitances

imy C.n connected to external (Fig. 1); V., are the voltages
N across capacitance,,.
Com My Even though information on the instantaneous current
— 1 can be helpful to understand the behavior of the device and
. Tnm, sources of errors, the most important result is the average dc
T N current. It can be obtained by just time-averaging equation 1
ne my,.o .. over one full cycle (Bst<17) of the external rf drive, since
L Chm, the average induced current is always zero. Thus,
e(r
. | = —J > PiOTE Ak, (4
nmy TJoi,j,Ak
m oo .. where | is the vector of dc currents through the external
I Comy k electrodes and\k is the vector of corresponding numbers

. . . g .
Ak, . qu a discrete tlme_ approximation,==,_,At,, this
expression may be rewritten as

FIG. 1. The “tunneling current” through an external electrode is the current

. . . . . . e —
provided by tunneling eventarrows in the junctions directly connected to _ ] Ak
the electrode. | T% Atpi,jZAk Pi(tp) I (tp) AK, 5

where the instantaneous probabilRy(t) was substituted by
] ] . the mean probability;(t,) during each small time interval
(extra electrons in the islands. When there is no dc currenttp_l,tp]'

flowing through the device, it is natural to use the charge = |, practice, however, this method is useful only it far
configuration in both internal islands and external electrodesyom a quantized levekqef, wheref=1/r is the rf drive
This is how the states were considered in the first version Olfrequency and, is an integer corresponding to the number
the %'QOF'thm‘? However, when dc currents are finite, this of glectrons that pass through the device per cycle in an
definition becomes inconvenient because the device mayyeg” operation (without error. The reason is that the
have many states which differ only by the number of elec-cyrrent is calculated as a sum of several terms which may
trons that have passed through it. All these states are phySiye considerable numerical noise due to finite accuracy in
cally similar and evolve in time in the same way. Thus, iNthe calculation ofP; in equation 5, obscuring the real,
the presence of dc currents, it is convenient to define a stalgnajier deviations from the quantized level. Rounding errors

by its internal charge configuration only. Any change in themay also spoil the calculation of current deviation whenever
external charges can be stored as additional information re|- js closer tokyef than the machine double precision

evant only for the calculation of currents flowing through the (. 10-16 j our casg

device. In order to circumvent this problem, we have derived an
Letl, be the current through external electraddt may  eypression for the current which explicitly separates the in-

; _t ind
be written as the sum of two partl,(t)=1,"(t) +17'°(t),  teger part of the currerkye f from the current deviation
where the first term is the current due to tunneling through

the junctions connected directly to this electrodig. 1), Al=1-keef. (6)
while the second term is the polarization-induced current du
to tunneling through other junctions and the direct influenc
of rf drive wave forms. The first term is defined simply*By

fetus assign to each statea vector of integerg;(t) with

Eiength equal to the number of external electrodes. The idea is

to choose thé;’s in such a way that the cancellation of big

currents in the expression farl is exact since the subtrac-

IL””(t)ze. E Pi(t)Fﬁk(t)Akn, (1)  tion occurs among integer numbers. For any choice of
1Ak ki(t), equation 4 may be rewritten as follows:

wheree is the electron chargd; is the probability of state |
i, andT'* is the rate of transition from staieto statej —=0Q,+Q,, 7)
which leads to a transfer of chargdk,, into externain.
The induced part of the current through externatan  where
be calculated as

P Ql:f > POTAD(AK—K () +k()dt,  (®)
|ind(t)= n (2) 0i,j,Ak
n dt 1
where the induced charg@!" is given by Q2= fo % Pi(O T (1) (kj(1) —ki(1))dt, ©)
. Ak : .
ind ) — P.(1)C.. . 3 andl'jj(t) =2, "(t). Using the master equation of prob-
Q™ % (1) Cnamalt) ® ability evolutior*#Swe can substitute
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PI; F”:; PJF“—Pl (10)

into the part of equation 9 which is proportionalkp. Inte-
grating this term by parts, we obtain

sz_Ei fo Pi(Dki(1)dt+[Pi(Dki(D)]]5 (11) =
Using the facts tha;() = P;(0) (periodic processand =
that>;P;=1, and discretizing time again, we obtain the final
expression for the current:
| J—
— Ak
a—ko-k% Atpi’JZAk Pi(to) T (tp) (AK—K(t,) .
10 T T y r
" ki(tp)) 0 2 4T k) 6 8 10
—2 2 P_|(t )Ki(ty) —Ki(ty—1)] FIG. 2. dc current deviation from the quantized leedl in a 5-junction
p i P P P pump (Fig. 3) as a function of temperature calculated using equations 5

(dashed ling and 12(solid line). The pump(with parameter€C=0.1 fF,
C,/C<1, R=300 K}, andf=1 MHz) is driven by a step-like rf wave
g t
+ E Pi(0)[ki(7)—ki(0) —ko]. (12 form (Sec. Ill). While the calculation using equation 5 gives errors of the
' order of 10!, the method using equation 12 is more accurate than the

; ; ; ; computer’s double precision(10"%). Here and below the accuracy of the
Equation 12 is formally valid for any choice of the numbers results is limited by the approximation for the cotunneling r&ksf. 6 and

ki(tp)- However, ifI(i(tp) are selected in such a way that the the lines connecting the data points are only guides for the eye.
factors Ak—Kk;(t,) +ki(ty)) are zero for processes that lead
to the desired operation, then only small deviations from
koef will be left in equation 12 in addition to the quantized tem arrives at state at t= 7 if the initial state att=0 is j.
currentkqe f itself. In this case the fourth term in equation 12 The vector of stationary probabilitieRS! is the solution of
is exactly zero sinc, electrons per period pass through thethe eigenvalue problem
device, hence;(7) —k;(0)=kq. In an error-free operation st mst
the third term is also zero since the changekgt,) occurs DP™=P". (13
only whenP;(t,) is negligible. Generally the determination of the matiix and vector
The proper choice of vectorig(tp)'s is generally not P! has to be repeated for every iterafiafter the first time
unique. In our algorithm they are defined in the following a new state appears &t 7, since new rates calculated at
way: we takek,(0)=0 for the initial state(state J att=0.  each new iteration may change elements of the matrand
At the end of each time step when the rates and mean prolthus the stationary probabilities. The direct calculation of the
abilities are knowrf,we setk;(tp) =ki(t,—Atp) + Ak, where  matrix D may be considerably time-consuming since it re-
Ak corresponds to the largest probability fIEhd“ﬁk(tp). At quires one passage through the time period for each initial
the quantized level of dc current, the set of largest probabilstatej. In the program we have the following shortcut op-
ity fluxes corresponds to the path along the space of state®n. At the end of each time step the probabilityP;(t,) of
which does not lead to error, and therefore the factoreach staté obtained from the solution of the master equation
(Ak—K;(tp) +ki(tp)) corresponding to transitions which do 10 with initial condition P;(0)=1 is compared with the
not produce error cancel out. probability of the same state obtained in each of the previous
This method was tested for many cases when the deviggassages with different initial statgsIf these numbers dif-
tion of the current from the ideal valuek,f was small. For fer, we continue normally to the next time step. If they are
example, Fig. 2 shows the device accurddy/l| (here the same, it means that the system has returned to a state
ko=1) in the 5-junction pump using a step-like driggee  already visited in one of the previous passages, for which we
Sec. lll) as a function of temperature. The dashed and soliknow all the probabilities at= 7. CPU time is then saved by
curves were calculated using equations 5 and 12, respeskipping the remaining time steps.
tively. We see that equation 12 is able to describe relative
current deviations of the order of 18 (much smaller than

the machine double precisipwhile equation 5 gives an er- Ml PUMP
ror of the order of 10! (the minimum afT~6 mK is evi- The first application of the algorithm discussed above
dently meaninglegs was a preliminary optimization of the single-electron pump

Another new feature of the algorithm is the determina-[Fig. 3(@]. The dynamics of thi#/-junction system has been
tion of the stationary probabilitieB(t) of the charge states extensively studiel®!***for the case where each rf drive
of the system, necessary for the calculation of current. Thénput is sequentially fed by a triangular shaped wave form
stationary probabilities were determined using a transfer mgsee Fig. 8)]. The amplitude of each signal corresponds to
trix D, whereDj; is the conditional probability that the sys- induced charge Qgi)mm=Cg(Vgi)min= —e in each island
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FIG. 3. (a) The 5-junction pump and possible wave forms of its rf drig®: usual triangular-shaped signét) special step-like signald) single-electron
energy profile in the device driven by the step-like signal at two sequential steps of the rf drive.

i. The time shift between the triangular pulses applied to  Figure 4 shows the total currehft) flowing through the
neighboring electrodes provides for the unidirectional transright external electrode and the modulus of the relative cur-
fer of one electron per periock§=1) between neighboring rent deviation/Al/1| from the classical process as functions
islands—see the inset in Fig(a}. For this mode, it has been of time for two different temperatures. The inset diagrams
estimated that a 5-junction pump witiC;=0.1 fF, show the processes responsible for each peak. While the
Cy,<Ci, and R;=300 K, could provide the accuracies peaks in Fig. ) result from classical tunneling between
|AI/1|~10"%* at T=10 mK and |Al/I|~10"* at neighboring islands, those in Fig(} are created by fourth
T=100 mK when operating at rf drive frequency of order cotunneling in the direction opposite to that of the
10 MHz? The reported accuracy of an experimental imple-classical current. Cotunneling events can only occur if the
mentation of such a pump is at least two orders of magnitudénal state at each time step is not occupied, which means
worse than the theoretical prediction, apparently affected bghat they take place before the correspondiaugd expected
technical factors like drift of background charge and noiseclassical tunneling events. Notice that in this particular case
from environment! However, recent resuftéobtained for a  (zero dc voltageV), cotunneling creates a small current in
similar system, the single-electron trap, suggest that thedfe direction opposite to the classical current. Figute) 4
parasitic effects may be rather small. Our goal was to checklso shows that each “burst” of cotunneling current contrib-
the theoretical estimates for the triangular-shaped drive, andtes nearly the same amount to the total dc current deviation
suggest methods of improving the ultimate accuracy of thigrom the quantized levetf (if the gate capacitances, are
device. We have not considered the effects of backgroundomparable tcC, this fact may not hold

charges in the analysis of the pump, as well as in any of the The fact that the total current through the unbiased pump
devices discussed later. is always slightly belowef suggests a simple way to im-
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FIG. 5. Current deviation in the 5-junction pump driven by the triangular
wave form =10 MHz) as a function of dc bias, showing the voltage
offset of the plateau. The inset shows the same curves on an extended scale.

any arbitrary parameter and can be determined experimen-
tally with reasonable accuracy. A difficulty with this choice
arises when the bias point is located too close to the point
wherel =kgef (the inflection point generally moves when
parameters of the system are changed, and may cross the
koef level). Even though the current deviation is formally
[T A J JE zero at such a crossing point, this fact cannot be used prac-
P tically because the levédyef is not knowna priori. In ad-

200 400 600 800 1000 dition, in any experiment performed during a finite time in-
©) tRO) terval 7' =M, there is a lower bound for the measurable

it ; ; JOPEST,
FIG. 4. (a) Total current through the right electrode in the 5-junction pump current deviation |mposed by f|UCtuatlon$rr'(S T 2)

and (b) current deviation from the classical value due to cotunneling, asVhich have not been considered so far.

functions of time for a pump with small gate capacitanc€g/C<1) at This problem can be circumvented artificially by
f=10 MHz. Solid lines:T=0; dashed linesT=100 mK. In(a) the flat  smoothing the|A|/|| vs V curve in the region around the
plateaus .011 (t) are shlfted from the origin due to the DOIar'Zat'o,”"”duced#rossing point. A simple way to do that is to define the mean
current given by equation 2. The shift is the same along the period of the . L . . —

drive since the rf signal has a triangular shépig. 3b)] and therefore the  r€lative current deviation at the inflection poit/1 as the
time derivative ofQ"(t) is a negative/positive constant in the first/second average|Al/l| at three pointsV, and Vy(1*«). Figure 6

half of each pulse. The step in the induced current=e800RC is caused by  shows an example of the application of this technique, where

the presence of only one triangular pulse after this indfaigt 3(b)]. Insets the crosses arm”” as a function of bias voltage for the
show the electron tunneling events responsible for each peak

R;=300 K2, C=0.1fF. Here and below background charges in the isIandsS'junCtion pump. The circle ShOV\/ﬁSl (VO)“ |’ while the

are assumed to be compensated by additional dc voltages applied to théiangles pointing up and down mark the current deviations

gates. atV=Vy(1* k) for k=0.1. The dotted line shows the mean
Al/l in this case. The choice of is rather arbitrary; how-
ever the mean value is reasonably insensitive &5 long as

prove its accuracy, namely applying a small dc bias voltagét belongs to the intervagl0.05,0.2Q. For the sake of sim-

V to the pump as a wholgFig. 3(@)].” Figure 5 shows that plicity we will use the notationAl/1] for the relative current

the pump’s dc current as a function bf exhibits a clear deviation of both dc biased and unbiased devices; for the

plateau atl ~ef, shifted from the origin along th¥ axis.  biased devices it will mean the average discussed above with

The existence of a plateau centeredvat0 means that the «=0.1. Our final Figs. 12 and 13 also shdwl/l| in all

use of a finite bias does not introduce new errors that justhree points/y andVy(1= «) (the notation is the same as in

cancel cotunneling errors at=0, but actually drives the Fig. 6).

system closer to its ideal operation. Figure 12 shows, among other results, the comparison of

An important issue at this point is at which biglsthe  the accuracy of the unbiasésolid line) and dc-biaseddot-

current deviatiom\ | should be calculated. In our simulations ted ling 5-junction pump as a function of temperature for

we have chosen to calculate the deviation at the inflectiod=10 MHz. The inflection poin¥V, varies from~80 uV

point Vo, of the corresponding dcl—V curve atT=0to~50 uV atT=200 mK. We see that the dc bias

(dzlldV2|V:VO=0) because this point does not depend onmay provide a considerable accuracy improveriarfiactor

AL/T 10
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islands: q; for which AE’'=0, and qy for which
AE'=—-AE.)

In order to avoid cotunneling in the direction opposite to
the classical currentAE should be reduced until the dy-
namic error becomes comparable to the cotunneling error.
The well-known expressidrfor the rate of classical tunnel-
ing I'=AE/(Re?) shows that in order to have the probabil-
ity of dynamic error less than some valagthe energy dif-
ferenceAE between final and initial states has to satisfy the
following inequality:

IAI/TI

1
AE>me2thIn;, (14)

where m= 7/At is the number of time steps per peried
The cotunneling rate can be calculated analytically in some
very simplified cases. For example, let us consider the case
of an array ofM identical tunnel junctiongwith identical
FIG. 6. Current deviation in the 5-junction pump at low temperatures andc"a‘p_a‘cItancegi =C and resistanceB;; =R;), small gate ca-
f=10 MHz. Crosses: calculated values|afl (V)/I|; circle: the inflection ~ Pacitances, and zero temperature. Let the external bias ap-
point Vy; triangle up(down): V=V,(1= ), with «=0.1; dotted line: av-  plied to the system be larger than but very close to the
erage of the last three points. thresholde(M —N)/2C (N<M), such that the lowest order
of cotunneling transition which decreases the energy of the
system isN. BecauseV is close to the threshold, the energy
difference between initial and final states is small. Thus the
of ~100 for temperatures below 50 mK and 6f10 for  energies of the electron—hole pairs in each island created by
temperatures between 100 mK and 200 )xikhe improve-  cotunneling are negligibléwhich allows theNth order co-
ment decreases as temperature increases, since thermal atthneling rate to be estimated as

01
V (mV)

vation over the energy barrit_ar created by the array as a whole o oM\ (2N-2) N 2 Ag2N-1
eventually becomes the main source of efiodependent of F<N>:_aN(_2) ( I) -
bias voltage instead of cotunneling. Note that the calculated h e (N=1)t) (2N-1)!

accuracy of the unbiased pump at 10 mK is about two or-
ders of magnitude worse than in earlier estimafashile at  where a=#/(27€?R,). The upper bound foAE can now
100 mK it agrees well with those predictions. Because thée easily obtained, requiring that the probability of cotunnel-
“error bars” connecting the four points are in most casesing be also less thaa
longer towards smaller values of the current deviation, it is 1
possible to conclude that the mean/I is a rather conser- AE<g(a,N,M)(mfe)2N-1, (16)
vative estimate of the device error. W
Figure 13 shows the comparison of the current deviation
in unbiased(solid line) and biaseddotted ling 5-junction o € VTP IIN-D 2
pumps as a function of frequency at low temperatures. We 9(a,N,M)= o (ZMC N
see that the dc bias provides a two-order-of-magnitude im-
provement along the full range of frequencies analyzed. N=T
The use of a non-triangular rf drive wave form, e.g. a ><(2N—1)!] a7
step-like signal, may offer a second way to improve the op-
eration of the pump. While tunneling only starts some timedoes not depend ofior €. (In order to operate at non-zero
after the beginning of a triangular pulse and the classicalemperatures, the energy differens& should be increased
tunneling rate grows linearly with time after that, a step-liketo avoid thermally-induced errors. A comprehensive analysis
signal allows classical tunneling to start at the beginning ofof this case, as well as the optimization of the junction’s
the step with the maximum classical rate. resistancesR; for given T and f are in progress and their
The particular step-like signal used in our calculations isresults will be the subject of a separate publicgtiorhe
shown in Fig. ). The induced chargeg, and q,_, in  dashed lines in Fig.(@ show the bounds given by equations
neighboring islands were chosen in the following way: thel4 and 16 for the 5-junction pump at 1 MHz and 10 MHz
energy difference between the state with one electron in istthe lowest order of cotunneling possibleNs=M —1=4).
land k and all other islands empty, and the state with oneThe crossing point of these bounds sets the nearly-optimal
electron in islandk—1 and all other islands empty, SE  value of AE for each frequency.
(independent ok). The energy difference between the state  Fixing AE to the value of the crossing point (10, 80,
with one electron in islantk—1 and the state without any and 500 weV atf=1, 10, and 100 MHz, respectivglywe
electron in the circuit iAE’, is also independent &f [Fig.  now varyAE'. By changingAE’ we are essentially chang-
3(d)]. (The exceptions are the charges induced in the edgmg the height of two energy barriers for electron transfer:

here

1
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10”13 ' . . T like (long-dash ling wave forms as a function of frequency
n ; for low temperatures is presented in Fig. 13. The logarithm
104 T of the current deviation grows almost linearly with the loga-
B T rithm of the frequency in both cases, but the slope of the
R B e o curve for the step-like wave form is largéapproximately
A —— = 100 MHz ol proportional tof®, compared tof® for the triangular wave
= 1 \ F form), yielding a better accuracy at low frequencies. Indeed,
- L B T SN P using the step-like wave form the accuracy of the pump at
R o f=10 MHz and 1 MHz 10 ** and ~107'°, respec-
10_,61 . tively) may be about 20 and f@imes better than the accu-
| B T racy using the triangular pulses.
10'18: N . 1
) e 1 IV. TURNSTILE
10 T T T T
o " @y 1o The M-junction turnstilé (Fig. 8 is another candidate

device for a standard of dc current. It consists of an array of
FIG. 7. (3) Current deviation in the 5-junction pump as a functionAd M tunnel junctions with one rf drive source connected to the
[Fig. (d)] at 10 MHz (upper right and 1 MHz (lower lefy at fixed — central island via a capacitan,. The other islands are
T, e L e e gy aonnectd o extrnl aecrodey smal gt capaciances
and 500 ,u(eV at 1, 10, and 100 MHz, respectivilyn (a) and (b), T; 0. , Cg (Cg/Cfl_) to cqmpe_nsate background charg_es with dc
voltagesVy; [in rf driven islands, such compensation can be
achieved by dc offsets dfg;(t)]. In contrast to the pump, a
dc bias voltag®/ # 0 is necessary for the proper operation of
small |AE’| implies a lower barrier for processes with an the turnstile. Indeedy determines the direction of electron
intermediate state of zero electrons in the pump, while fotransfer in the first half of the cycle, when the rf potential
large| AE’| processes with an intermediate state of two elecapplied to the central island lowers its electron addition en-
trons in the pump are favorable. Figuré)yshows the cur- ergy. (The entrance of more electrons is blocked by the
rent deviation as a function &E’ for these three frequen- Coulomb repulsion created by the first electron, as long as
cies. Because the accuracy depends only weaklyybh we  the amplitude of the rf signal is not too largén the second
can now fix it at 0.5 meV forf=1 and at 10 MHz, and half of the time period, the potential in the middle island is
0.3 meV forf=100 MHz, and make a final tuning &E increased until the electron escapes into the right electrode.
around the value used before. The solid curve in Fig) 7 The turnstile is an attractive choice for a standard of dc
shows the result of this final iteration. The agreement beeurrent due to the smaller number of parameters to optimize,
tween the numerical results and the analytical calculations ighich makes it simpler than the pump. It has been argued
reasonably good, both for the optim®E and the best accu- based on theoretical estimateshat a 10-junction turnstile
racy attainable at a given frequency. Note that at optimalvith no stray capacitances could be operated with the maxi-
values ofAE andAE’, the amplitude of the effective charge mum accuracy of~10"'2 The goal of our work was to
Qei=C4(Uj+Uj, 1) injected into both islands turns out to check these estimates. So far we have only analyzed turn-
be close to—e, just like in the triangular wave form case. stiles containing 6 and 8 similar junctions and no stray ca-
The comparison between the accuracy of the dcpacitances.(Devices containing more than 5-7 junctions
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FIG. 9. Optimization of the rf gate amplitud, in the 8-junction turnstile  p|ateay lengthinset in the 8-junction turnstile as functions of the gate
for the fixed gate capacitanc€,=4C/3N and dc gate amplitude capacitance atT=0 and f=1 MHz. Induced charge is kept fixed

0_ _ _ . .
Ug=e/2C, atT=0 andf— 1 MHz. The solid and dashed lines ShOW the (Qy=CyUy=0.42%), and dc gate amplitudk:'18=e/20g is changed accord-
current deviation at the inflection point and the plateau siamespectively.  jngly.

The inset illustrates the definition of the plateau slant.

value of Uy, corresponding to the inserted charge

may suffer seriously from the limitations imposed by strangzcgUg~0_5e_ Notice that this value is twice smaller
capacitancés which were not considered in the previous than in the pump. We assumeg=4.0 mV (Qy=0.42) as
estimates either. a “good” amplitude.

In our simulations we used a step-like rf drive wave  The inset in Fig. 10 shows the classical calculation of the
form (inset in Fig. 8, which delivers a better performance plateau lengthv,, as a function ofCy at a fixed dc induced
for the turnstile than the triangular wave fofthin order to chargeQy=0.42 with the dc gate bia$J8=e/2Cg being
perform a partial optimization of the turnstile’s parameterschanged accordingly. It shows that the smaller the gate ca-
we first determined the best rf gate amplitudg for some  pacitance the longer the plateau. The reason is that the charg-
fixed choice of gate capacitanc®, (which also fixes the ing energy decreases with the total island capacitance which
optimum dc gate voltag€, Uj=e/2C,), low temperature includes the gate capacitance. However, a calculation of the
and frequency. Using the resultitdy,, we variedCy while  current deviation and plateau slafig. 10 shows that when
keeping the induced charge in the central islah@d=CyUy  cotunneling is taken into account the use of a very small
fixed. These nearly-optimal values bfy andCy were then  C_ is not the best choice. The current deviation has a mini-
kept fixed as temperature and frequency were varied. mum atC,~18 aF, very close to the theoretical estimate

Good operating devices are characterized by long and,=4C/3M by Averin et al,** which can be explained as
flat I =V curve plateaus. Therefore, in the following discus-follows. The total capacitance of the middle island decreases

sion, along with the relative current deviatidn/I, we will asC, decreases; the result is an increase in the energy dif-

use the concept of the “slant” of the plateau, defineds®®  ference between the state of zero electrons in the device and

the inset in Fig. 9 the state of one electron in the middle islaimthe first and
dI(Vo) Vp second half of the cycJe promoting cotunneling processes

WV kef (18  that lead to error. At the same time, the energy difference
0 between the state of zero electrons in the device and the state

where dI(Vg)/dV is the slope at the inflection point and of one electron in the first islan@in the first half of the

Vi is the plateau lengthV,, is obtained from a classical cycle), and between the state of one electron in the middle

calculation atT=0, where we define that points in the island and the state of one electron in the next island to the

| —V curve belong to the plateau if they differ frokgef by  right (in the second half of the cydlalso increases, decreas-

less thanukqef, whereu is a small parameter. In our cal- ing dynamic error. Therefore, the minimum observed in Fig.

culations we use@.=10"2, but the results are rather insen- 10 results from an optimal value @af, for which the rates of

sitive to variation of this parameter. dynamical and cotunneling errors are the same. The depen-
Figure 9 shows the dependence of the current deviatiodence of the current deviation on the gate capacitance is

at the inflection pointsolid line) andS (dashed lingon the  rather weak, though, and it seems that any choic@gaflose

rf amplitude U, (in these calculations we again assumedto C/M (Fig. 10 is almost equally satisfactory.

C=0.1 fF andR;=300 K)) atT=0 andf=1 MHz. The Figures 12 and 13 show, among other results, how the

gate capacitance i€,=16.6 aF, calculated from the rela- relative current deviation in the quasi-optimized turnstile

tion C4=4C/3M, which is supposed to be nearly optinfal. varies with temperature and frequency, respectivelyt—

The minima ofS and|Al/1| occur approximately at the same dashed lines in both figuresThe loss of accuracy at high
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FIG. 11. The 6-junctiorh-pump and wave forms of its two rf drives. T (mK)

. ) . FIG. 12. Current deviations in the unbiasg@ublid line) and biaseddotted
temperature is due to thermally activated jumps over the enine) 5-junction pump(both driven with a triangular wave fogmunbiased
ergy barrier created by island charging, while at high fre_(dg:—tgot—dashted Iir)eland bias?o(dasheéit2n¢86_-jun<t:_tionth-pu?|1p (?rivenb

o . : : _ with the same triangular wave form, and the 8-junction turnstile driven by a
qu,e_ncy it is caused by th,e Increasing dynamlc efmob step-like wave form(dot-dash lingat f=10 MHz as functions of tempera-
ability that the electron misses a rf cygléAt small T and e Circles: current deviation at inflection poivig; triangles up(down):

f, cotunneling is the main source of error. current deviation ato(1+0.1); crosses denote the current deviation at
V=0 in unbiased devices and the average current deviation in biased de-

V. THE HYBRID PUMP/TURNSTILE vices (for discussion, see Sec. I

The system of external voltages that drives electronsl_ 12 reconnected to the device by small gat
through single-electron devices should be optimized consid-_ " " " a})ecoo ected fo the device by small gate ca
acitances C; (Cy/C<1) to compensate background

ering all its variables simultaneously, since each gate poten[2

tial generally changes all island charges due to crosstalk. gh_arges W't? de voltagbevgi. 'S‘St |ndt_he ptjm!{o, various rf th
Thus the experimental time of search for the optimal point in rive wave forms can be used 1o drive electrons across the
-pump. In this study we have only used the triangular wave

the corresponding parameter space grows exponentially witP : ) _ i .
the number of parameters. The system of voltages contro orm, with rf amplitude Ug)m‘”_(lecg).m‘“_ —& asin
ling the M-junction pump has % (M — 1) parameters to op- the_usual pumpgwe have checked that this value is close to
timize, namely one dc biago compensate the background Opt'vvab'h idered the ith 6 t | iuncti
charge, one rf amplitude, and one rf phase at each of the € have considere pump wi unnet junctions

(M—1) external electrodes, yielding 12 parameters fornd 2 rf drlveg. In this case the number .Of parameters is
M=5. The M-unction turnstile with only one time- reduced_to 1Qfive dc amplitudes, _two rf drive gmplltudes,
dependent wave form depends dvi € 1) dc biases, one rf two rf drive phases, and one dc bias voltada Fig. 12 we

amplitude, one rf phase, and one bias voltage applied to thgompare the relative_ current deviations ir_1 thpum_p oper-
CiI’CFl),Iit as a Whole(?:ig. 8), summing up to MiZ)pﬁaram- ating with zero dc biagdot—dot—dashed lineand finite dc

eters. FoM =8 (the case described in Sec.)lthere are 10 bias in the inflection pointdashed lingas functions of tem-
parameters. This is less than in the 5-junction pump, but th erature at 10 MHz with the accuracies of other devices.

accuracy of this device is lower too. otice that while the unbiasdapump performs poorly, the

In order to decrease the number of parameters to optl{-jc't.)IaSGd one prpwdes an accuracy comparable to that of the
nbiased 5-junction pump.

mize and still have an accuracy comparable to that of thé"™"'& . .
y P Figure 13 shows the comparison of the current deviation

M-junction pump, let us consider a hybrid pump/turnstile. _ R )
device, which we call thé-pump (Fig. 11. The idea is to in the h-pump operating at finite bigslashed lingas a func-

add more tunnel junctions to the array and reduce the numtlon of frequent_:y(at low temperatufewith othe_r de curre_nt
ber of rf drives. standards. Notice that the accuracy of the bids@dimp is

The h-pump operates by first decreasing the potentiaPetter than the accuracy of the unbiased 5-junction pump at

Vg1 (Fig. 11) in the first external electrode until one electron frequencies higher than 10 MHz.

tunnels from the left electrode to the second island and i

trapped there. The potentid};; is then increased at the same %l‘ CONCLUSION

time V,, is decreased, resulting in the tunneling of the elec- ~ We have described an algorithm suitable for the calcu-
tron from the second island to the fourth island. Finally,lation of very small dc current deviations from the quantized
Vg is increased until the electron is ejected from the fourthlevels| =kqef in several single-electron devices, for various
island to the right electrode. Both rf biased electrodes aref drive frequencied and temperatureb. To show its capa-
connected to the circuit by small gate capacitancedbilities we have carried out a preliminary study of the pos-
Cy (Cy/C<1). The remaining external electrodes sible accuracy of several standards of dc current, including a
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107 e . , , 1 MHz (~10 **and~ 1019, respectivelyis about 20 and
10* times better than the accuracy obtained using the trian-
gular pulses.

Finally we have shown that the operation of a new de-
vice, the “h-pump,” with 6 junctions and dc bias may be
approximately as accurate as the operation of the unbiased
1 5-junction pump for temperatures between 0 and 200 mK
: (f=10 MH2) and even better for frequencies higher than
] 10 MHz at low temperatures. At the same time, thpump
] has a smaller set of parameters to optimize in experimental
practice.

To summarize, our results show that the limitations on
the accuracy of typical single-electron devices imposed by
dynamic errors, cotunneling and thermal activation may be
10 S —— t i o kept well below one part per billion. Notice, however, that

f (MHz) we have performed only a crude search for optimal param-
G 13 C  deviations in unbiased 5.iunc o | eters of these devices in the multidimensional parameter
o ent evalons 1 i Sianclon DUl il eG4 Space, rather than their thorough optimization. For example,
5-junction pump with triangular wave fortfuotted ling, biased 6-junction W€ have not optimized the shape of the rf wave form. More-
h-pump with triangular wave fornfdashed ling and 8-junction turnstile  over, the tunneling resistanc& of all devices were kept
with step-like wave fpm(_dot—dashed Iin)_eat TZO as functions of drive fixed at 300 @’ regard'ess of temperature, frequency, and
frequency. The notation is the same as in Fig. 12. numbers of tunnel junctions. Smag} increases cotunneling

errors while largeRr; increases dynamic errors. Thus the op-

5-junction pump, an 8-unction turnstile, and a hybrid timum value ofR; should be_ Iow_er for higher frequencies

6-junction pump/turnstile devicé' h-pump”). We selected and larger number of tunnel junctions. Our plans are to carry

the parameter€=0. 1 fF andR,=300 K for all devices. ~Out such optimization of dc current standards in the near
For the 8-junction single-electron turnstile using a rela-future.

tively good set of parameters and a step-like rf wave form,

we obtained a final accuracy of only10™°, with a weak ~ACKNOWLEDGMENTS

dependence oh andT. This (relatively) poor accuracy re- Numerous fruitful discussions with D. Averin, R. Chen,
sults from the fact that, in order to pass one electron througl Matsuoka, and A. Odintsov are gratefully acknowledged.
the circuit per cycle of the rf drive, a large dc voltage appliedgne of the authoréL.F.) would like to thank A. Grossi and
to the array as a whole and/or a large rf amplitude applied t\ pccoy for their valuable input on parallel algorithms.

the middle island are necessary, favoring undesirable cotuRrhe \work was supported in part by AFOSR and ONR/
neling transitions. ARPA.

The accuracy of the 5-junction single-electron pump
driven by a triangular rf wave form is much better: at
f=10 MHz the relative errol/I is ~107 12 for low tem-
peratures and- 10" 1 for T=200 mK. At low temperatures, Computer time and memory required BSENECA for
its accuracy ranges between10 '8 and ~108 for fre-  most of the analyses discussed in this paper are within the
quencies between 100 kHz to 150 MHz, growing with fre-reach of modern workstations. For example, the calculation
quency asf® (this dependence follows from the analytical of the current deviation in the unbiased 5-junction pump op-
estimates made in Sec. )l erating at 10 MHz and 100 mK, and driven by the triangu-

The analysis of the pump has suggested two ways ofar wave form discretized in 100 time steps, took5 sec-
improving its accuracy. In the first, a small bias was appliedonds on a SGI INDIGO 2 workstation and require@ MB
to the device in order to balance the backward cotunnelin@f memory.
current. This technique applied to a 5-junction pump may The analysis of dc biased devices, especially those with
provide an improvement af1/1 of two orders of magnitude more than 6-7 junctions, is a more time demanding opera-
in a wide range of frequencies (0.1-150 MH low tem-  tion. The reason is that in order to calculate the mean current
peratures. Fof=10 MHz, the improvement is about one deviationAl/l, the inflection point, has to be determined,
order of magnitude for temperatures between 100 anevhich requires calculatingAl/I at several values oW
200 mK, and of two orders of magnitude for temperaturesaroundV, (~ 10 points are necessary-or example, to ana-
below 50 mK. lyze the 6-junctionh-pump, using the same parameters as

In the second technique, the traditional triangular pulsedefore, the CPU time to calculatd /1 was about 90 minutes
were substituted by a step-like wave form crafted to balancand the required memory was7 MB. Because 10 points
dynamic errors and cotunneling errors. This balance resultwere used to determine the inflection point, the scaled time
in a stronger frequency dependence of the device erromas~9 minutes per point, which is a factor of 40 larger than
Al/1 = £, Using this wave form optimized only for low tem- the time spent to calculate current deviation in the unbiased
peratures, the accuracy of the pump fat10 MHz and  5-junction pump.

1 AI/TI

APPENDIX: COMPUTER REQUIREMENTS
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Of course the addition of only one junction to the systemwas used in which tasks are spawned to other nodes when
cannot fully explain this difference. The main reason is thainecessary. This model limits the size of the problems that
in theh-pump(as well as in the turnstijghe control over the can be solved in a MPP to the available memory in one node,
charge states along the array is weaker than in the usuahless one uses the other nodes to store data, which does not
pump since there are only two gate electroftady one in  seem to be a natural choice in our case. Thus, for the Intel
the turnstilg. This fact results in cascades of intermediateParagon we have used, the limiting memory~26 MB.
short-lived charge states which connect high probabilityUsing a fast workstation with more memory available as the
states, inflating the size of the matrix of tunneling rates andnaster and the nodes of a MPP as the slaves, all running
hence the CPU time used for the solution of the masteunder PVM for example, could reduce the memory limitation
equatior® In the case of the 8-junction turnstile, CPU times dramatically, and therefore larger circuits could be analyzed
as high as 2 hours per dc voltage pdititus ~20 hours per in a reasonable time scale. This approach has not yet been
Al/l point) were needed for its analysis, even though thetried.
number of time steps was only 2 for the step-like rf drive
wave form used. . o i . P - soiid

To overcome these problenseNECAhas been extended Eait\gaAb‘;erB"_] A""I’:Sm'flél':él';éviZ‘:fxrégxfj;’;fofg;;i’;";‘e”a in Solids
to work on more advanced platforms, namely networks Ofz "« iharev, IBM J. Res. Deva2, 144 (1988.
heterogeneous workstations running under P¥Mind mas-  3single Charge Tunnelingedited by H. Grabert and M. H. Devoret
sively parallel processoi@PP9. The problems that can be AE?'%nugléwnevaVn\((f&k, égfﬁharev eef 3 b 311
SOlve.d by Co.mbma.tlons of hEte.rog.eneous platforms Shomd“‘D: V: Averin and A: A: OdintSO\;, Phys..Le:tE.A40, .251(1989.
not involve intensive communication among Processors,s| r.c. Fonseca, A. N. Korotkov, K. K. Likharev, and A. A. Odintsov, J.
since local area networks are usually slow and workstations Appl. Phys.78, 3238(1995.
generally present different work loads and speed. A problem;['-JD- (;:grieg fi;ldFJ-AMnangﬁﬂiS; IZhy,\:/Sl- ﬁgmg 13 437&1532).H bothior
So'Yab,Ie py this approach IS ,the calculation _Of the current D I.Esteve,gC’. L,.lrb'ina, andgsli. H i:)e\'/oret, Pgh’ys'. R;ev. Ljétt,.2691 Y
deviation in a large number of independent points to generate 19gq.

a curve, each point taking an acceptable time. For simula®H. Pothier, P. Lafarge, C. Urbina, and M. H. Devoret, Europhys. l&it.
tions that require a lot of time per point, as described abovem24g (%(9?_3 4R L Shekrier. 21 0. Teor. Fiz6 623(1678 1S
the use of a MPP seems more adequate. To do that, we havey, = B’E'T;”L 368'(19783].@“ -#Sp. Teor. Fiz68, 623(1979 [Sov.
parallelized the solution of the master equation using thet; M. martinis, M. Nahum, and H. D. Jensen, Phys. Rev. LZ2.905
scalable universal matrix multiplication algorithm (1994.

(SUMMA).16 Using this method, we could reduce the CPU 12D, V. Averin, A. A. Odintsov, and S. V. Vyshenskii, J. Appl. Phy&,

. . . 1297(1993.
time per each pOIﬂAl/I from ~20 hours to~2 hours using wp p, Dresselhaus, L. Ji, J. E. Lukens, and K. K. Likharev, Phys. Rev.
16 nodes of the Intel Paragon. Lett. 72, 3226(1994.

We could not achieve a better speedup because the re]éﬁ- M. Verbrugh, Ph.D. thesis, Delft University of Technology, 1995.
of the code is not easily parallelizable and still takes a con- - €ist A- Beguelin, J. Dongarra, W. Jiang, R. Manchek, and V. Sun-
. . R deram,PVM: Parallel Virtual Machine. A Users’ Guide and Tutorial for
siderable amount of computer time. Since most of the pro- networked Parallel ComputingThe MIT Press, Cambridge, 1994

gram only runs on a single processor, a master—slave mod&R. A. van de Geijn and J. Wattsnpublisheg
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